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Research  has  been  carried  out  in  the  areas  of  (l)  Collisionally- 
Aided  Radiative  Excitation,  (2)  Model  Potential  Calculations  of  Atom- 
Field-Collisional  Interactions,  (3)  Coherence  Effects  in  Radiative 
Collisions,  (1*)  Two- level  Atom  and  Radiation  Pulse,  (5)  Resonance 
Fluorescence  in  Three-level  Systems,  (6)  Modulation  Spectroscopy,  and 
(7)  Effects  of  Collisions  on  Atomic  Coherences. 


1.  Colli sionally-Aided  Radiative  Excitation  (S.  Yeh,  P.  Berman) 

A  detailed  analysis  of  Collisionally  Aided  Radiative  Excitation 
(CARE)  in  three-level  systems'  in  the  weak  field  limit  has  been  completed 
Two  off-resonant  laser  pulses  are  applied  to  a  three-level  atom  which 
simultaneously  undergoes  a  collision  with  a  perturber.  The  energy 
levels  of  the  active  atom  are  perturbed  in  such  a  way  that  during  a 
collision,  the  atom  may  be  instantaneously  brought  into  single-photon 
resonance  with  either  of  the  fields  or  into  two-photon  resonance  with 
both  fields  (see  figure) 


Energy  levels  during  a  collision 


•Asterisks  on  references  indicate  reprints  or  preprints  appended  to  this 
report . 
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We  have  determined  the  level  three  population  as  a  function  of  both 
field  detunings.  Of  particular  interest  is  the  asymptotic  behavior 
for  large  detunings  which  is  intermediate  between  that  predicted  for 

single  and  two-photon  CARE.  In  addition,  we  have  explained  in  more 

2* 

detail  the  intereference  effect  that  arises  from  contributions  to 
the  final  state  population  from  both  the  "step-wise"  and  "two-photon" 
excitation  channels. 

2.  Model  Potential  Calculations  of  Atom-Field-Collisional  Interactions 
(E.  Robinson) 

Many  calculations  of  CARE  or  Radiatively  Assisted  In¬ 
elastic  Collisions  (RAIC)  tend  to  involve  lengthy,  costly  computational 
work  (a  RAIC  is  a  process  in  which  one  or  more  laser  photons  provide 
the  needed  energy  to  permit  a  collisional  interaction  that  would  be 
otherwise  energetically  forbidden).  Moreover,  qualitative  conclusions 
are  not  easily  derived  from  the  numerical  results.  It  is,  therefore, 
useful  to  have  analytically  soluable  model  potential  calculations  in 
which  the  collisional  interaction  or  radiation  pulse  envelope  is 
approximated  by  a  smooth  function. 

Two  such  model  potential  calculations  for  RAIC  have  already 

3*  li* 

been  carried  out  in  the  weak-field  (perturbation  theory)  limit.  ' 

Both  models  approximate  the  collisional  coupling  by  a  hyperbolic 
secant  function;  the  collisional  level-shifting  is  approximated  by 
a  delta  function  in  one  model  and  a  hyperbolic  secant  squared  in  the 
other.  Results  were  found  to  be  in  general  agreement  with  numerical 
calculations.  Both  solutions  have  been  extended  to  allow  for  arbitrary 
field  strengths.  The  solutions  can  be  expressed  in  series  form, 
although  the  series  are  not  among  those  tabulated  in  standard 
mathematical  texts.  Analysis  of  the  results  is  currently  in  progress. 

The  Rozen-Zener  problem  (two-level  atom  subjected  to  a 
hyperbolic  secant  radiation  pulse)  has  been  extended  to  three  level 
systems  in  which  the  field  couples  one  of  the  states  to  the  other 
two,  but  those  two  states  are  not  coupled.  A  preliminary  report  on 
this  work  was  presented  at  the  EGAS  conference  in  September,  1980, 
at  Pisa,  Italy. 
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Coherence  Effects  in  Radiative  Collisions  (P.  Berman) 


This  work  is  discussed  in  detail  in  tvo  preprints  which 

5*.6# 

are  appended  to  this  report.  A  traditional  RAIC  reaction  is 

of  the  form 

Af  +  A£,+  -*■  A^  +  AJ., 

where  two  atoms  (A  and  A’)  collide  in  the  presence  of  a  field  to 
undergo  reaction  taking  them  from  some  initial  state  A^A^,  to  a 
final  state  A^A^.,.  In  all  previous  theories  the  initial  and  final 
states  were  taken  to  be  non-degenerate  and  the  transition  rate 
as  a  function  of  ft  was  calculated.  The  transition  rate  profile 
provides  some  information  on  the  interatomic  potential. 

We  have  extended  the  theory  to  include  degeneracy  in  the  initial 
and  final  states.  Such  a  study  leads  to  qualitatively  new  predictions 
in  the  RAIC  profiles.  The  quantity  which  is  calculation  is  the  polari¬ 
zation  of  fluorescence  or  quantum  beats  originating  from  the  final 
state  manifold  of  one  of  the  atoms.  The  polarization  of  fluorescence 
or  quantum  beats  directly  reflects  the  final  state  coherence  properties 
of  the  atom  being  detected.  The  final  state  coherence,  in  turn,  can 
serve  as  a  signature  of  the  collisional  interaction  taking  part  in 
RAIC.  The  final  state  coherence  is  produced  by  the  combined  action 
of  the  laser  field  (which  tends  to  produce  coherence)  and  the  collision 
(which  tends  to  destroy  it).  A  physical  model  in  which  the  collision 

is  viewed  as  unpolarized  "fields"  has  been  developed.  1 

The  advantage  over  conventional  RAIC  detection  can  be  enormous. 

In  conventional  RAIC  the  collisional  interaction  is  inferred  from 
the  profile  wings,  where  signal  is  weak.  In  contrast,  polarization 
measurements  at  line  center  can  often  (but  not  always)  provide  the 
same  collisional  information.  Thus,  such  measurements  can  provide 
a  valuable  means  for  analyzing  RAIC.  To  date,  the  theory  has  been 
limited  to  the  weak  field  (perturbation  theory)  limit  and  is  valid 


only  in  the  impact  core  of  the  RAIC  profile.  An  experiment 
to  test  the  predictions  may  be  carried  out  at  Laboratoire 
Aime  Cotton,  Orsay,  France. 

Tvo-level  Atom  &  Radiation  Pulse.  (P.  Berman) 

One  of  the  most  fundamental  problems  in  the  interaction 
of  radiation  with  matter  is  to  calculate  the  excitation  of  a 
two-level  atom  produced  by  a  nearly  resonant  (detuning  A) 
radiation  pulse.  Ironically,  the  only  smooth  pulse  envelope 
for  which  an  analytic  solution  has  been  found  is  the  hyperbolic 
secant.  In  collaboration  with  Dr.  A.  Bambini  (institute  for 
Quantum  Electronics,  Florence,  Italy),  analytic  solutions  to 
this  problem  have  been  found  for  an  entire  class  of  positive 
envelope  functions.  This  class  of  functions  includes  the 
hyperbolic  secant  as  a  special  case.  Except  for  the  hyperbolic 
secant,  however,  all  pulse  shapes  are  not  symmetric.  A  paper 
on  this  work  is  currently  in  preparation.  Of  particular  interest 
is  the  fact  that  the  excitation  probability  does  not  vanish  for 
any  field  strengths  not  equal  to  zero,  in  contrast  to  the  results 
for  symmetric  pulses.  One  can  also  see  which  pulse  shapes  pro¬ 
vide  maximum  excitation  for  a  given  pulse  area. 

Work  has  continued  in  the  asymptotic  dependence  of  ex¬ 
citation  probability.  Progress  has  been  made  on  evaluating 

the  time  consuming  integrals  appearing  in  adiabatic  theories 
7 

of  this  effect.  It  also  appears  that  the  asymptotic  dependence 
is  intimately  linked  to  the  pole  structure  of  the  envelope 
functions,  but  attempts  to  find  rigorous  mathematical  proofs 
of  our  results  have  not  been  successful. 

Resonance  Fluorescence  in  Three-Level  Systems.  (S.  Yeh) 

A  calculation  of  the  resonance  fluorescence  of  a  three- 
level  system  has  been  carried  out.  An  incident  field  couples 
the  ground  state  to  either  of  two  nearly  degenerate  excited 


states,  which,  themselves,  are  not  coupled  by  the  fields. 

Using  a  dressed  atom  picture,  one  can  predict  that  the 
fluorescence  spectrum  consists  of  seven  components.  If 
the  field  is  timed  midway  between  the  excited  states  and 
if  the  coupling  constant  is  the  same  for  both  excided  states, 
the  spectrum  collapses  to  five  components.  A  paper  on  this 
subject  is  in  preparation. 

Modulation  Spectroscopy.  (P.  Berman) 

Although  contained  implicitly  in,  the  laser  theory  of 

Q 

Lamb,  the  use  of  modulation  spectroscopy  to  probe  collisional 
effects  is  Just  beginning  to  surface.  In  this  technique  one 
modulates  an  applied  field  frequency  in  a  saturated  absorption 
experiment  at  some  frequency  6.  To  second  order  in  the  field, 
there  will  be  a  component  of  the  atomic  state  populations 
which  oscillates  at  a  frequency  26.  This  population  component 
can  be  thought  to  have  an  effective  lifetime  of  (26)_1  when 
6  »  (natural  lifetime).  If  collisions  are  occurring  within 
the  system,  one  can  increase  delta  so  that,  at  most,  one 
collision  occurs  during  the  effective  lifetime  of  the  levels 
under  investigation.  In  this  way,  one  can  isolate  the  role 
of  a  single  velocity-changing  collision,  which,  in  turn,  re¬ 
flects  the  properties  of  the  collision  kernel  giving  rise  to 
the  scattering. 

9—11 

Although  experiments  of  this  type  are  under  way,  no 
results  have  yet  been  published.  A  collaborative  attempt  to 
analyze  a  saturated  absorption  experiment  in  Ne,  yielded 
qualitatively  consistent  results,  but  experimentally  re¬ 
producible  data  was  not  obtained. 

Effect  of  Collisions  on  Atomic  Coherences.  (P.  Berman) 

In  collaboration  with  J.  LeGouet,  (Laboratoire  Aime 
Cotton,  Orsay,  Prance),  a  study  of  the  basic  equations  that 
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appear  in  quantum-mechanical  transport  equations  was  in¬ 
itiated.  We  are  seeking  some  physical  insight  into  the 
way  in  which  collisions  alter  any  coherences  that  may  have 
been  created  in  a  nearly  degenerate  manifold  of  levels.  As 
a  specific  example,  we  consider  the  effects  of  collisions 
on  Zeeman  coherences  (coherences  created  between  magnetic 
sublevels  of  a  level  of  a  given  J  -  i.e.  alignment, 
orientation) . 

The  major  conceptual  problem  is  that  the  collision 
trajectories  are  different  for  the  different  magnetic  substates. 
Since  the  collision  can  couple  the  various  magnetic  substates, 
at  any  time  during  a  collision,  the  possibility  of  determining 
all  density  matrix  elements  following  the  collision  seems  in¬ 
tractable.  We  have  been  able  to  show,  however,  that  a  type 
of  semi-classical  picture  is  valid  under  very  general  con¬ 
ditions.  In  this  picture,  the  collision  can  be  broken  down 
into  two  overlapping  zones.  In  the  region' of  large,  inter- 
nuclear  separations,  the  difference  in  substate  trajectories 
can  be  ignored.  The  region  of  small  internuclear  separations 
can  be  treated  by  an  adiabatic  method.  This  work  represents 
the  first  progress  in  the  evaluation  of  certain  terms  in  the 
quantum-mechanical  transport  equation.  Implications  with 
regard  to  laser  spectroscopy  will  be  explored.  A  paper  on 
this  subject  is  in  preparation. 

8.  Previous  Work 

13*-l6* 

Reprints  representing  either  earlier  work  or 

17*  18* 

review  articles  *  that  appeared  during  this  report 
period  are  appended  to  this  report. 
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Photon  echoes  in  standing-wave  fields:  Time  separation  of  spatial  harmonics 
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A  calculation  is  presented  to  describe  the  response  of  an  atomic  system  subjected  to  two  strong  standing- 
wave  field  pulses  separated  in  time.  One  finds  a  sequence  of  output  pulses  following  input  pulses  w  hich  is 
reminiscent  of  classical  photon  echoes.  A  physical  picture  of  the  processes  involved  in  echo  formation  is 
presented,  and  connection  is  made  with  the  classical  picture  of  photon  echoes  The  application  of  these 
techniques  to  collision  studies  is  emphasized.  It  is  shown  that  studies  of  echoes  produced  by  standing-wave 
fields  can  prove  advantageous  for  exploring  the  effects  of  small-angle  scattering  on  both  level  populations  and 
atomic  coherences. 


I  INTRODUCTION 

There  has  been  recent  interest  in  using  time  re¬ 
solved  methods  in  laser  spectroscopy.  These  in¬ 
clude  time-resolved  saturation  spectroscopy,1 
free-induction  decay,2  photon  echo,3'4  quantum 
beats,5  coherent  Raman  beats,6  superradiance,7 
and  excitation  in  separated  fields.8*13  In  most  of 
these  experiments  one  observes  the  transient 
response  of  atoms  to  the  application  or  removal 
of  laser  fields.  In  addition  to  providing  a  means 
for  carrying  out  high-precision  spectroscopy, 
these  methods  are  useful,  to  varying  degrees,  for 
studying  relaxation  processes. 

In  this  paper  we  consider  the  response  of  an 
atomic  system  to  excitation  by  separated  fields, 
sometimes  referred  to  as  optical  Ramsey  fringes. 
To  observe  optical  Ramsey  fringes,  one  applies  a 
laser-generated  standing  wave  to  atoms  during  a 
short  time  r,  at  two  instants  separated  by  a  de¬ 
lay  T.  Experimentally,  this  process  has  been 
studied  using  gas  cells10*13  as  well  as  atomic 
beams8'"  for  both  two-photon10'12  and  one-pho- 
ton8''1'11'13  excitation.  In  the  case  of  two-photon 
transitions,  which  are  free  from  the  Doppler  ef¬ 
fect,  the  evolution  of  the  atoms  after  the  second 
pulse  is  probed  by  the  fluorescence  decay  from 
the  upper  level.  For  one-photon  transitions,  the 
field-induced  coherence  among  the  atomic  dipoles 
is  rapidly  destroyed  for  different  velocity  sub¬ 
classes  of  atoms  owing  to  the  Doppler  effect,  ex¬ 
cept  at  a  time  T  after  the  second  pulse.  At  this 
instant  a  coherent  radiation  is  emitted  by  the  gas, 
which  is  reminiscent  of  the  classical  photon  echo. 
In  either  case  the  signals  exhibit  a  detuning -de¬ 
pendent  structure  of  width  l/T,  which  does  not 
exist  in  the  usual  photon  echo.  The  ultimate  reso¬ 
lution  of  separated -field  spectroscopy  [with  width 


(7T1)  may  be  much  better  than  that  in  saturation 
spectroscopy  (limited  by  transit-time  broaden¬ 
ing). 

In  the  last  papers  of  the  group  of  Novosibirsk,11'13 
a  new  feature  was  noted,  which  is  the  occurence  of 
coherent  radiations,  not  only  at  time  T;  but  also 
at  2 T,  3 T  after  the  second  pulse.  The  aim  of  this 
paper  is  to  qualitatively  and  quantitatively  discuss 
the  origin  of  the  successive  coherent  radiation  in 
separated  fields  (CRSF).  The  buildup  of  echoes 
at  successive  times  is  directly  connected  with  the 
cancellation  of  the  Doppler  phase  of  various  spa¬ 
tial  harmonics  of  both  the  atomic  coherences  and 
level  populations.  We  show  that  the  spatial  com¬ 
ponent  of  order  n  between  the  two  pulses,  is  the 
source  of  an  echo  at  time  nT  after  the  second 
pulse.  The  characteristics  of  the  phenomenon  in 
the  frequency  domain  are  investigated  and  the  dif¬ 
ference  with  the  usual  photon  echo  is  elucidated. 
Moreover  a  calculation  of  the  CRSF  intensity  is 
carried  out  using  a  simple  model. 

In  Sec.  II  the  CRSF  intensity  is  calculated,  as¬ 
suming  that  the  field  seen  by  the  atoms  is  pro¬ 
vided  by  the  external  fields  only  (i.e. ,  polariza¬ 
tion  fields  are  neglected).  The  details  of  this 
calculation  are  given  in  Appendix  A.  Discussions 
of  the  origin  of  the  various  echoes  and  the  detun¬ 
ing  dependence  of  the  fields  is  given  in  Secs.  Ill 
and  IV,  respectively.  Finally,  the  possibilities 
of  using  CRSF  for  collisional  studies  is  explored 
in  Sec.  V. 


II.  CRSF  INTENSITY 

Consider  a  gas  cell  (Fig.  1)  illuminated  by  two 
successive  standing  wave  laser  pulses.  The 
pulses  are  applied  at  times  /„  and  /,  having  dura¬ 
tions  r„  and  r,,  respectively.  The  laser  field  of 
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intense  than  the  external  ones.  In  these  limits  Kqs. 
(1)  are  solved  in  Appendix  A. 

All  spatial  harmonies  are  contained  in  the  atomic 
polarization  P  =  plptJ  -  p.,)  which  is  of  the  form 


FIG.  1.  Two  standing-wave  pulses  of  duration  r  and 
t,  separated  by  time  T  are  incident  on  an  atomic  system. 


Pt vt,z,t)  =  PQ(ct,z,l)  COSa'/ 

*  Pslct,  z,  I)  sinxl  , 


(2) 


frequency  is  taken  to  be  of  the  form 

E  (z,t)=lE(z,t) 

=  i£„cosad  sinfoi[dU0)+  HU,))  , 

where 

(1  0<  (/  -/j)<Tf, 

as 

1  <  0  otherwise  , 

and  i  is  a  unit  vector  in  the  direction  of  polariza¬ 
tion. 

In  the  rotating -wave  approximation,  the  equa¬ 
tions  of  motion  for  density-matrix  elements 
pUit'.i  t)  (only  motion  in  the  direction  of  the  field- 
propagation  vector  need  be  considered)  are 

£&i  +  =  fx(p21e*i“‘  -  pl2eiu<) 


where  Pc  and  Ps  are  slowly  varying  functions  of 
time,  compared  with  cos jt.  However,  Lt  follows 
from  this  form  of  the  polarization  and  Maxwell's 
equations  that  only  the  component  of  PU\,,z,/) 
proportional  to  sin kz  gives  rise  to  a  significant 
electric  field  (i.e. ,  the  absence  of  polarization 
frequencies  3u>,  5a1, . . .  implies  that  polarization 
components  varying  as  sin3/oz,  sina/oz, .  .  .  are  neg¬ 
ligible).  It  then  follows'  from  Maxwell's  equations 
that  the  echo  field  amplitude  exiting  the  sample  is 
given  by 

£(!)=  j  2nkl[  P  c{r  t)2  +  P  S(r  l,l)2\u  2r/ie  ,  (3) 

where 

—  2 r  f1/* 

P =  ~r-  )  PJ^v^z',  ()  sinfcz'dz'  (4) 

S  R  ^0  S 


x  sin kz[0(to)+  9{ /t)  J  -Vupu  , 


and  /  is  the  length  of  the  sample.  The  echo  ampli¬ 
tude  is  calculated  in  Appendix  A  (using  the  simpli¬ 
fying,  but  not  critical,  assumption  that  yu  =y22  =  y) 
as 


x  sinA’z[0(/c))+  6Ul  )j  -r22p22, 


S(l)=4-nkl  f 


=  fX(p,2-pu)e"‘"' 


x  s  infrz  [  «U„)  +  St  /, )  j  -  >  t  ,p,  2  -  f  ^p,  2 , 


where  is  the  1-2  transition  frequency,  x=  pE,/ 

2 ft,  p  is  the  dipole  moment  associated  with  the 
transition  1-2,  and  y  u  is  the  natural  decay  rate  of 
Pa- 

It  is  assumed  that  the  applied  pulses  are  well 
separated  (/,  -  r,),  and  that  the  detuning  A 

=  j)  -  x'„  and  the  decay  rates  y  t)  satisfy  |  A  |t,«  1, 
y i)Tk<<  t,  respectively,  as  is  common  experimen¬ 
tally.  Moreover,  to  ensure  that  the  Doppler  de¬ 
phasing  between  pulses  is  complete,  one  assumes 
that  kuT  1,  where  u  is  the  width  of  the  thermal- 
velocity  distribution.  Finally,  the  effect  of  the 
polarization  fields  on  the  atoms  is  neglected,  which 
is  valid  provided  that  the  echo  fields  are  much  less 


x  (Ae'ri2T cosAT  +  Be'yT) ,  (5) 

where 

o(*  J  —  P22^’rt  O  ~  Pu ((  *»  O  (6) 

is  the  population  difference  density  inside  the  coll 
before  the  first  pulse,  and 


xexp|-r„.(/-/Jl)| 

xcos|fezJ(w7  -t/-/l))| .  (7) 

The  physical  content  of  this  equation  will  lie  dis¬ 
cussed  in  Secs.  Ill  and  IV.  Wc  may  note  here 
some  general  features  of  Hie  solution.  The  echo 
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amplitude  is  a  maximum  for  t  -tl  =  nT  (n  is  an  tion  leads  to  a  negligible  echo  amplitude.  The 

integer).  For  other  times,  the  velocity  integra-  maximum  amplitude  of  the  nth  echo  is  given  by 


SmJtl  +  »T)  =  (-)”A«kl  / dvtN0(r,)Jntl  ^sin(^Ii)j 


|>sin( 

Up,  i 

>  2  /J  I 

e'r‘2TcosA T,  n  odd  , 
e'yT  ,  n  even . 


For  odd  n  the  maximum  amplitude  oscillates  as 
a  function  of  detuning  A,  with  the  fringes  having  a 
width  ~1/T.  For  even  n,  the  signals  do  not  exhibit 
this  detuning  dependence.  From  Eqs.  (5)  and  (7), 
one  can  see  that  the  duration  of  a  given  echo  in 
time  is  (kAvt)ml ,  where  Av,  is  the  range  of  signi¬ 
ficant  vc  entering  the  integration  in  Eq.  (5);  the 
range  Avt  is  a  function  of  x,  ku,  t0,  rt.  The  gen¬ 
eral  qualitative  features  of  the  results  are  illus¬ 
trated  schematically  in  Fig.  2. 

One  can  determine  the  most  suitable  values  of 
parameters  r0,  rux  in  order  to  maximize  the  in¬ 
tensity  of  a  given  echo.  As  a  first  attempt  at  this 


choice  of  parameters,  consider  the  simple  situa¬ 
tion  where  all  the  velocity  classes  are  equally  ex¬ 
cited  by  the  pulses,  i.e.,  kur  « 1.  In  this  limit  the 
arguments  of  the  Bessel  functions  reduce  to  2xt0 
and  2xt1(  respectively.  Taking  a  Maxwellian  dis¬ 
tribution  for  JV0, 

N0(vJ  =  (At/ uTt )  exp( -v\  /«2) ,  ^ 

one  obtains  the  echo: 

<S(  /)  =  4t ,klN0  exp{-j  k-uz[nT  -U  -  tj}2 

x[A'e-yi2Tcos(AT)  +  B'e-rTl,  (10) 

where 


FIG.  2.  Schematic  representation  of  the  results:  (a' 
input  pulses,  On  I  output  I  as  a  function  of  time,  (c)  out¬ 
put  as  a  function  of  detuning  for  fixed  t  located  at  one  of 
the  echoes  oecuring  at  f  -  I  |V»T  with  n  mid. 


) 

\  (-)V^1(2Xt1)Jb(2xt„) 

B'=Yl  1  xexpf-y!^/-/!)]  .  (11) 

n  w  bo  / 

The  duration  of  each  of  these  echoes  (at  half-max¬ 
imum)  is  3A/ku,  and  to  maximize  <?(/),  r0  and  r, 
must  be  chosen  so  that  the  Bessel  functions  of  the 
observed  echo  have  their  first  maximum  for  2xt0 
and  2xrt  (Ref.  14): 

Xfo=0.9  and  r,  =  1.72r0  for  « =  1  , 

XT0=1.55  and  t,  =  1.35tu  for«=2. 

In  the  limit  ku t  « 1  under  consideration,  this  op¬ 
timization  procedure  requires  field  strengths  x 
»  ku. 

The  ratio  H„  of  the  optimized  intensity  of  the 
first  echo  to  that  of  the  others  is  shown  as  fol¬ 
lows: 


n 

l 

2 

3 

4 

5 

l 

1.82 

2.7 

3.57 

5 

If  km>  1,  Eq.  (5)  must  be  evaluated  by  a  numeri¬ 
cal  integration.  Figures  3  and  4  show  for  the 
two  first  echoes,  as  a  function  of  kur^  for  several 
values  of  In  this  calculation  the  ratio  between 
t0  and  T[  is  fixed  at  the  optimum  value  which  has 
been  determined  previously  for  the  limiting  case 
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FIG.  3.  Maximum  value  of  the  first  echo  amplitude  as 
a  function  of  kurl  for  various  ratios  x/ku  .  The  value  of 
r0  was  taken  equal  to  O.S8r,. 


kuT  « 1.  It  turns  out  that  the  intensity  maxima 
shown  by  Figs.  3  and  4  are  approximately  located 
at  the  same  values  of  xt0  and  xrly  as  in  the  kurf 
«1  case.  The  echo  amplitude  maximum  is  de¬ 
creased  by  a  factor  of  2  (first  echo)  or  a  factor  of 
2.8  (second  echo)  when  the  Rabi  frequency  is 
changed  from  2 ku  to  0.2ku. 

Figures  5  and  6  represent  the  time  evolution  of 
the  echoes  around  the  instant  ti  +  nT.  For  each 
value  of  x,  To>  and  rx  are  chosen  to  give  the  max¬ 
imum  intensity.  The  duration  of  the  echoes  (at 
half -maximum)  is  increased  from  about  3.5 /ku 
to  8 /ku  (first  echo)  and  3.5 /ku  to  12/ ku  (second 
echo)  when  x  varies  from  2 ku  to  0.2 ku.  The  physi¬ 
cal  implications  of  the  above  results  are  dis¬ 
cussed  in  Secs.  Ill  and  IV. 

III.  PHYSICS  OF  ECHO  FORMATION 

To  investigate  the  physical  origin  of  the  echoes, 
we  first  consider  the  limiting  case  kur  «1  (all 
velocity  subclasses  excited  by  the  pulses).  For 


FIG.  4.  Maximum  value  of  the  second  echo  amplitude 
as  a  function  of  kuT,  for  various  ratios  x/ku  .  The  value 
of  t0  was  taken  equal  to  0.74t,. 


twCt-tq-nT.) 

FIG.  5.  First  echo  amplitude  (n  =  1)  as  a  function  of 
time  for  various  field  strengths  yjku  The  values  of  fear, 
used  to  maximize  the  amplitude  are  indicated. 


an  initial  given  phase  kz  of  the  applied  field  at 
(z,<0),  the  phase  of  the  m-order  spatial  harmonic 
of  the  induced  polarization  is  mkz  (t»  odd).  From 
time  t0  to  I  with  the  field  off,  the  atoms  keep  the 
same  phase  mkz.  Owing  to  their  motion,  the 
atoms  at  (z,  t)  are  the  ones  which  were  at  ( z0 
=  z  10),  t0).  Consequently,  the  spatial  phase 


fcuCt-t^nT) 

FIG.  6.  Second  echo  amplitude  (a  =  2)  as  a  function  of 
time  for  various  field  strengths  x/ku. 
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of  atoms  with  velocity  v,  at  z  is 

4>m(vt,z,t)  =  mkz0=mkz  -mkvt(t  -t0) . 

In  a  standing  wave  field,  populations  as  well  as 
off-diagonal  density  matrix  elements  acquire 
phases.  Thus  the  phase  of  an  arbitrary  density 
matrix  element  harmonic  at  /=  f,  is  nkz 
-rikvt(tl  - 10 ),  where  n  can  be  even  (population)  or 
odd  (polarization).  The  second  pulse  causes  each 
nth  harmonic,  present  at  time  t,  to  drive  the  wth 
harmonic  of  the  polarization.  The  phase  of  the 
wth  harmonic  after  the  pulse  is  obtained  by  adding 
(m  -n)kz  to  the  phase  of  the  nth  harmonic  before 
the  pulse.  This  leads  to 

mkz  -  nki.a(tl  -  /„) . 

This  total  phase  differs  from  the  value  of  <pm  be¬ 
fore  the  pulse  by  a  phase  jump  (>»i  -n)kvx{tl  -  f0). 
Note  that  the  phase  of  the  mth  harmonic  after  the 
pulse  actually  reflects  the  time  development  of  the 
nth  harmonic,  and  not  that  of  the  mth  harmonic, 
between  and  /,.  In  the  same  way  that  the  phase 
at  time  I  after  the  first  pulse  was  obtained,  one 
can  calculate  the  spatial  phase  at  time  t>tu  as 

z,  l)=  mkz  -  kv J(m(f  -  /,)  +  nT) , 

where  T -  lx  -  lu.  All  the  velocity  classes  of  the 
polarization  combine  their  contributions  to  pro¬ 
duce  coherent  radiation  of  the  gas  after  the  second 
pulse.  The  spatial  average  gives  rise  to  negligible 
contributions  from  the  various  harmonics  (pro¬ 
vided  the  dimension  of  the  sample  is  much  larger 
than  the  radiation  wave  length)  except  for  the  com¬ 
ponents  having  spatial  phase  ±kz.  Thus,  the  sig¬ 
nal  originates  from  components  such  that  m  =  ±  1, 
with  a  phase 

<t>tl(v„z,t)=  ±kz  -  kv,inT  ±(f-li». 

In  the  integration  over  v„  the  atomic  polariza¬ 
tion  is  smalt,  owing  to  the  Doppler  phase 
kvJinT t(l  —  fj)),  except  at  times  t  =  +  \n  |  T  when 

this  Doppler  phase  is  zero.  Thus  an  echo  occurs 
at  time  |n  j  7  after  the  second  pulse  and  reflects 
the  buildup  of  either  polarization  («  odd)  or  popu¬ 
lation  (n  even)  harmonics  in  the  t0~  f,  region. 

Figure  7  represents  this  result  for  the  case  n 
-  *8,  »i=  -1,  z  =  0.  The  result  is  analogous  to  that 
in  classical  photon  echoes— independent  of  velocity, 
all  dipoles  are  in  phase  at  a  specific  time  where 
an  echo  is  observed.  Since  the  nth  harmonic  is 
either  a  population  or  a  polarization  component 
depending  on  whether  n  is  even  or  odd,  coherent 
radiation  in  separated  fields  is  an  extension  of 
photon  echo  in  traveling -wave  fields,  where  only 
the  lowest  polarization  components  may  be  ex¬ 
cited.  The  usual  interpretation  of  photon  echo  in 
gases  considers  the  effect  of  the  second  pulse  as 


/ 

m=  -1 
n=+8 

2=0 

‘vz(try| 

*0  S 

trln|T  >l 

.8^1,-y 

l  - 

FIG.  7.  Evolution  of  the  sprtti.il  phase  of  the  (-1)  har¬ 
monic  as  a  function  of  time,  showing  only  the  contribu¬ 
tion  from  the  8th  harmonic  following  the  second  pulse. 
This  contribution  leads  to  an  echo  at/=f,  +  ST.  Contri¬ 
butions  from  other  harmonics  (not  shown)  lead  to  echoes 
at  f  =  /,  + 1  n  |  T. 


a  reversal  of  the  Doppler  phase*:  -hv(tl  -/„) 

~kiAtl  -t0).  This  result  is  a  limiting  case  of  the 
more  general  result  in  CRSF  where  the  second 
pulse  induces  a  change  of  (1  -nJ/Mf,  -  /„)  in  the 
Doppler  phase  (for  classical)  photon  echo  n  =  -1). 
Thus  the  presence  of  the  various  echoes  may  be 
explained  by  the  simple  “phase-jump”  picture. 

The  time  duration  of  CRSF  may  also  be  explained 
using  a  simple  picture.  The  atomic  dipoles  lose 
their  relative  phase  coherence  in  a  time  equal  to 
the  inverse  of  the  frequency  bandwidth  excited  by 
the  laser  fields.  If  feuT,s  1,  all  velocity  sub¬ 
classes  are  equally  excited  by  the  field,  giving  an 
excitation  bandwidth  of  ku  and  consequently,  an 
echo  duration  of  ~(ku)~l.  For  larger  values  of  feu-r, 
such  that  kur^  1,  the  excitation  bandwidth  ap¬ 
proaches  t*1,  leading  to  an  echo  duration  ~(r0+  rt). 
This  effect  is  clearly  seen  in  Figs.  5  and  6  as  the 
echo  duration  increases  with  kuT(. 

Excitation  bandwidth  is  also  an  important  factor 
in  explaining  the  decrease  in  echo  amplitude  with 
decreasing  field  strength  shown  in  Figs.  3  and  4. 
For  large  field  strengths  leading  to  optimization 
pulse  widths  such  that  ftwT,«l,  all  velocity  sub¬ 
classes  are  equally  excited  and  the  parameters  x, 
t0,  t,  can  be  chosen  to  maximize  each  echo  inten¬ 
sity  independently  of  velocity  [see  Eq.  (8)  in  which 
the  Bessel-function  arguments  are  velocity  inde¬ 
pendent  for  kur (  « 1 J.  As  the  field  strength  de¬ 
creases,  the  optimal  pulse  widths  are  such  that 
kuT 1.  The  condition  fc«r(>  1  corresponds  to 
atoms  moving  through  at  least  one  wavelength  of 
the  standing  wave  field  pattern  during  the  pulses. 
Each  atom  starting  at  (z„,  l„ )  then  experiences  an 
average  field  (see  Appendix  B) 
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W*0,  t'  ~  ^o))(0,(0»T 

=  (2x/kv,T  )  sin(fez0  +  5fei^r)  sindfeu^T) . 

which  is  velocity  dependent  i£  km  z  1.  Thus  a  set 
of  parameters  which  is  optimal  for  one  velocity 
subclass  is  not  optimal  for  another  [see  Eq.  (8) 
in  which  the  Bessel  function  arguments  depend  on 
v,  if  kur £  1].  One  is  effectively  using  fewer 
atoms  to  provide  the  echo  signal  (atoms  having 
k vxt  (<1  are  most  efficient)  as  kur  increases, 
leading  to  a  decrease  in  echo  amplitude. 

IV.  DETUNING  DEPENDENCE 

Following  the  first  pulse,  the  induced  atomic 
polarization  oscillates  freely  at  frequency 
while  the  level  populations  exhibit  no  oscillatory 
behavior  [see  Eqs.  (1)  for  p12  and  p(j,  respective¬ 
ly],  When  the  second  pulse  acts  on  the  system 
(assuming  that  both  pulses  arise  from  the  same 
cw  laser)  the  atomic  dipoles  have  acquired  a  tem¬ 
poral  phase  difference  AT  with  the  field.  For 
CRSF  echoes  driven  by  polarization  harmonics 
(odd  n),  the  echo  amplitudes  are  maximal  if  this 
phase  difference  is  an  integral  multiple  of  2ir  and 
they  oscillate  as  a  function  of  A  with  period  T  giv¬ 
ing  rise  to  "fringes”  of  width  1/r.  For  CRSF 
echoes  driven  by  population  harmonics  (even  n), 
the  phase  difference  plays  no  role  and  no  fringes 
appear. 

The  structure  is  typical  of  Ramsey  fringes  in 
which  one  creates  a  polarization  phase  difference 
by  sampling  a  field  at  two  separate  times.  This 
effect  is  also  present  in  traveling -wave  photon 
echoes,  but  in  a  less  useful  way.  For  traveling- 
wave  fields,  the  detuning  always  enters  as  A  -k’v 
so  that,  in  order  to  achieve  the  Doppler -phase 
cancellation  necessary  for  echo  formation,  the 
detuning  dependence  as  well  as  the  Doppler  phase, 
vanishes  at  t=  2 T.  The  traveling -wave  echo  ex¬ 
hibits4  a  detuning  dependence  of  cosA(f  -  2 T) 
which,  for  t  “  2T  *  (time  duration  of  the  echo), 
gives  a  fringe  pattern  of  width  ~l/(echo  duration) 

»  r1.  Thus  CRSF  is  much  better  suited  for  high- 
precision  spectroscopy  than  traveling -wave  pho¬ 
ton  echoes. 

The  fringe  pattern  in  CRSF  extends  for  a  range 
of  detuning  |a]ts  1,  after  which  it  disappears. 
This  result  is  in  contrast  to  typical  Ramsey  fringe 
patterns  where  only  the  central  fringe  may  be  seen 
(the  other  fringes  are  lost  owing  to  phase  destruc¬ 
tion  arising  from  different  values  of  T  for  different 
velocity  groups). 

V.  COLLISIONS 

CRSF  offers  some  interesting  possibilities  for 
collisional  studies.  Echo  formation  is  intimately 


related  to  the  spatial  phases  acquired  by  atoms  as 
a  result  of  their  motion  following  application  of 
the  field.  An  echo  corresponds  to  the  rephasing  of 
the  signal  at  some  particular  instant  t  =  tl  +  nT  when 
the  atoms  of  velocity  vx  are  at  distance  nvtT  from 
their  position  at  the  time  of  the  second  pulse  (see 
Fig.  7).  Collisions  during  the  time  of  flight, 
which  prevent  the  atoms  of  a  given  vz  from  being 
at  the  right  position  at  the  right  time,  result  in  a 
decrease  of  the  echo  intensity.  This  phenomenon 
of  “collisional  Doppler  dephasing”  was  already  ob¬ 
served  in  photon-echo  experiments.4  In  that  case 
the  signal  reflects  only  the  evolution  of  the  first 
spatial  harmonic  of  the  atomic  coherence.  In 
CRSF,  the  spatial  harmonics  of  the  population  dif¬ 
ference,  as  well  as  coherences,  contribute  to  the 
echo  formation.  Thus  the  CRSF  method  extends 
the  possibility  of  observing  a  “collisional  Doppler 
dephasing  effect”  to  the  population  difference. 
Moreover,  the  spatial  structure  may  be  probed 
systematically  since  every  spatial  harmonic 
produces  a  CRSF  echo.  However,  the  relative  con¬ 
tribution  of  an  harmonic  decreases  with  increas¬ 
ing  n  since  the  detected  atoms  have  a  phase  as¬ 
sociated  with  the  nth  harmonic  during  the  time  be¬ 
tween  the  two  pulses  only  and  this  delay  is  smaller 
and  smaller  in  comparison  with  the  total  time  of 
flight  (n+  1  )T  as  n  increases.  Therefore  most  of 
the  interest  of  the  method  seems  to  be  concen¬ 
trated  in  the  first  few  echoes. 

It  is  true  that  the  observed  microscopic  colli¬ 
sional  process — namely,  the  velocity-changing 
process — is  the  same  one  that  can  be  investigated 
in  steady -state  saturation  spectroscopy  (SSSS).15 
However  in  SSSS  the  contribution  of  the  coherence 
and  of  the  level  population  are  mixed  in  the  same 
signal.  This  may  present  difficulties  of  interpre¬ 
tation  when  coherence  and  level  populations  are 
both  sensitive  to  the  velocity  changing  effect.  In 
contrast  in  CRSF  the  occurence  of  distinct  echoes 
enables  one  to  separate  the  coherence  and  the  lev¬ 
el  population  signals. 

In  order  to  illustrate  the  physics  involved  in 
collisional  Doppler  dephasing,  we  adopt  a  simple 
model  with  the  following  features:  (i)  binary 
foreign-gas  collisions  in  the  impact  approxima¬ 
tion,  (ii)  equal  natural  decay  and  inelastic  colli¬ 
sional  rates  for  levels  1  and  2  (Ref.  16),  (iii)  in¬ 
elastic  collisions  that  can  be  accounted  for  by  one 
rate  constant  for  all  density  matrix  elements, 
and  ( iv)  short-pulse  times  kuT  « 1  such  that  all 
velocity  subclasses  are  equally  excited.17  With 
these  assumptions  we  need  consider  only  elastic 
collisions  and  do  so  using  three  collision  models.18 

(a)  In  the  first  model,  collisions  are  assumed  to 
produce  only  instantaneous  phase  changes  on  atom¬ 
ic  coherences.  This  model  is  valid  generally  for 
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electronic  and  vibrational  transitions.1"  For 
echoes  driven  by  coherences,  the  effect  of  colli¬ 
sions  is  to  replace  yl  ,  by  a  collision  broadened 
rl2  and  A  by  a  collisionally  shifted  A'  giving  a 
maximum  echo  amplitude 

S  -Jh  +  nT) 


=  (-)M* kl  j  dV'N0(v ,) 


x  dntl(2xT0)Jn(2xt’i) 

x^d-ivr  cosA'T.  (1 

For  echoes  driven  by  populations,  the  Doppler 
phase  factor  exp  J*inkvtdt  developed  between  t„ 
and  / \  by  the  nth  harmonic  (n  even),  must  be  av¬ 
eraged  over  velocity-changing  collisions.  Fol¬ 
lowing  Ref.  4,  one  can  obtain 

+  =  / dv,  N0(v,Untl(2x 

Xj  J^«f„(2xT1)e‘ri<1*")r  e*,re*ri2"r 


where  T,  is  the  state  /  elastic  collision  rate,  Am  is 
the  rms  change  in  velocity  per  collision  and  a  is  a 
constant  of  order  unity  which  depends  on  the  spe¬ 
cific  collision  kernel  describing  the  collisions.1'1 
Thus,  one  can  probe  elastic  velocity -changing  col¬ 
lisions  with  this  method  by  studying  the  maximum 
echo  amplitude  of  even  harmonics  as  a  function  of 
pulse  separation  T.  Note  the  possibility  of  a  dif¬ 
ferent  functional  dependence  on  T  for  even  and  odd 
harmonics. 

(b)  In  the  second  collision  model,  valid  generally 
for  rotational  and  some  vibrational  transitions, 
collisions  are  assumed  to  be  velocity  changing  in 
their  effect  on  coherences.1"  In  this  model,  the 
elastic  scattering  amplitudes  are  identical  for  lev¬ 
els  1  and  2;  a  state  independent  collision  inter¬ 
action  can  lead  only  to  velocity  changes  (no  in¬ 
stantaneous  phase  changes)  associated  with  level 
coherences.  Collisions  affect  populations  and  co¬ 
herences  in  the  same  manner  in  this  model,  re¬ 
sulting  in  a  maximum  echo  amplitude  depending  on 
an  average  of 


i  /  rr  r  u*nr  \ 

xfexp[-ari(nfcA«)2Ts|,  nk*uT  «1 ,  expert  kv,dt-i  J *  kv,dlj 

(exp(-  T,  T),  nkAuT  >-■  1 ,  over  c0nisj0ns  and  given  by4'10 


over  collisions,  and  given  by4,1'J 


SmJtl  +  nT)  =  [-)”AT,kl  j  dv.Na(v,)J„J2xT0)Jn(2xTl)e-riu'”>Te-^”T  (—  cosA7-e-’^r  +  -tl~)-  f~'r) 


exp[-ar(nfeAtt)2r3(l  +  «)]  ,  nkAuT  «1 , 


exp[-r(l  +  n)T]  , 


nkAuT » 1 , 


where  n  is  even  or  odd. 

(c)  A  modified  collision  model,  valid  for  colli¬ 
sion  interactions  that  are  nearly  state  independent 
allows  for  both  a  velocity  change  and  small  phase 
shift  to  occur  in  level  coherences  as  a  result  of 
a  collision.  This  model,  which  may  be  valid  for 
some  vibrational  transitions,  can  be  described  by 
replacing  yl2  and  A  appearing  in  Eq.  (14)  by  colli¬ 
sionally  modified  values  Vl2  and  A'.  It  should  be 
noted  that  even  small  collisional  shifts  may  be  im¬ 
portant  in  high  precision  spectroscopy. 

An  examination  of  Eqs.  (13)  and  (14)  reveals  the 
special  functional  dependence  on  T  in  the  factor 
which  comes  from  velocity  changes  in  small  an¬ 
gle  scattering.  Thus  CRSF  could  be  very  useful 
to  extract  this  latter  effect  from  the  background  of 
other  collisional  contributions  (inelastic  colli¬ 
sions,  phase- interrrupting  collisions,  strong  col¬ 
lisions).  Photon  echo  in  traveling  waves  has  al¬ 
ready  proved  useful  for  that  purpose4  but,  as  it 


has  been  said  previously,  coherences  only  may  be 
probed  using  classical  photon  echoes,  while  CRSF 
allows  a  study  of  collisional  effects  on  level  popu¬ 
lations  as  well.  The  same  possibility  of  studying 
small  velocity  changes  is  also  present  in  time  re¬ 
solved  saturation  spectroscopy1’4  but  the  signal  is 
then  an  intricate  mixture  of  contributions  from 
both  coherences  and  level  populations.  An  alter¬ 
native  method  for  studying  the  effects  of  velocity - 
changing  collisions  on  level  populations  using 
stimulated  photon  echoes  has  recently  been  re¬ 
ported.20 
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APPENDIX  A:  SOLUTION  OF  THE  EQUATIONS 
OF  MOTION 

The  first  step  is  to  solve  the  nonstationary 
equations  of  motion  in  the  presence  of  a  perma¬ 
nent  standing -wave  field.  We  seek  a  solution  to 
describe  the  evolution  of  the  system  within  a  short 
time  r  after  the  field  has  been  switched  on  assum¬ 
ing  the  following  conditions 

|a|t«1,  T,/«l- 

Starting  with  Eqs.  (1),  and  using  the  new  vari¬ 
ables 


Pl2  =  ^12  ""Pat* 

Pl2^  Pai  ♦  ^ =  P22  ■—  Pli  » 

(Al) 

we  obtain  the  set  of  equations: 

•  8 

JV+  va—  2ixOsinkz  , 

9z 

(A  2a) 

•  8 

D +  v,~  D=  ZixNsinkz  , 

9z 

(A2b) 

‘s+v‘hs= o- 

(A2c) 

The  spatial  derivative  is  eliminated  by  substi¬ 
tution  using  Fourier-series  developments  for  the 

variables  N,  D,  S: 

(A  3a) 

A,* 

(A3b) 

S„+  inkvgS„  =  0  , 

(A3c) 

where  the  Fourier  components  are  defined  by 


A=Y1  A-D,S,N,  (A4) 


with  v=  n  -t'A  kvt  and  {=  2x  Uvt,  which  transforms 
Eq.  (A6)  into 

i)Cv.  (A8) 

The  general  solution  of  this  system  is 

=  ,  (A9) 

where  the  JJ s  are  Bessel  functions.  In  terms  of 
the  initial  variables  we  obtain 

+  B(  A,  x,  kv,,  Jj  • 

Since  there  is  no  damping  m  the  initial  equations, 
we  retain  only  the  purely  imaginary  eigenvalues 
in  (A6).  An  even  more-restrictive  condition  on  the 
eigenvalues  is  placed  by  requiring  x„-0  asa-* 
for  convergence  of  series  (A4).  Since  «/„U)  di¬ 
verges  when  n—  -00  and  v  is  not  an  integer,  we 
keep  X  such  that  ik^kv,  is  an  integer.  Thus  the 
general  solution  for  yj [/)  given  as  a  linear  combi¬ 
nation  of  the  xj It)  is 

»■— 

(A10) 

In  order  to  express  yjU)  in  terms  of  initial  condi¬ 
tions,  Eq.  (A10)  is  inverted  at  /=/„,  using  the 
closure  relation  of  Bessel  functions22 

a...,  (Alt) 

mar— 


at  /=  t0,  D0  =  0,  and  N0* 0.  It  then  follows  from 
Eqs.  (A3),  that  Nn  is  nonzero  for  even  n  only  and 
D,  is  nonzero  for  odd  n  only.  Consequently,  Eqs. 
(A3a)  and  (A3b)  may  be  written  in  the  form 


to  obtain 

at(\,kv,)=  £  ■  ^A12> 


y„+  inkvv„=  x(y^,  -y„,) , 


(A5) 


where  y ,=  N,  for  even  n  and  yn-  Dg  for  odd  n.  The 
y„  may  be  regarded  as  the  components  of  a  vector 
Y  which  can  be  expanded  on  a  basis  of  eigenvec¬ 
tors  of  Eq.  (A5).  The  components  x„  of  an  eigen¬ 
vector  X  associated  with  the  eigenvalue  A  satisfy 


Substituting  Eq.  (A12)  into  (A10)  and  using  the 
summation  formula  for  Bessel  functions22 


=  £  ,  (A13) 

sT— 


and  we  obtain  the  system  of  linear  equations 


we  finally  obtain 


(A  +  inkv)xg=  X(x^ -x„i)  •  (A6) 

Equation  (A6)  may  be  solved  by  a  method  analogous 
to  that  used  by  Feldman  and  Feld.°  One  sets 

x„=(-0"CJl£) ,  (A7) 


VJU)=  £  ym(t0)e-iimmHkv»' 

m 


(A14) 
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This  solution  is  equivalent  to  that  obtained  in  Ap¬ 
pendix  B  by  directly  integrating  Eqs.  (A2).  One 
notes  that  the  nth  harmonic  is  driven  by  all  mth 
harmonics  present  at  /„. 

This  result  enables  us  to  calculate  the  polariza¬ 
tion  of  the  gas  sample  after  a  sequence  of  two 
square  pulses.  At  l0,  the  only  nonzero  spatial 
component  is  JV„=y0.  The  external  field  is  on  until 
/„+  t0.  At  this  time  the  atomic  spatial  components 
are 

Tn)  =  N0(l0)e',n>v‘'To/2  Jn  Sinaia)  , 

s„=o. 

Following  the  pulse,  the  atoms  evolve  freely,  and 
obey  the  equations: 

JV„+  inkvtN„+yNn-Q , 

b„+ inkrtDn  +rl2D„=Hx,  -  (A15) 

S„+  inkrtS„  *r13S„=i(u 

where,  for  sake  of  simplicity,  we  have  assumed 
that  ru  =  >,22  =  l''  At  time  the  solutions  are 

-  NJ,  t0  +  r„)  exp[-y(/l  -  /,,)  -inkv.U^  -  /,,)  |  , 
£W  =  £U<o+ro>  cos(u  -u)0K f,  -f„) 

(A16) 

x  exp[-tnfcn,(f|,  -  t0  -  t0)  -ViM  - 10) )  , 

SJifl)  =  i£>J/a+r0)sin(a,  -t0) 

x  exp [- inkv,( /,  -  t„-r0)  -f0)J . 


The  field  is  switched  on  from  tl  to  f,  +  t,,  and 
v„(/ 1+  t,)  can  be  determined  from  Eq.  (A14)  using 
initial  conditions  (A16).  Following  this  pulse  the 
system  evolves  freely  until  time  t  according  to 
Eqs.  (A15). 

At  time  /,  one  must  calculate 

P(r.,t)  =  2k~  /"‘ P(v„z',t) 

x  si nkz'dz',  (A17) 

where 

P{V',z,t)=  M(p,2+pa) 

=  p(Scoso)/  -  r'Bsin^/) .  (A18) 

Substituting  (A18)  into  (A17)  and  using  the  Fourier 
expansions  of  D  and  S,  one  finds 

P(rt,  t)  =  Pcb,,t)cosut 

+Ps(rl,l)sinu;t ,  (A19) 

where 

Pe(v„t)*ilJ.(Sl-S.l) 

and 

Ps(r„!)  =  ^(Dl-D.l). 

The  quantities  S^,  calculated  by  the  procedure 
above  are 

Dtl  =  N0cos[Mt -tl)j\-'tcosATemri*r+Bie'rT) , 

(A  20) 

Su  =  iN0  sin[A(/  -  tl)}(A±  cosA 7V'r“r  +  Bte'rT) , 
where83 


x  exp^-ffer,^nT  ±(t  -  fj t,)  -ft)j. 

Using  the  symmetry  properties  of  the  Bessel  functions  one  finds  the  echo  amplitude 
&(t)=2ikl  j  dv,[P,i,v,,t)2+P,(v,,t)2)in=liikl  j  dvtN0(v}[A  cos(A  T)e‘rur  +  Be'1T  } , 


(A21) 


(A22) 


where 


a=£  i 

i 

odd  n  | 

1 

b-L 

) 

x  cos  jfev,  ^1  (t  -  -  (<",1  +  ^)]  jexp-r,^/-/,). 

«t«  n 

(A23) 
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APPENDIX  B 

In  Appendix  A  we  solved  the  equations  in  a 
manner  that  exhibits  the  successive  echoes  which 
are  associated  with  the  Fourier  components  of 
the  solution.  The  equations  may  also  be  solved  di¬ 
rectly  to  exhibit  the  motion  of  a  group  of  atoms 
starting  at  ( v,,z0 ,  <„) .  Adding  Eqs.  (A2a)  and  (A2b) 
term  to  term,  we  obtain 

•  dv 

y+v,-^=2ixysinh2 ,  (Bl) 

where 

y  =  N*D.  (B2) 

Changing  variables  (z,t)  to  (x=z  -vj,t)  one 
gets 

Q  =  2ixysink(x  +  v,t).  (B3) 

or 

The  integration  leads  to 
vU,  t)  =  y(x,  t0) 

xexp^2»x  j*  sink(x+v,t')dt'^,  (B4) 

where 

x=z  ~V,t=i0-V,t0. 

With  a  boundary  value  condition  at  (z0)  t„),  one  ob¬ 
tains 


y(z0+  v(.t-t0),t) 

=  y(z0,<„)  exp^2tx  ^  sinHz0+ v,(/' -  t0))d/'J  . 

As  an  atom  experiences  the  field  xU0.  f  -  4) 

=  x  sinHz0+  v,W  - 10 ))  at  time  f,  the  integral  in 
(B5)  can  be  understood  as  an  average  over  the 
field  amplitude  along  the  atomic  path  during  the 
pulse. 

Thus  we  get 

U-/0)<xU0,f'-<o)>,0-<  =  X  f  sin k(Zo+  -t„))dt' 

and 

N[z0+vU  -t0),t„) 

=  Mz„,  t0)  cos [2(1  -  t0)(x(zu,  t'  -  /„)>| 

-D(z0,  tn)  sin[2U  -  t„){xU0,  /’  -  <„))]  , 

D(z0+  v(t-t0),t0) 

=  D(z0, 4)  cos [2( /  -  4) < xU„.  t'-t0))l 
*  Mz0,  t„)  sin[2U  -  4)(xU„,  t’  -  4))J . 
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provides  the  limits  shown  in  Eqs.  <1  and  (14). 
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"1lt  follows  from  Eqs.  (A  19)— (Ail)  that  for  short  excitation 
pulses  (ku r  <•«  1),  the  echo  frequency  is  a0.  This  result 
differs  from  that  for  optical  Ramsey  fringes  in  which 
the  emission  always  occurs  at  frequency  w  (Refs.  11 
and  13). 
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Collisionally  aided  radiative  excitation  in  a  three-level  atomic  system  is  investigated 
with  use  of  a  stationary-phase  method  for  the  case  of  large  atom-field  detunings  and  weak 
incident  fields.  It  is  found  that  collision-induced  coherent  phase-interference  effects  can 
give  rise  to  oscillatory  structure  in  the  total  absorption  cross  section  as  a  function  of 
relative  speed  (energy).  An  example  is  given  for  a  specific  interatomic  potential,  indi¬ 
cating  that  experimental  observation  of  such  an  effect  is  feasible. 


The  theory  of  saturation  spectroscopy  has  led 
to  an  understanding  of  the  physical  processes 
that  occur  when  two  nearly  resonant  radiation 
fields  are  incident  on  a  three-level  atomic  sys¬ 
tem.  Collisional  effects  have  been  incorporated,1 
but  such  calculations  have  generally  been  limited 
to  the  impact  region  ( |  field  detunings  | « inverse 
collision  time).  Although  calculations  not  re¬ 
stricted  to  the  impact  approximation  have  been 
carried  out  for  two-level  systems,2  there  is,  to 
our  knowledge,  only  one  calculations  of  collision- 
ally  aided  radiative  excitation  (CARE,  often 
referred  to  as  “optical  collision”)  in  the  non¬ 
impact  limit  for  three-level  systems.3  This  cal¬ 
culation  was  done  using  an  effective  two-level 
method  and  had  serious  restrictive  conditions 
on  the  detunings. 

In  this  Letter  we  report  on  a  new  type  of  quan¬ 
tum  interference  effect  that  occurs  in  three-level 
atomic  systems  subject  to  both  collisions  and  off 
resonant  (|  field  detunings  | » inverse  collision 
time)  radiation  fields.  This  effect  results  from 
an  interference  between  contributions  to  the  tran¬ 
sition  amplitudes  from  the  various  collision -in¬ 
duced  crossings  of  the  dressed  atomic  states* 

(see  Fig.  1).  When  the  crossings  are  well  sepa¬ 
rated,  the  effect  manifests  itself  as  an  oscilla¬ 
tion  in  the  total  cross  section  as  a  function  of 
actlve-atom-perturber  relative  speed  (energy). 
An  analogous  oscillatory  feature  was  discussed 
by  Rosenthal  and  Foley  for  charge -exchange  in¬ 
elastic  collisions*'8  in  a  He -He +  system  which  is 
characterized  by  atom-ion  interatomic-potential 
curves  similar  to  those  in  Fig.  1.  However, 
there  is  an  important  difference  between  the  two. 
In  charge-exchange  inelastic  collisions,  the 
collision-induced  crossings  (or  lack  thereof)  are 
completely  determined  by  the  atom -ion  inter¬ 
atomic  potentials.  In  CARE,  on  the  other  hand, 
the  crossings  are  additionally  dependent  on  the 
field  detunings  since  they  affect  the  dressed -atom 
Suivvueu  w  '  . . 
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level  spacings.7  Consequently,  the  nature  and 
positions  of  the  crossings  may  be  altered  in 
CARE  (by  varying  the  detunings)  but  not  in  charge - 
exchange  inelastic  collisions.  This  feature  of 
CARE  allows  us  to  gain  information  on  the  di¬ 
atomic  systems  which  would  be  otherwise  diffi¬ 
cult  to  obtain.8 

The  system  consists  of  a  three-level  active 
atom  (levels  labeled  1,  2,  and  3)  undergoing 
transitions  from  state  1  to  state  3,  simultaneous¬ 
ly  subjected  to  the  collision  of  a  structureless 
perturber  and  to  two  external  fields  of  amplitudes 
S  and  E’,  frequencies  id  and  id'.  Fields  E  and  E' 
drive  only  1-2  (frequency  id21)  and  2-3  (frequency 
<d32)  transitions,  respectively,  their  interaction 
being  characterized  by  the  detunings  A=i d-  u>21, 

A'  =  <d'-  id32,  and  the  coupling  strengths  x=  pE/2H 
and  x'=  p'E'/2h,  where  i±  and  p'  are  the  1-2  and 
2-3  dipole  matrix  elements.  The  collision  is  as- 


FIG.  1.  Collisionally  modified  dressed-state  energies 
W\t  IVii*  and  Wm  of  a  three-level  active  atom  and  ap¬ 
plied  fields  as  8  function  of  lnternucle8r  separation  R, 
in  the  weak-field  limit.  The  energies  *|A|  and  h|A'|  set 
the  energy  scale;  A  =  -  8x  10,S  sec'1  and  A'  =  —  3x  10,s 
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sumed  to  only  shift  the  energies  of  the  atomic 
levels  without  coupling  them. 

Figure  1  shows  the  system  in  a  dressed-atom 
diabatic  representation  for  some  particular  inter¬ 
atomic  potentials  and  atom-field  detunings;  the 
atom -field  dressed  states  are  labeled  I,  II,  and  III. 
The  existence  of  crossings  and  their  relative 
positions  depend  on  the  interatomic  potential  as 
well  as  the  detunings.9  Various  crossing  situa¬ 
tions  may  occur,  leading  to  different  features  in 
the  absorption  cross  section.  We  chose  to  focus 
our  attention  on  the  case  when  the  detunings  are 
large  (I  A|,  |  A'  |» inverse  collision  time),  when 
the  field  strengths  are  weak  ( x «  I  A | ,  x' «  I  A'  | ), 
and  when  there  are  three  well-separated  cross¬ 
ings,  since  an  interesting  interference  phenome¬ 
non  emerges  under  these  conditions. 

To  better  understand  this  interference  effect, 
we  use  a  time -dependent  classical-trajectory 
description  of  the  collision  event.  For  large  de- 
tunings,  states  II  and  III  can  be  excited  directly 
from  initial  state  I  only  at  the  crossing  positions 
labeled  by  Rc  and  Rc  ",  respectively,  in  Fig.  1. 

In  the  time  domain,  the  Rc  and  Rc”  crossings 
occur  at  corresponding  times  ±  rc  and  ±  rc"  pro¬ 
vided  that  the  impact  parameter  is  such  that  the 
distance  of  closest  approach  in  the  collision  is 
less  than  the  smaller  of  Rc  and  Rc’.  Between 
their  creation  at  times  ±rc,  ±  rc  ”,  and  the  cross¬ 
ing  at  time  tc'  (corresponding  to  internuclear 
distance  Rc'),  the  amplitudes  of  states  II  and  , 


Ill  evolve  adiabatically  with  phases  given  by 
exp[-»  /.V'W'n  (ft(f))d(l  and  expl-tJ^'„W^R(f))d(], 
where  Wa,  and  Wm  are  the  collisionally  modified 
energies  shown  in  Fig.  1.  At  tc'  transitions  be¬ 
tween  states  II  and  III  are  possible,  and  for  times 
greater  than  rc'  the  amplitude  of  state  III  again 
evolves  adiabatically. 

Thus,  there  are  four  paths  for  excitation  to 
state  III,  two  from  direct  excitation  I  -  III  at  ±tc", 
the  other  two  from  stepwise  excitation  I  -II  -  III 
at  (±rc,  tc'),  with  each  contributing  to  the  prob¬ 
ability  amplitude.  The  cross  term  in  the  state- 
HI  excitation  probability  contains  six  oscillatory 
terms  varying  as  sin(  A^f),  i  =  1, . . . ,  6.  Only  one 
of  these  phases,  Aipl  -  fJccWa(Rlt))dt  - 
xdt,  is  a  slowly  varying  function  of  the  impact 
parameter  b  for  the  system  under  consideration. 
On  integrating  over  b  to  obtain  the  excitation 
cross  section,  this  term  is  the  only  one  to  sur¬ 
vive.  Since  A^,  is  essentially  proportional  to  the 
time  separation  At  ~(Rc'  -  R^/v  ( v  is  the  relative 
atomic  speed)  between  the  inner  and  outer  cross¬ 
ings  ,  the  total  cross  section  oscillates  as  a  func¬ 
tion  of  1/v.  These  ideas  are  made  more  quantita¬ 
tive  by  the  calculation  given  below. 

The  calculation  is  most  conveniently  carried 
out  in  the  "bare”-state  picture.  In  the  rotating- 
wave  approximation  and  weak-field  limit,  the 
time-dependent  Schrodinger  equation  is  solved  by 
perturbation  theory  to  yield  the  following  expres¬ 
sion  for  the  state-3  amplitude  a3(°°),  using  as  ini¬ 
tial  conditions  a,(-°°)  =  l,  a2(-°°)  =  a3(-«>)  =  0, 


a3(~)  =  -  XX'  J_  „  exp{-i[A7  -  /^'(rldr] }  jf^  exp{-([Af1-/o‘‘y(T)dTl  }dl,  dt ,  (1) 

where  V  and  V"  are  defined  by  V(t)  =  V,(t)  -  V,(f )  and  V"(f)  =  V3(i)  -  V2(< ),  with  V {(t)  (i  =  1,  2,  3)  the  colli¬ 
sion-induced  shift  in  energy  of  level  i  tYi.2,s(R)  =  ^i.  s.nKfi)  +c,t2,„  where  C(’s  are  constants].  Because 
of  the  condition  that  | field  detunings  |  inverse  collision  time,  we  have  neglected  any  Doppler  phase 
shifts  or  level  decays  in  Eq.  (1). 

Assuming  that  transitions  occur  only  near  the  crossings,  we  use  a  stationary-phase  method  to  evalu¬ 
ate  Eq.  (1).  For  Rc<  Rc" <RC' ,  the  result  is 

|o3(«)l2  =  As+Ac  +  A'  (2) 


with 


•^s=(xx'2»)*(l  +ssln2<fi)/2aa' , 

A £,=  ( XX' ’')’(/* +  ?aH  1  +  s"sln2(<*>"-  $6)]/aa" , 

A '  =  -  s  -X)L  — ■  (?LL-±JL1^  jsin(w  +  ifi'  -  y"  +  (s  +  s'  -  s")tf/4  +  s0]  +  sin[w+  <f>'  + 


(3) 

(4) 

<f/“  +  (s  +  s'+  s")  ir/4 


+  8in(  w'+  w'  -  w  +  (s'  +  s"  -  s) ir/4  -  sSJ 

+  sin|w'-  w"~  W  +  (s'  -  s'  -  s)»/4  +s0j)  ,  (5) 
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where  a,  a',  and  a"  are  one-half  of  the  absolute  values  of  the  time  derivatives  of  V(t ),  V'(t),  and 
V{t)  =  V(t)  +  V'(t),  respectively,  evaluated  at  tc ,  tc',  and  tc",  respectively,  with  the  signs  of  these 
derivatives  given  by  s,  s',  and  s",  respectively,  /  and  g  are  the  auxiliary  functions  of  Fresnel  inte¬ 
grals10  with  argument  given  by  !(2a/ir)^2(rc"- rc)|,  and  0  =  tan ~‘(g/f). 

The  phases  <p,  <p’,  and  <p"  can  be  written  in  a  time-independent  form;  =  c{lV(R)- A]/(R2 

-  b2)^2}RdR,  where  b  is  the  impact  parameter.  Expressions  for  ip'  and  ip"  are  of  the  same  form  with 
Rc,  V(R),  and  a  replaced  by  Rc',  V'(R),  A'  and  by  Rc",  V'"(R),  and  a",  respectively.  The  only  phase 
appearing  in  Eqs.  (2)— (5)  which  is  a  slowly  varying  function  of  b  is  the  one  associated  with  the  first 
term  in  A'  since  <p  +  ip'  -  <p"  leads  to  integrals  with  limits  independent  of  6  (9  is  slowly  varying  in  b). 

On  integrating  Eqs.  (2) —(5)  over  b  to  get  the  total  cross  section,  the  sine  function  in  this  term  survives 
and  oscillates  as  a  function  of  1/v. 

Equations  (2)— (5)  are  poor  approximations  near  the  impact  parameter  at  which  incoming  and  out¬ 
going  crossings  coalesce,  i.e.,  b^Rc.  To  obtain  an  accurate  cross  section,  one  must  integrate  the 
time-dependent  Schrodinger  equation  numerically  near  such  impact  parameters.  However,  a  first  ap¬ 
proximation  is  achieved  by  assuming  that  all  the  sine  terms  in  Eqs.  (3)— (5)  average  to  zero  on  inte¬ 
grating  over  b  except  the  one  varying  as  sin[i^  +  tp'  -  (p"  +  (s  +  s'  -  s")ir/ 4  +  s9j.  In  this  term  the  phase 
is  evaluated  at  6  =  0  and  the  cross  section  is  than  approximated  as  a-2ff/*c  \a3(°°)\2bdb,  yielding 


(xx'^Rc 

v2\{dV/dR)R 


4RC 


|(dV'/dft)vl 

-H 


lnJLLUL.  +  -IW.+gl  m 

Rc'  -  Rc  I (dV"/dR)Kc»  i  “  Rc"  -  fi. 


2R/R,"(f2+f?) 


( dV'/dR V  {dV/dR)kc.. I 


+  2  R 


Rc'  +  R/-2R. 


sin {A/v  +  <p0) 


(6) 


where  A  is  the  area  enclosed  by  the  three  cross¬ 
ing  points  and  y/o  =  (s  +  s'-s")ff/4  +  s0  is  a  con¬ 
stant  phase.  A  comparison  of  this  cross  section 
with  the  corresponding  one  obtained  from  com¬ 
puter  solutions  indicates  that  Eq.  (6)  is  accurate 
to  within  15%. 

The  calculation  of  cross  section  using  Eq.  (6) 
is  remarkably  simple.  For  given  potential  curves 
and  detunings,  one  can  graphically  obtain  the 
slopes  at  the  crossing  point  and  the  area  A  en¬ 
closed  by  the  crossing  points.  Substitution  of 
these  values  into  Eq.  (6)  yields  a.  The  CARE 
cross  section  for  the  interatomic  potential  shown 
in  Fig.  1  as  a  function  of  1/v  is  shown  in  Fig.  2. 
The  range  of  speed  varies  from  105  cm  sec'1  to 
4  xlO5  cm  sec'1.  By  varying  the  detunings,  one 
can  change  A  as  well  as  the  slopes  at  crossing 
points,  and  hence  the  frequency  and  amplitude 
of  the  oscillation  in  the  total  cross  section.  Al¬ 
though  the  example  above  is  for  a  specific  poten¬ 
tial,  we  emphasize  that  the  oscillatory  feature 
occurs  regardless  of  the  form  of  the  potential  as 
long  as  three  conditions  are  satisfied:  first, 
there  must  be  three  crossings  as  in  Fig.  1;  sec¬ 
ond,  the  area  enclosed  by  the  crossings  must  be 
large  enough  to  produce  a  phase  change  of  the 
order  it  when  the  speed  is  varied  in  a  convenient 
range;  and  third,  the  stepwise  and  the  direct  ex¬ 
citation  contributions  must  be  comparable.  The 
first  condition  allows  for  a  phase  factor  that  is 


nearly  b  independent,  and  the  second  and  the 
third  conditions  determine  the  frequency  and 
amplitude  of  the  oscillatory  term. 


1/V  (  10-6  ssc  cm-1) 

FIG.  2.  Total  excitation  cross  section  as  a  function 
of  inverse  relative  speed  v  for  a  potential  shown  in 
Fig.  1  with  x~X'  ~  iO*1  sec'1,  A  =  -8x  I0n  sec'1,  and 
A' =  -  3x  1015  sec"1.  The  curv*>  rises  a'  'J.  Asthe 
speed  varies  from  105  cm  se».  ■  to  4  x  loJ  cm  sec"1, 
equally  spaced  peaks  are  clearly  seen.  In  the  inset, 
the  product  of  the  total  cross  section  and  Is  shown 
as  a  function  of  1/v. 
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For  the  potential  and  detunings  shown  in  Fig.  1, 
the  excitation  cross  sections  are  of  the  order  of 
1 0"34//'  cm2,  with  1  and  /'  the  power  density 
given  in  W/cm2.  Thus  the  effect  should  be  ob¬ 
servable  with  moderate  laser  power.  The  experi¬ 
ment  must  be  performed  with  use  of  crossed 
atomic  beams  or  a  beam  interacting  with  a  gas 
sample.  The  beam-gas  sample  method  works 
only  if  the  active-atom-perturber  relative  veloc¬ 
ity  is  approximately  equal  to  the  beam  velocity. 
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We  report  on  a  theoretical  and  experimental  study  of  the  influence  of  colli¬ 
sions  on  the  saturation  spectroscopy  line  shapes  associated  with  three-level 
gas  ropor  systems.  The  study  is  carried  out  with  the  goal  of  gaining  nev 
information  concerning  (a)  the  collisions!  processes  that  occur  in  atomic 
vapors,  (b)  the  nature  of  the  interatomic  potential  between  a  ground  state 
and  an  excited-state  atom  and  (c)  the  possibility  of  collision-induced  en¬ 
hancement  of  the  absorption  of  radiation  by  an  atomic  system.  In  each  of 
these  areas,  new  results  are  obtained. 

Theory  Using  a  model  in  which  collisions  are  assumed  to  be  phase-inter¬ 
rupting  in  their  effect  on  level  coherences  and  velocity-changing  in  their 
effect  on  population  densities,  we  calculate  the  absorption  profiles  associ¬ 
ated  with  three-level  atoms  that  are  subjected  to  two  incident  radiation 
fields  while  undergoing  collisions  with  structureless  perturber  atoms.  One 
of  the  fields  (pump)  ia  of  arbitrary  strength  and  acts  on  a  given  transition 
while  the  other  field  (probe)  is  veak  and  acts  on  a  transition  shoring  a 
common  level  with  the  first.  In  the  absence  of  collisions,  the  probe  absorp¬ 
tion  profile  can  exhibit  many  veil- known  features  (l),  including  narrow 
Doppler-free  resonances  and  strong-pump  field  induced  ac  Stark  splittings. 
Collisions  distort  these  profiles  and  can  actually  lead  to  enhanced  probe 
absorption  in  cose3  of  either  large  pump  detunings  or  strong  pump  fields. 
Moreover  the  collisional  modifications  of  the  profiles  may  be  used  to  ex¬ 
tract  information  on  both  total  and  differential  scattering  cross  sections. 
Theoretical  profiles  illustrating  these  features  have  been  derived. 


Experiment  The  theory  is  applied  to  explain  the  3S^  ,_->3P^  /2*''n3/2 
citation  spectra  that  ve  have  obtained  for  Na  atoms  undergoing  collisiona 
vith  foreign  gas  perturbers.  A  pump  laser  is  detuned  either  1.0  CHz  or  1.6 
GHz  below  the  transition  frequency  and  a  probe  laser  beam, 

counter-* propagating  vith  the  first,  completes  transitions  to  the  state. 

The  population  of  the  hD_. 0  state  is  monitored  (via  fluorescence)  as  a  func¬ 
tion  of  probe  frequency  for  pu»np  detuning s  of  -h.O  GHz  and  -1.6  CHz,  using 
various  pressures  of  He,  He,  and  Kr  perturbers.  With  a  pump  detuning  of 
-U.0  GHz,  which  is  greater  than  the  Doppler  width  #1.6  CHz,  ve  are  able 
to  systematically  study  collisional  redistr ibutton  [2j  (resulting  frau 

^  Supported  by  the  U.S,  Office  of  Naval  Research. 
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collisionally-induccd  excitation  of  the  3P,  state)  and  to  obtain  a  fit  to 
theory  containing  essentially  no  free  parameters.  For  a  detuning  of  -1.6 
Cilz,  the  pump  laser  excites  a  given  longitudinal  velocity  clas3  of  atoms. 
Velocity-changing  collisions  cause  this  velocity  group  to  relax  back  towards 
equilibrium,  and  the  probe  absorption  monitors  the  progress  of  this  relax¬ 
ation.  Attempts  to  fit  the  data  were  made  using  both  the  Keilson-Storer 
and  classical  hard  sphere  collision  kernels  to  describe  the  velocity-changing 
collisions.  The  theory  includes  the  effects  of  3P1/2  *  3P3/2  stat«-changing 
collisions,  which  significantly  modify  the  excitation  line  shapes. 
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The  authors  report  studies  of  collision-induced  features  of  the  >3Pul— *4D}ll  two-photon  absorption  in 

atomic-sodium  vapor  undergoing  collisions  with  several  rare-gas  perturbers.  The  results  yield  the  collisional 
redistribution  function  which  describes  the  nonresonant  excitation  of  the  3/*,  intermediate  state.  Good 
agreement  with  theory  is  obtained  only  if  effects  of  3P,  ,2— —  3PJ(!  state-changing  collisions  are  included  in  the 
calculations.  Results  are  used  to  obtain  a  value  for  a  pressure-broadening  coefficient  in  the  Na-Kr  system. 


The  spectrum  of  light  scattered  by  an  atomic 
vapor  illuminated  by  nearly  resonant  radiation  has 
attracted  considerable  interest.1"6  Experiments 
have  been  reported  in  which  narrow-band  laser 
radiation  is  scattered  by  an  atomic  or  molecular 
vapor.3"6  For  a  two-level  system,  low  laser  in¬ 
tensities,  and  radiation  tuned  outside  the  Doppler 
width  of  the  transition,  the  scattered-light  spec¬ 
trum  is  found  to  contain  two  components.  One 
component  is  centered  at  the  incident  laser  fre¬ 
quency  and  is  due  to  Rayleigh  scattering.  The 
second  component  is  found  to  be  centered  at  the 
frequency  of  the  atomic  resonance  line  and  has 
a  pressure-dependent  intensity  which  vanishes  in 
the  absence  of  collisions.  The  appearance  of  this 
component  at  the  frequency  of  the  resonance  tran¬ 
sition  is  known  as  collisional  redistribution.  In 
this  paper  we  report  measurements  of  the  col- 
lisional-redistribution  function  which  are  made 
in  absorption  rather  than  in  emission.  Two-photon 
absorption  spectra  are  obtained  with  two  cw  dye 
lasers  operating  at  different  frequencies.  The 
absorption  is  measured  as  the  frequency  of  one 
laser  is  scanned.  The  resulting  line  shape  con¬ 
tains  two  components  which  are  similar  in  nature 
to  the  two  components  found  in  emission  experi¬ 
ments.  One  component  is  a  collision-induced 
signal  corresponding  to  the  collisional  redistri¬ 
bution;  it  results  from  the  collisionally  aided 
excitation  of  the  nonresonant  intermediate  state 
followed  by  the  subsequent  absorption  of  a  photon 
which  causes  a  transition  to  the  final  state.  The 
second  component  is  due  to  direct  two-photon  tran¬ 
sitions  from  the  ground  state  to  the  excited  state 
and  is  analogous  to  the  Rayleigh  scattering  ob¬ 
served  in  emission.  The  redistribution  process 
which  we  observe  is  important  to  problems  of 
radiative  energy  transport.7  It  must  also  be  in¬ 
cluded  to  correctly  analyze  line -shape  experi- 
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ments  which  probe  velocity-changing  collisions.8,9 

The  theory  of  spectral  redistribution  of  scat¬ 
tered  light  in  the  impact  approximation  is  well 
developed.1" 2,10  In  this  approximation  the  detuning 
of  the  incident  light  from  the  resonance  must  be 
much  less  than  2ir/rc,  where  Te  is  the  duration  of 
a  collision.  Recent  experiments  have  investi¬ 
gated  various  aspects  of  collisional  redistribution. 
The  first  experimental  evidence  appears  to  have 
been  obtained  by  Rousseau  et  al.,5  although  they 
were  not  able  to  completely  resolve  the  various 
components.  More  recently  the  resonance  scat¬ 
tering  from  sodium  in  high-pressure  helium  was 
found  to  exhibit  complete  collisional  redistri¬ 
bution.6  Carlsten  et  al.3,i  have  made  investigations 
in  the  regime  where  the  laser  detuning  is  large 
and  the  impact  approximation  is  not  valid.  In  our 
work  we  use  two-photon  spectroscopy  to  examine 
in  detail  the  redistribution  function  in  the  impact 
regime  for  sodium  atoms  undergoing  collisions 
with  rare-gas  perturbers.  To  our  knowledge  this 
work  represents  the  only  study  which  measures 
both  the  shape  and  amplitude  of  the  collisional 
redistribution;  furthermore,  it  demonstrates  the 
importance  of  state-changing  collisions  on  the 
redistribution.  The  theory  of  the  effect  of  col¬ 
lisions  on  two-photon  line  shapes  has  been  dis¬ 
cussed  (see  Ref.  10,  and  references  therein)  and 
our  results  are  found  to  be  in  good  agreement  with 
these  theories  if  the  theory  is  extended  to  include 
the  effects  of  fine-structure  state-changing  col¬ 
lisions.  An  experiment  which  demonstrated  the 
different  time  dependences  of  the  two  components 
we  have  observed  in  two-photon  absorption  has 
been  reported  by  Grischkowsky.11 

Our  experimental  apparatus12  consists  of  two 
cw  single-mode  frequency-stabilized  dye  lasers 
(Coherent  599)  whose  unfocused  output  beams 
were  passed  in  opposing  directions  through  a  1- 
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cm-long  cell  at  200  °C  containing  sodium  vapor. 

Both  laser  beams  were  linearly  polarized  in  the 
same  direction  and  had  intensities  of  about  1  W/ 
cm2.  The  sodium-vapor  density  was  maintained 
at  approximately  10u  cm'3.  The  pressure  of  rare 
gas  introduced  into  the  cell  was  measured  with  a 
capacitance  manometer.  One  dye  laser  was  held 
at  a  fixed  frequency  nearly  resonant  with,  but 
outside  the  Doppler  width  of,  the  3S1/2- 3Pl/2  tran¬ 
sition  (~  5896  A)  while  the  other  frequency  SI' 

(~  5682  A)  was  scanned  to  complete  transitions  to 
the  4 D3/2  state.  Transitions  to  4 D5/2  are  extremely 
weak  and  can  be  neglected  in  comparison  to  those 
to  4 D3K  since  the  nearly  resonant  3 Pin  inter¬ 
mediate  state  enhances  only  transitions  to  4f)3/2. 
The  population  of  the  4D3/2  state  is  monitored  by 
observing  the  ~330-nm  fluorescence  which  occurs 
when  the  4 D3/2  state  decays  via  the  4 P  state  back 
to  the  ground  state. 

Figure  1  illustrates  spectra  obtained  in  our 
experiment  for  various  pressures  of  neon  gas. 
Similar  data  was  obtained  with  helium  and  krypton. 
The  fixed-frequency  laser  is  set  4.0  GHz  below 
the  3Sl/2  (F  =  2)-*  3 Pl/2  transition  frequency.  Three 
distinct  lines  are  readily  identified.  The  two 
narrow  lines  correspond  to  direct  two-photon 
transitions  from  the  two  hyperfine  states  of  the 
ground  state  to  the  4 Da/2  final  state.  These  lines 
are  nearly  Doppler  free  because  the  excitation  is 
made  with  oppositely  propagating  waves  with  nearly 


No* NEON 


-^--4.0GMz 


FIG.  1.  Two-photon  excitation  spectra  of  the  sodium 
3S|^2-4Z33y2  transition  at  various  pressures  of  neon  per- 
turber  gas.  The  detuning  of  the  fixed  frequency  laser 
from  intermediate-state  resonance  is  A/2tt  =  -4.0  GHz. 
The  broad  resonance  is  centered  near  the  3P|/2  —  4D3/2 
transition  frequency.  All  spectra  taken  with  the  same 
detection  sensitivity.  Solid  line,  experimental  curve; 
points,  theory. 


the  same  frequency.12  The  broad  line  is  the  col¬ 
lision-induced  signal.  As  shown  in  Fig.  1,  it 
vanishes  in  the  absence  of  buffer  gas;  this  col- 
lisional-redistribution  signal  increases  as  the 
buffer-gas  pressure  increases. 

The  source  of  the  redistribution  signal  is  col- 
lisionally  induced  population  of  the  3/'1/2  state. 
Collisions  can  supply  the  energy  to  compensate 
for  the  mismatch  between  HS1  and  the  energy  of  the 
resonant  transition.  The  excitation  of  the  inter¬ 
mediate  state  is  essentially  velocity  independent 
and  hence  the  redistribution  component  is  broad 
with  a  width  which  is  dominated  by  the  Doppler 
width  of  the  3F1/2-4 i)3/2  transition.  For  a  more 
detailed  discussion  of  the  origin  of  the  redistri¬ 
bution  component,  see,  for  example,  Ref.  10  or 
13. 

Collision-induced  transfer  of  population  between 
various  sublevels  within  the  3 P,  2  state  does  not 
affect  our  signals  because  with  linearly  polarized 
light  the  total  excitation  transition  rate  from  each 
sublevel  to  the  4f>3/2  level  is  the  same.  The  field 
at  SI  can  create  coherence  between  the  F  =  2, 

M f  =  ±1  and  F=l,  l/,  =  t  1  levels  of  the  3 Pl/2  state 
but  these  coherences  contribute  negligibly  to  our 
signal.  Thus  it  is  only  the  total  population  of  the 
3Pl/2  state  that  enters  in  calculating  the  redis¬ 
tribution  signal. 

For  a  three-level  system  the  line  shapes  and 
relative  amplitudes  of  the  redistribution  and  two- 
photon  resonances  can  be  approximated  by  the 
following  expressions.10  The  narrow  two-photon 
resonance  is  proportional  to 

irhrr)  <» 


and  the  redistribution  term  is  proportional  to 


where  h13  =  yt3  +  i(A  +  A'),  +  and  A  =  G 

-  u>,  A'  =  Sl'  -  u>'.  The  angular  frequencies  ui  and 
w'  are  the  transition  frequencies  of  the  ground- 
to-intermediate  and  intermediate-to-final  state, 
respectively.  The  wave  vectors  are  k'  =  SI' /c 
and  k  =  Sl/c,  the  subscripts  1,  2,  and  3  refer  to 
the  ground,  intermediate,  and  final  states,  re¬ 
spectively,  and  u  is  the  most  probable  speed.  The 
decay  rates  r(/  are  the  phenomenological  decay 
constants  of  the  density  matrix  elements  pu  and 
include  the  effects  of  phase-changing  collisions. 
The  quantity  Z,(u)  is  the  imaginary  part  of  the 
plasma-dispersion  function  defined  in  Appendix  A, 
and  C  is  a  constant  of  proportionality. 14  One  may 
deduce  the  following  useful  information  from  these 
formulas:  (i)  the  two-photon  resonances  are 
narrow,  (ii)  the  redistribution  peak  (centered  at 
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A'  =0)  is  Doppler  broadened,  (iii)  the  ratio  of  the 
amplitudes  of  the  broad  to  narrow  resonances  is 
independent  of  A  and  depends  on  pressure  only, 
and  (iv)  the  amplitude  of  the  redistribution  term 
vanishes  in  the  limit  of  zero  pressure  where 
2yl2=y2e(f. 

The  effect  of  fine-structure  state-changing  col¬ 
lisions  is  quite  important  as  it  modifies  the  am¬ 
plitude  of  the  collisional-redistribution  signals 
by  a  significant  amount.  The  3 Plf2 — 3 P3/2  state¬ 
changing  collisions  must  be  included  since  they 
give  rise  to  appreciable  relaxation  for  atoms  in 
the  3 Pin  state.  By  solving  the  rate  equations  for 
the  steady-state  we  find  these  collisions  produce 
an  effective  decay  rate  for  the  intermediate  state 
(see  Appendix  B)  of 


,  _v  lilhlH- 

””  2  72  +  0.5y,  ’ 


(3) 


where  y2  is  the  natural  decay  rate  of  the  3 P1/2 
state  equal  to  6.3  x  107  sec'1  and  y,  is  the  rate  of 
transfer  for  3P1/a- 3Pi/2.  This  rate  is  proportional 
to  pressure  and  is  calculated  from  measured  cross 
sections. 15,16  The  effect  of  state-changing  col¬ 
lisions  on  collisional  redistribution  in  emission 
has  recently  been  theoretically  treated  by  Copper 
and  Ballagh.17 

Equations  (1)  and  (2)  are  valid  in  the  impact 
limit  with  |A|»ftn.  To  achieve  greater  accuracy 
in  our  calculations  we  have  used  more  general 
expressions  given  in  the  Appendix  A.  This  Ap¬ 
pendix  also  contains  a  method  for  including  the 
contributions  of  both  hyperfine  ground-state  levels. 

The  points  in  Fig.  1  show  our  theoretically  cal¬ 
culated  values  for  the  line  shape.  The  relative 
amplitudes  of  the  two  narrow  two-photon  transi¬ 
tions  were  adjusted  to  exactly  match  the  experi¬ 
mental  data.  This  adjustment  was  required  be¬ 
cause  of  optical  pumping  effects  which  cause  the 
population  of  the  ground  hyperfine  states  to  vary 
slightly  with  pressure  and  laser  intensity.  Ex¬ 
cept  for  this  adjustment  no  other  free  parameters 
are  taken  in  the  calculation.  The  values  used  for 
the  collisional  rate  coefficients  are  given  in  Table 
I  and  are  taken  from  the  literature.  The  theory 
accurately  predicts  the  amplitudes  and  widths  of 
lines  in  the  observed  spectra  at  all  pressures. 

To  illustrate  the  importance  of  accounting  for  the 
fine-structure  state-changing  collisions,  we  in¬ 
dicate  in  Fig.  2  the  theoretical  result  at  10.8  Torr 
of  neon  that  would  be  obtained  if  these  state 
changes  were  neglected.  The  effect  of  the  state¬ 
changing  collisions  is  to  distribute  the  energy 
among  all  the  fine-structure  states  with  the  result 
that  the  redistribution  peak  is  lowered  by  a  factor 
of  2.5.  The  correction  varies  up  to  a  factor  of  3 
depending  on  the  pressure,  and  for  all  pressures 


TABLE  I.  Broadening  coefficients  (MHz/Torr)  at 
200 "C. 


Perturber 

±(1M  . 

2x  V  dP  / 

i  vm 

2x  V  dP  / 

i  (dy,j] 
2*  V  dP ) 

1 

1  2ir  \dP) 

He 

6.2  * 

21 c 

23  d 

6.0* 

Ne 

3.7  1 

llc 

13d 

2.4' 

Kr 
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27c 

29  d 

2.7' 

Yj/2»  = 

10  MHz;  y3/27r 

=  3.2  MHZ; 

V;/2if  = 
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V  -  Y' 

111 

Mi 

2  dP 
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greater  than  about  1  Torr,  gives  rise  to  a  sub¬ 
stantial  modification  to  the  theory. 

The  results  with  other  rare  gases  such  as  he¬ 
lium  and  krypton  were  similar  to  those  obtained 
with  neon.  Figure  3  shows  some  typical  line 
shapes  obtained  with  helium  and  krypton.  The 
agreement  for  collisions  with  helium  is  excellent 
with  all  relaxation  rates  calculated  from  published 
values.  To  our  knowledge  no  published  values  for 
the  pressure  dependence  of  yl2  exists  for  the  so¬ 
dium-krypton  system  so  the  theoretical  points  for 
krypton  in  Fig.  3  represent  a  fit  to  our  experi¬ 
mental  data.  The  pressure  broadening  coefficient 
obtained  by  this  fit  is 


12.0±2 


MHz 
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The  dependence  of  the  amplitude  of  the  redis- 
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FIG.  2.  Comparison  of  experimental  excitation  spectra 
with  theoretical  line  shape  that  neglects  fine-structure 
state-changing  collisions  in  the  3P  slates. 
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FIG.  3.  Same  as  Fig.  1  except  with  helium  and  krypton 
perturberg.  Detection  sensitivity  differs  for  these 
curves. 

tributed  component  on  laser  detuning  is  shown 
in  Fig.  4.  The  solid  line  is  theoretical  and  assumed 
contributions  from  both  ground  hyperfine  levels  but 
does  not  account  for  optical  pumping.  The  agree¬ 
ment  is  excellent.  The  ratio  of  the  redistribution 
amplitude  to  the  amplitudes  of  the  narrow  two- 
photon  resonances  was  found  to  be  essentially  in¬ 
dependent  of  detuning  in  accordance  with  theory. 

We  have  experimentally  verified  the  predictions 
of  the  theory  of  collisional  redistribution  and  two- 
photon  absorption  in  the  impact  regime.  Com¬ 
parisons  of  the  experimental  line  shapes  reveal 
good  agreement  with  a  theory  having  essentially 
no  adjustable  parameters.  The  importance  of 
state-changing  collisions  on  the  redistribution  has 
been  demonstrated  for  the  first  time.  We  have 
used  our  measurements  to  obtain  the  broadening 
coefficient  of  the  sodium  resonance  line  for  col¬ 
lisions  with  krypton.  It  should  be  noted  that  es¬ 
sentially  all  the  relaxation  parameters  of  an  atomic 
system  could  have  been  obtained  by  these  experi¬ 
ments.  The  widths  of  the  two-photon  resonances 
yield  yl3,  the  width  of  the  redistribution  com¬ 
ponent  yields  y23,  and  its  amplitude  is  dependent 
on  yla  and  y(.  The  good  agreement  between  the 
amplitudes  and  widths  of  the  resonances  in  our 
experiment  with  the  theory  may  be  taken  as  con¬ 
firmation  of  the  broadening  coefficients  used  in 
our  calculation. 


FIG.  4.  Amplitude  of  collisional  redistribution  signal 
vs  detuning,  A.  Points,  experimental  data;  solid  line, 
theory.  Data  taken  with  10  Torr  of  neon  buffer  gas. 
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APPENDIX  A:  THREE-LEVEL  SYSTEM  LINE  SHAPE 

For  the  pump-field  strength  (x/fc«)  =  0.018  (x 
being  the  Rabi  frequency  at  zero  detuning)  and 
detuning  [  A  |  /few  =  4.0  used  in  this  experiment, 
the  line  shape  is  adequately  described  by  the  per¬ 
turbation  theory  of  Ref.  10.  The  result,  derived 
for  a  three-level  system,  is 

I =ITg+lsw  >  (Al) 

where 


J 


,  C_  k_  k  ,  r _  W^)dX  _ 

T0  =  ~VF  *'  J  Wjku  +  X)(ifj23/k'u  -  A')(trj I3/(fe'  -  k)u - X ) 


(A2) 


and 


yI1WaQOGa<X-X')dXdXl 
I  if \Jku  +  X  I*  i  ifj„/k  'u-X'\2 


(A3) 
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represent  the  “two-quantum  and  "stepwise”  con¬ 
tributions  to  the  line  shape.  The  variables  ap¬ 
pearing  in  Eqs.  (Al)  and  (A2)  are  defined  as  fol¬ 
lows:  C  is  a  constant  proportional  to  the  pump 
field  intensity, 

^u=i'u+*^.  (A4a) 

Va  =  ri3  +  *£’,  (A4b) 

b1J  =  ri3+i(A+ A'),  (A4c) 

with  tildes  indicating  collisionally  broadened  and 
shifted  values  of  the  widths  and  detunings;  the 
function 

W0(X)  =  rllte-x 2  (A5) 

is  the  thermal  velocity  distribution  in  dimensionless 
units;  and  C22(X -X')  is  a  propagator10  accounting 
for  velocity-changing  collisions  inlevel  2.  Equations 
(A2)  and  (A3)  can  be  evaluated  in  terms  of  plasma- 
dispersion  functions,10  but  asymptotic  forms  in  the 
large-detuning  limit  are  more  easily  obtained  from 
the  integral  expressions. 

One  sees  immediately  from  Eq.  (A3)  that  the  SW 
contribution  depends  on  velocity-changing  col¬ 
lisions  through  the  propagator  G22(X-X').  How¬ 
ever,  for  large  detunings,  | A  \/ku»  1,  the  de¬ 
nominator  it)l2/feu  +X  can  be  approximated  by 
iA/*u  over  the  range  of  X  that  contributes  to  the 
integral  and  the  integral  over  X  in  Eq.  (A3)  is 
easily  evaluated  using  the  relation10 


[G22(X-X')W,0(X)dX  = 


where  yUtt  is  the  effective  lifetime  of  level  2. 
Equation  (A6)  expresses  the  fact  that  collisions 
do  not  change  an  equilibrium  distribution.  Hence, 
one  obtains  a  SIF  contribution 

'“-A3 

where  Z ,(p)  is  the  imaginary  part  of  the  plasma- 
dispersion  function 

Z(n)  =  -  r,/2  f  e-x\ii  ±X)-ldX  , 
with  lm(n)>0. 

Corrections  to  Eq.  (A7)  are  of  order  (feu/ A)"2 
=  0.06,  and  depend  on  the  specific  collision  model 
adopted.  In  order  to  avoid  specific  models,  we 
neglect  all  such  corrections  in  this  term.  Con¬ 
sequently,  the  amplitude  of  the  red’  Uribution  may 
be  in  error  by  an  amount  of  the  order  of  6%. 
[Computer  calculations  using  a  fairly  general  col¬ 
lision  model  indicate  that  (A7)  underestimates 
lsw  by  2%  to  8%.] 

For  the  TQ  contribution  in  the  limit  |  A|/fe« 


»  1,  Eq.  (A2)  can  be  evaluated  numerically  for 
all  values  of  A'.  However,  in  the  regions  about 
the  narrow  resonance  A'  =  -  A  and  the  broad  one 
A'  »  0,  it  suffices  to  use  approximate  forms.  Near 
A'  =-  A,  one  finds,  to  order  (feu/ A)2, 

,or 


a(X)  =  3X2{[XZi(X)]-l-l} 


(3*-* 


1(1  —  2/X2)  for  X»  1 
3 rl/2X  for  X  «  1 . 


Experimentally,  yu/(fe'  -fe)u  varies  from  1.7  to 
5. 

Near  A'=0,  the  term  is 

■‘[‘•(WKs)]  t4io) 

Since  y2,/feus  1  and  )feu/A|  =0.25  for  our  experi¬ 
ment,  the  second  term  in  square  brackets  rep¬ 
resents  a  negligible  correction  and  may  be  dropped. 

Combining  Eqs.  (A8)  and  (A7)  the  line  shape 
near  A'  a  -  A  is  given  by 

where  we  have  used 

Zi{iw23/k'u)  =y23fe’u/A2 

in  this  region.  Equation  (All)  gives  values  gen¬ 
erally  a  few  percent  less  than  computer  evaluation 
of  Eqs.  (A2)  and  (A3). 

In  the  region  A'  =0,  one  combines  (A10)  and 
(A7)  to  obtain  the  redistribution  resonance 

In  the  actual  experimental  situation,  there  are 
two  hyperfine  levels  in  the  ground  state  separated 
by  1.77  GHz.  The  total  line  shape  depends  on  con¬ 
tributions  from  both  of  these  levels.  The  detuning 
for  transitions  originating  from  the  F  =  2  state  is 
A  while  that  from  the  F  =  1  state  is  A2,  where 
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A2/2it  =  A/2ir  -  1.77  GHz.  The  net  modification 
of  the  line  shape  is  the  replacement  of  the  factors 
(fctt/A)2  appearing  in  curly  brackets  in  Eqs.  (All) 
and  (A12)  by  (ku)2(&~2  +  w-\{1),  where  w  accounts 
for  relative  statistical  weights  and  optical  pumping 
of  transitions  originating  from  F  =  1  versus  those 
originating  from  F  =  2.  In  fitting  the  data,  «■  is  the 
only  adjustable  parameter. 

APPENDIX  B:  DERIVATION  OF  y2e„ 

The  influence  of  the  3 P3/2  state  collisionally 
coupled  to  the  3 Pin  intermediate  state  can  be 
included  without  much  difficulty.  In  the  pertur¬ 
bation  limit  and  the  large-pump-detuning  limit, 

|  A/Atp  |  »  1,  the  steady-state  equations  for  the 
Pin  and  P3/a  population  densities  nlf2(v)  and 
n2f2(v)  for  a  ground-state  density  N0  are 

0  =  -y2w,/2-rnl/2  +  r'n3/2+S,  (Bla) 

0=-V2«3/2-r'«3/s  +  r"i/2»  (Blb5 

where 


S  =  2x2y12  A‘2«'1  W0(v/h)N0  (Blc) 

represents  the  pump  field  excitation  of  the  Pl!2 
state,  and  V  and  T'  are  the  i  -  1  and  \  -  i  col¬ 
lision  rates,  respectively.  Equations  (Bl)  reflect 
the  fact  that  only  the  Pl/2  state  is  significantly 
pumped  by  the  field.  All  effects  of  velocity¬ 
changing  collisions  are  neglected  in  the  large- 
detuning  limit,  since  the  intermediate-state  ve¬ 
locity  distribution  is  Maxwellian.  Solving  Eq. 

(Bib)  for  n3/2  and  substituting  it  into  Eq.  (Bla) 
one  obtains  the  steady-state  equation  for  nlf2 


0--Ys.t  f«l/2  +  S> 

(B2) 

where 

/y2+r'  +  r\ 

(B3) 

Thus,  the  net  effect  of  the  P3f2  state  can  be  in¬ 
cluded  by  replacing  the  decay  rate  y2  of  the  Pl/2 
level  by  the  y2,„  of  Eq.  (B3).  For  the  Pir2-  P3/2 
levels,  r  =  2r'syt. 
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A  theory  of  saturation  spectroscopy  in  three-level  gas-vapor  systems,  including  coilisional  effects,  is 
presented.  Using  a  model  of  collisions  in  which  they  are  phase  interrupting  in  their  effect  on  level 
coherences  and  velocity  changing  in  their  elTect  on  level  population  densities,  the  authors  calculate  the 
absorption  profile  of  a  weak  probe  field  on  a  given  transition  when  an  arbitrarily  strong  pump  field  acts  on 
a  coupled  transition.  Line  shapes  are  derived  for  an  arbitrary  collision  kernel  describing  the  velocity- 
changing  collisions,  and  these  line  shapes  are  evaluated  for  the  collision  kernel  proposed  by  Keilson  and 
Storer.  Various  limiting  forms  for  the  line  shapes  are  derived  and  representative  line  shapes  are  displayed. 
Several  new  features  of  the  line  shapes,  including  coilisional!)  induced  increased  probe  absorption  are 
discussed.  The  line  shapes  are  seen  to  reflect  the  various  coilisional  processes  that  may  occur  in  atomic  or 
molecular  systems. 


I.  INTRODUCTION 

The  theory  of  saturation  spectroscopy  of  gas 
vapors  has  received  considerable  attention1"8  over 
the  past  several  years,  following  the  increased  ex¬ 
perimental  activity  in  this  field.  In  a  typical  ex¬ 
perimental  situation  one  uses  a  pump  laser  field 
to  excite  a  given  transition  in  an  atom  or  molecule 
and  then  monitors  the  absorption  of  a  copropaga¬ 
ting  or  counterpropagating  weak  probe  field  on  the 
same  or  a  coupled  transition.  In  general,  only 
atoms  having  a  limited  range  of  longitudinal  veloc¬ 
ities  can  effectively  interact  with  both  the  pump 
and  the  probe  fields,  leading  to  a  saturation  spec¬ 
troscopy  line  shape  that  is  essentially  free  of  any 
Doppler  width.  The  Doppler-frec  linewidths  are 
of  the  order  of  the  natural  widths  associated  with 
atomic  resonances. 

Saturation  spectroscopy  has  also  proven  useful 
for  coilisional  studies,  although  this  area  of  re¬ 
search  is  only  beginning  to  experience  significant 
growth.  Pressure  broadening  and  shift  coefficients 
can  be  precisely  determined  in  saturation  spec¬ 
troscopy  experiments  and  these  parameters  are 
related  to  the  total  collision  cross  sections  for 
the  states  involved  in  the  transitions.  Moreover, 
Information  on  differential  scattering  cross  sec¬ 
tions  may  be  obtained  in  saturation  spectroscopy 
using  a  pump  laser  to  selectively  excite  atoms 
having  a  specific  longitudinal  velocity  and  a  second 
laser  to  probe  this  velocity  distribution.  Since 
collisions  modify  the  velocity  distribution,  the 
probe  absorption  serves  to  monitor  velocity-chan¬ 
ging  collision  effects.  In  this  manner,  one  obtains 
the  differential  scattering  cross  section  averaged 
over  perturber  velocities  and  those  transverse 


velocities  of  the  active  atoms  not  selected  by  the 
pump  laser. 

To  explore  fully  the  potential  of  saturation  spec¬ 
troscopy  for  coilisional  studies,  it  is  useful  to 
have  a  theory  of  the  saturation  spectroscopy  line 
shape  including  coilisional  effects.  Several  theo¬ 
ries  exist,6’9'16  but  they  have  tended  to  be  limited 
in  one  way  or  another.  Some  calculations  are  re¬ 
stricted  to  the  weak-pump-field  limit,  some  to  the 
limit  of  decay  widths  and  atom-field  detunings 
much  less  than  the  Doppler  width,  some  to  the 
neglect  of  velocity-changing  collisions,  and  some 
to  extreme  models  for  velocity-changing  colli¬ 
sions.  In  this  paper,  we  present  a  calculation  of 
the  saturation  spectroscopy  line  shape  in  a  three- 
level  atomic  system  including  coilisional  effects. 

A  pump  field  of  arbitrary  strength  drives  a  given 
transition  and  the  absorption  spectrum  of  a  weak 
probe  field  on  a  coupled  transition  is  derived.  The 
calculation  is  based  on  a  simple  but  often  applic¬ 
able  collision  model  in  which  collisions  are  phase¬ 
interrupting  in  their  effect  on  level  coherences 
(off-diagonal  density  matrix  elements)  and  velocity 
changing  in  their  effect  on  level  populations.  The 
only  restrictions  on  level  widths,  collision  rates, 
and  detunings  are  those  implied  by  the  impact  ap¬ 
proximation.11 

In  Secs.  II  and  HI,  general  equations  are  derived 
for  the  probe  field  absorption,  and  a  specific  cal¬ 
culation  is  carried  out  using  the  Keilson-Storer 
collision  kernel  in  a  large-angle-scattering  limit. 
Limiting  forms  of  the  line  shape  for  weak-pump 
fields,  for  large  pump-field  detunings,  and  for  de¬ 
cay  rates  and  detunings  less  than  the  Doppler 
width  (Doppler  limit)  are  given  in  Sec.  V,  and 
some  representative  line  shapes  are  displayed  in 
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Sec.  VI-  An  appendix  generalizes  the  results  to 
allow  (or  an  inelastic  decay  channel  for  the  inter¬ 
mediate  state. 

The  line  shapes  illustrated  in  Sec.  VI  contain 
some  features  that  are  either  new  or  have  not  been 
emphasized  in  the  past.  Among  these  are  (i)  a 
relatively  large  dispersionbke  contribution  to  the 
line  shape  that  appears  for  pump-field  detunings 
greater  than  the  Doppler  width,  (n)  ac  Stark  split¬ 
tings  of  the  profiles  in  strong-pump  fields  for 
both  copropagating  and  counter  propagating  fields, 
and  (iii)  modifications  of  *he  strong-pump-field 
line  profiles  produced  by  velocity-changing  colli¬ 
sions.  An  additional  feature  of  the  strong-pump- 
field  line  shapes  discussed  in  Sec.  VI  is  a  colli¬ 
sion-induced  increase  in  both  the  maximum  and 
integrated  probe-field  absorption.  This  result  has 
implications  for  increasing  yields  in  certain  iso¬ 
tope-separation  schemes  utilizing  lasers. 

By  necessity,  this  paper  contains  a  large  num¬ 
ber  of  equations.  The  reader  not  interested  in  the 
details  of  the  calculation  can  obtain  the  phvsicaL 
ideas  by  making  reference  to  Secs.  II  A  and  II  B 
and  proceeding  directly  to  Sec.  VI.  The  theory  has 
recently  been  used  to  explain  the  3S,  ,.,-3F,  .,-40,  2 
excitation  line  shapes  of  Na  in  the  presence  of 
foreign-gas  perturbers.17 

U.  PHYSICAL  SYSTEM -EOLATIONS  OF  MOTION 

A.  Physical  system  neglecting  collisions 

The  three- level  atomic  systems  to  be  considered 
are  shown  in  Fig.  1.  The  quantities  i3-±l,  =±  1 

label  each  of  the  level  configurations  so  that  they 
may  all  be  treated  by  a  single  formalism.  For  the 
upward  cascade  [Fig.  1(a)  |,  d=/3'  =  l;  for  the  in¬ 
verted  V  [Fig.  1(b)),  ,1  =  1,  0'  =  — 1;  and  for  the  V 
configuration  [Fig.  1(c)),  13= -1,  /3'  =  1.  Each  of  the 
levels  i  is  incoherently  pumped  with  a  rate  density 
A,(v)  and  each  level  decays  at  some  rate  y, ,  owing 
to  spontaneous  emission.  The  A,(v)  are  assumed 


to  produce  equilibrium  distributions  in  the  ab¬ 
sence  of  any  fields,  i.e.,  collisions  do  not  alter  the 
A,(v).  I.evels  1  and  3  are  assumed  to  have  the 
same  parity,  which  is  opixisitc  to  that  of  level  2. 
The  1-2  and  2-3  transition  frequencies  are  de¬ 
noted  by  u>  and  to',  res|iecti vely.  Note  that  it  is 
possible  to  allow  for  any  of  the  lowest-lying  levels 
to  be  a  ground  state  by  taking  the  limit  *  i v)  -  0. 

>  —  0,  A (v)/y  —  .V„(v)  (finite)  for  that  level. 

To  include  some  effects  of  branching  that  occur 
in  real  physical  systems,  spontaneous  emission 
from  level  2  to  level  1  at  some  rate  y '.  is  include') 
in  the  model  [of  course,  -  0  for  the  1’  configura¬ 
tion  of  Fig.  1(c) |.  Extensions  of  the  theory  to  al¬ 
low  for  additional  spontaneous-emission  branching 
channels  between  the  levels  is  straightforward. 

The  three-level  systems  are  subjected  to  an  ar¬ 
bitrarily  strong  monochromatic  pump  field 

=  i  S  cosU’Z  -  ST/ )  (la) 

and  a  weak  monochromatic  probe  field 

S'&J)  =  t  S' cos(t  k’Z- Sl't)  .  (lb) 

the  fields  having  frequencies  fl,  fi’  and  propagation 
vectors 

£=io/e,  H'  =  zn'/c,  (2) 

respectively.  Our  discussion  is  limited  to  the 
case  of  copropagating  It  =1)  or  counterpropagatuig 
(t  =  -l)  laser  fields.  It  is  assumed  that  fields  5 
and  S'  are  nearly  resonant  with  the  1-2  and  2-3 
transitions,  respectively.  Furthermore,  it  is  as¬ 
sumed  that  the  difference  m  -w'/  is  large  enough 
to  insure Jhat  field  5  drives  only  the  1-2  transi¬ 
tion  and  S'  only  the  2-3  transition. 

The  calculation  is  most  conveniently  performed 
using  equations  for  density  matrix  elements,  in 
the  absence  of  collisions,  the  master  equation  lor 
density  matrix  elements  p,,(R,  v, /)  associated 
with  an  atomic  wave  packet  centered  at  R  moving 
with  average  velocity  v  at  time  t  is‘“ 


* 

FIG.  1.  Three-level  systems  considered  in  this  work: 
(a)  upward  cascade,  (b)  inverted  V ,  (c)  V  Note  that  the 
total  decay  rate  from  level  2  Is  >j. 


W.M.0 

dt 


V- Vp0(f?,v./) 


+r£t,6ilp22&,v,t)  >*,&)(>, j ,  (3) 

where 


Tli  “ifri+Y/)-  (0 

Matrix  elements  of  Hamiltonian  H  are  given  by 
«(/(R,f)  =  E,fi„-(P1,[5(R,()'S'(ft,/)|,  (5) 

where  E,  is  the  energy  of  level  t  and  <P(J  is  the  v 
component  of  the  dipole  matrix  element  between 
atates  i  and  j . 
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B.  Collision  model 


The  three-level  active  atoms  undergo  collisions 
with  ground-state  perturbers.  The  following  as¬ 
sumptions,  pertaining  to  the  nature  of  the  colli¬ 
sions  and  the  duration  tc  of  a  collision,  are  in¬ 
corporated  into  the  model:  (i)  The  active-atom 
and  perturber  densities  are  such  that  one  can 
neglect  all  but  binary  active-atom-perturber  col¬ 
lisions.  (ii)  Resonant  excitation-exchange  colli¬ 
sions  between  active  atoms  and  perturbers  are 
excluded,  (iii)  Collisions  are  adiabatic  in  the  sense 
that  they  cannot,  in  the  absence  of  applied  fields, 
induce  transitions  between  levels  1.  2.  and  3, 
shown  in  Fig.  1  (i.e.,  fir;1  «all  level  spacings). 

(iv)  Collisions  may  be  treated  in  the  impact  ap¬ 
proximation,  in  which  collisions  can  be  thought  to 
occur  instantaneously  with  respect  to  various  time 
scales  in  the  problem  (valid  if  r;1 » atom-field  de¬ 
tunings,  Rabi  frequencies,  collision,  and  decay 
rates). 

With  these  approximations,  the  net  effect  of  col¬ 
lisions  is  the  addition  of  a  term  (>pt)(R.  v,  t )  )/|  „  n 
to  the  right-hand  side  of  Eq.  (3).'“  In  general, 
collisions  affect  off-diagonal  and  diagonal  density- 
matrix  elements  differently.  For  diagonal  ele¬ 
ments,  collisions  result  solely  in  velocity  changes, 
and  the  collisional  evolution  of  the  population  den¬ 
sities  is  governed  by  the  usual  transport  equation: 


*  j  dv'  ^(v'-vJp^fR,  v',/)  , 
(6) 

where  W,(v'-v)  is  the  kernel  and 


parameters  common  to  theories  of  pressure 
broadening.‘J‘16  The  phase-interruption  model  is 
valid  for  either  (a)  a  low  perturber-to-active- 
atom  mass  ratio  or  (b)  strongly  state-dependent 
collisional  interactions.1" 

In  Sec.  IID,  a  final  assumption,  limiting  the  cal¬ 
culation  to  large-angle  scattering,  is  made.  The 
reader  not  interested  n  the  details  of  the  line- 
shape  calculation  cai.  proceed  to  Sec.  Ill  without 
loss  of  continuity. 

C.  Steady-state  equations 

Adding  Eq.  (6)  or  (8)  to  (3),  introducing  the 


field-interaction  representations 
p12(R,  v,  t )  =fl,2ff,  t )  exp -Clt)  J ,  (9a) 

p23(R,  v,  t )  =  A23ff,  t )  exp|-i/3'(e  k'Z  -  O'l)  | ,  (9b) 

p13(S,  5,/ )  =  fl13(v,  t )  exp{-t[(/ifi  *  e,i'k')Z 

-  (0O+  >1'0')/  I},  (9c) 

fluff,')  iff,')*,  (9d) 

p(((R,v./)=Ai,ff,/),  (9e) 


making  the  rotating-wave  approximation,  and  set¬ 
ting  <*A,,ff.  / ) '  o/  =0,  one  obtains  the  following  ste¬ 
ady-state  equations: 

r (ff)fluff)  =  /  Jv'  Wt(v'-v)l 5u(i') 

+  «x(flaiff) -fluff)! 

*A,ff)-‘Vifli,ff)  ,  (10a) 


r*,ff)fl,2ff)  -  / 


Jv’  W  (v'  ~v)p,i[v') 


r,ff)=  j  rfv-  Wt®-v’)  (7) 

ia  the  rate  for  collisions  in  level  t.  One  can  use 
either  classical  or  quantum-mechanical  expres- 
•ions1’  for  the  kernels  and  rates.  The  kernel  is 
aimply  the  differential  scattering  cross  section  in 
the  center-of-mass  system,  averaged  over  the 
perturber  velocity  distribution  consistent  with  en¬ 
ergy  and  momentum  conservation. 

Collisional  effects  on  off-diagonal  density  ma¬ 
trix  elements  are  more  complex.  We  adopt  a  mod¬ 
el  in  which  collisions  are  'phase  interrupting"  in 
their  effect  on  off-diagonal  density  matrix  ele¬ 
ments,  leading  to  a  time  rate  of  change 


•-(rffff)*«Sffff)|p„(M,/),  i*>  ,  <*) 

where  rj^ff)  and  S*($)  are  broadening  and  shift 


-•xlfljiff)  -fluff)  I 

-«x1fl„U)-p«ff)l'Aiff)  ,  dOb) 

r',ff)A„ff)  =  j  Jv'  ll'.ff'- v)0„(v') 

♦«X'(fl«ff)  -fluff)  I-  a  ,ff)  ,  (10c) 

Mi»ff)Piiff)  =  'xlfl/jff)  -fluffJI-tl'fli^ff)  ,  (lOd) 

^.ffifl^ff)  -  «x'|p„ff)  -fl..,ff)  I  *  «XP|  ,ff>  .  (10e) 

U,,ff)fll,ff)^Vfluff)-li'fluff)  ,  (101) 

fluff)  *fl, iff)*  .  (10g) 

where 

Mitff)  *  (i'll  *  r*ff)|  •  l||)(a  -  fit',)  .  ,s*(v)  |,  (I  la) 

M«ff)*IVu*r^ff)|.||,l'(A'-<*'ti,)».S^(i)|, 

(lib) 
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Ut»(^)  =  (rn*r,"5(v)| 

»i[(0A  >0!  S')  -  (i)k  >$'tk')v,*  sftfv)  | , 

(lie) 

r|(5)  =  r,  .r,(v),  (12) 

**<P„S'2A,  *'=<P_.3<S"2/>,  (13) 

with  the  detunings  A  and  s'  defined  as 

&-n-w,  s'^a'-u>‘.  (14) 

The  normalization  is  such  that  [(iM(v)  i/v  repre¬ 
sents  the  total  ensemble  population  in  level  /. 

Typically  one  measures  the  probe-field  absorp¬ 
tion,  which  is  equivalent  to  determining  the  value 

of 

/<S,S')*  f</v(ptJ(v)-^X}).  (15) 

Using  Eqs.  (10c),  (12),  and  (7),  this  equation  can  be 
rewritten 

/<A,V)  =  -  2<*'  >,)Im  j  dvfit  jv).  (16) 

It  is  sufficient  to  calculate  fi  .,!v)  to  determine  the 
line  shape. 

The  solution  of  Eqs.  (10)  foro:,iv)  to  first  order 
in  (weak  probe  field)  and  arbitrary  order  in  x 
(weak  or  strong  pump  field)  .s  ' 

Aaj(v)  -  {  —  !X  '  Imi 3  1'|,)>j-^3 ( V )  -  x  J  | 

*{Mij(*)(0«’(v>  -p„‘<v)h  ‘xflu'lv)}  . 

(17) 

where  the  0(‘3'(v)  are  solutions  to  Eqs.  (10)  with 

x'-o. 

It  is  convenient  to  rearramte  the  equations  for 
P'i°’(v)  in  order  to  isolate  some  of  the  strong-field 
effects.  First,  we  write  each  p1'”tv)  as  a  sum  of 
its  value  V,^)  in  the  absence  of  fields  plus  a  re¬ 
mainder  a,  fv).  Explicitly,  we  have 


eedure,  we  obtain  the  following  equations  for 
*,(?>  and  p,'"'lv)  (/a/): 


r[(v)n,(v)  -  j  itv'  IF,  (v'  —  v)n,  lv') 

J2^(v)\f  y',  \ 

\  «.(v)J  /\  r'.tv)/ 

x  j"  rfv'  W t<y'  -  v)u,(v') , 

(21a) 

r‘.(v)n_(v)  -  J  rfv '  li'.lv'  -  v)»Jv') 

(21b) 

5:;,,(5h(!Sr)|Vv;'|,"5li' 

(21c) 

n,(p)-p;,;i(v)--s:r<v)=o. 

(21  d) 

where 

>  t3(^)  =  i  lit  +  ^i2*v)  » 

(22) 

«#^)’=r«(v)‘  *  Is  -  -  ,&%(v)  I-’ , 

'23) 

r»(v)  =  f  »2(v)(  l  *  s(v)  I1  , 

(24) 

'  r; ,V>(1  ■  rl.Ti)]  ■ 

T  <T>  -  rP5>  ('  -  gf^l)  /  '  i'  v)„,  ,v 

25) 

) 

"FiW  J  »-.(v'-v)«,(v  ) , 

26) 

.v„<$)  =  .v,  (v)  -  .V  (v) . 

(27) 

Moreover,  Eq.  (17)  may  be  written 

f523(v)  =  {-(x'-  lpn(v)oaJ(v)  •  x-'i; 

x{Mij(v)|-‘Vu(v)  -  n3(v)  |  -  txfil')'(v)'- .  (28) 


P(?<*)  =  .V,  (5)  •»,(*>,  (18) 

where 

,V,($)  =  A , (T)  v,  *y>j(v)  >1>3 , 

*,($)=*,(?)  >3,  (19) 

Af,($)  -  A  3(v)  >  ,. 

Second,  we  substitute  Eqs.  (19)  into  Eqs.  (10),  set 
x’  *0,  use  the  fact  that 

J rfv  v).V,(v')  -  r,(v),V,fD)  (20) 

(since  the  .V,(^)  are  assume  I  to  be  equilibrium  dis¬ 
tributions!,  and  perform  some  algebraic  manipula¬ 
tions  on  the  resulting  equations.  Using  this  pro- 


The  line  shape,  as  determined  bv  Eqs.  ilfi)  and 
(21 )— (28) ,  contains  some  features  that  may  be 
noted  at  tliis  point: 

(i)  Velocity- changing  colli  ,i.s  in  level  3  do  not 
affect  the  line  shape,  a  result  which  mav  be  ex¬ 
plained  by  the  following  reasoning.  The  probe 
field  is  weak,  so  that  one  need  consider  only  a 
single  probe-field-absorption  process.  If  velocitv- 
changing  collisions  in  level  3  occur  heroic  the 
probe-field  absorption,  they  do  not  alter  the  equi¬ 
librium  distribution  N,(vU  If  they  oreur  ar/i-r  the 
protos  field  absorption,  they  redistribute  the  ve¬ 
locities  in  level  3.  hut  do  not  chance  the  integrated 
population  / pn(v)'/v,  on  which  the  bne  shape  n 
dependent. 

(ii)  in  the  absence  of  collisions  |J-0,  li,iv 
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—  v)  - 0,  rrt(v)-0,  S,pJ(v)-0,  r;(v)-y,|,  Eqs.  (21) 
reduce  to  well-known  equations  of  saturation  spec¬ 
troscopy.1"'  The  strong-field  modification  of  the 
1-2  absorption  is  contained  in  Eqs.  (23)  —  (25) .  in 
which  the  homogeneous  width  >,-  is  replaced  by 
a  power-broadened  >  9.  The  factor 
X,fu(v).VMfv)|/?,(v)|~2  appearing  in  Eqs.  (21)  rep¬ 
resents  holes  or  bumps  created  in  the  velocity 
distribution  by  the  pump  field. 

(iii)  One  can  understand  the  collision-induced 
modification  of  the  1-2  strong-field  absorption  on 
the  basis  of  simply  physical  arguments.  Phase- 
Changing  collisions  are  directly  incorporated  with 
the  substitution  ,  (v) .  »S*(v),  repre¬ 

senting  the  traditional  pressure  broademng  and 
shifting  of  spectral  profiles.  Velocity-changing 
collisions  in  levels  1  and  2  lead  to  (low  into  and  out 
of  the  velocity  holes  created  in  these  population 
densities  by  the  pump  field.  New  velocity  equi¬ 
librium  distributions  are  established,  as  given  by 
the  solutions  of  Eqs.  (2 la)  and  (21b).  The  outward 
flow  is  contained  in  the  T'l v )«/, (v)  terms  in  Eqs. 
(21a)  and  (21b),  it  is  also  implicitly  contained  in 
the  saturation  parameter  Hlv)  through  the  pre¬ 
sence  uf  r;fv).  The  inward  flow  is  given  bv  the 
f dv'  R’.tv'  -  vie,  iv't  terms  and  the  J(v)  terms  in 
Eqs.  (21a)-(21c). 

D  Lnge-angk  scattering 

Equations  (21)  are  independent  of  the  specific 
nature  of  the  scattering  i velocity-changing  colli¬ 
sions)  in  levels  1  and  2  and  could,  in  principle, 
be  solved  numerically  (or  an  arbitrary  kernel. 
However,  it  is  customary  to  seek  approximate  so¬ 
lutions  to  the  equations.  For  weak  velocity-chan¬ 
ging  collisions,  kA:t  a  >  „  idn  rms  velocity  change 
per  collision),  one  can  approximate  the  collision 
kernels  as  functions  of  if  -  ?')  and  obtain  solutions 
by  Founer-transform  techniques.  '• ' 1-1 '  Exact  so- 
liRions  are  also  obtainable  in  the  so-called 
'‘strong-colbsion  model”  in  which  a  single  colli¬ 
sion,  on  average,  thermabzes  the  velocity  distri¬ 
bution. 

For  typical  interatomic  potentials,  the  collision 
kernels  can  be  se|iarated  into  a  small-angle-scat- 
tenng  part  accounting  for  the  lone-range  part  of 
the  potential  plus  a  large-angle-scattering  ll.ASI 
part  accounting  for  scattering  from  deep  attrac¬ 
tive  potential  wells  and  or  a  repulsive  core.  As 
a  specific  model,  we  will  consider  onlv  the  LAS 
part  of  the  kernel,  assuming  weak  mlUsional  ef¬ 
fects  are  negligible  or  can  otherwise  be  ira'orpo- 
rated  into  the  line- shu|>e  formulas. 

The  kernel  is  defined  to  be  a  LAS  one,  provided 

h&u  >  y  t  .  (29) 


In  this  limit,  a  single  collision  is  sufficient  to  re¬ 
move  atoms  from  the  velocity  holes  or  bumps 
created  by  the  fields.  There  is  no  velocity  diffu¬ 
sion  tiithin  a  hole  or  bump.  The  J  terms  in  Eqs. 
(21a)-(21c)  represent  the  modifications  of  the 
bumps  or  holes  owing  to  velocity-changing  colli¬ 
sions;  consequently,  they  should  vanish  in  this 
model.  An  estimate  of  the  value  of  7(v)  relative 
to  ATai(v)  at  v  =  (A/k •)£  is 

l/.V2l  s  j,l,2yB/(kAu)  ,  (30) 

which  will  be  small  provided  y  B/kAu«  1.  Cal¬ 
culations  using  a  more-general  collision  model1" 
indicate  that  the  LAS  kernel  provides  a  good  ap¬ 
proximation  as  long  as  ya  kAu  <1. 

Thus,  in  the  LAS  model,  the  equations  determin¬ 
ing  «.(v)  and  fi[V(v)  needed  in  Eq.  (28)  are 

r((v)«,(v)  -  j  dv'  li'.fv'- v)«2(v') 


(31b) 

These  equations  differ  from  those  of  the  weak-field 
case  only  by  the  presence  of  yB  rather  than  > , (v) 
in  the  term  for  ft9(v). 

One  final  separation  is  useful  regardless  of  the 
kernel.  A  solution  for  u,(v)  can  always  be  written 
in  the  form 


-/jtv)  =  «‘°'(v)  *  6«a(v) , 

(32a) 

where 

1  1  K«fr)-T'fv) 

(32b) 

and  6n.iv),  representing  the  velocity  redistribu¬ 
tion  of  the  holes  or  bumps  created  by  the  pump 
field,  satisfies 


r‘.<v)«>/_,(v)  -  j  ilv’  W,.(v’  —  v)Sm(v') 

*  j  dv'  R'.fv'  -  v)«]"'(v') .  (32c) 

III  SATURATION  SPECTROSCOPY  I  INI  SHAPE 

Within  ihe  coniines  ol  the  collision  model  adop¬ 
ted  in  Sec  1IA.  the  probe  absorption  line  profile 
is  given  by  Eqs.  (16).  (28).  (1  1).  (27),  (18).  and 
(21)  In  saturation  spectroscopy,  one  can  arrange 
to  detect  only  thal  part  ol  Ihe  prolie  field  absorp¬ 
tion  influenced  )>v  the  presence  of  the  laser- pump 
field  More  precisely .  one  measures  the  probe- 
field  absorption  minus  the  probe-field  absorption 
in  the  absenre  of  the  laser  pump  ( i. e. .  i  -  0).  De- 
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noting  this  quantity  by  A'),  we  find  from  Eqs. 
(16)  and  (18)  that 


I,X A,  A')=/(A,  A')< 


r/v — 7  . 

Ma  tv) 


To  arrive  at  our  final  line-shape  formula,  three 
additional  assumptions  are  made.  First,  the  vel¬ 
ocity  or  speed  dependence  of  T*(v),  .Sj*(v).  and  r, 
(v)  is  neglected.  Generally,  this  approximation  is 
not  drastic  since  these  quantities  are  slowly  vary¬ 
ing  functions  of  v  that  may  be  evaluated  at  some 
appropriate  fixed  value  of  v  without  introducing 
much  error.  Second,  it  is  assumed  that  refoci  tv - 
changing  collisions  in  level  2  are  characterized 
by  the  large -angle-scattering  limit  discussed  in 
Sec.  II D.  Consequently .  n  .lvj  and  p'jj’fv)  are  de¬ 
termined  from  Eqs.  t3H  rather  than  (21).  Finally, 
the  iVly(v)  are  taken  to  be  Maxwellian: 

NtJ(v)  =N,j(nu~)~3'2 exp(-  c'/u2).  (34) 

The  saturation-spectroscopy  line  shape  is  de¬ 
termined  from  Eqs.  (33).  (16;.  (28),  (11),  (27), 
(18),  (31),  (32),  and  (34).  The  integrals  can  be 
evaluated7  in  terms  of  plasma-dispersion  functions 
and  the  result  is  conveniently  separated  into  four 
terms  as  follows: 

/i(A,A*)-/«  +  C.+  /;*+J?«,  (35) 

where 


■  2iXX')2N,Ag^,,e„ 

yskuk  'uk  ’  'u 


Im^A;2(ry),  (36a) 


=  (38b) 

tin  =  f  ii +  «  (38c) 

Va  =  ya+t\i'-  (38d) 

Ala«/»A  +  S*,  (39a) 

A,3  =  0'A'eS*.  (39b) 

A13  =  dA+0'V  tS^;  (39c) 

(40a) 

va  =  r,2U+S)''\  (40b) 

r|=y(+r(;  (40d) 

X  =  <Pu<S/2/i;  x,=  9aS,’2h (41) 
*,2*#*M.  8,a  =  0.  (42a) 

*23  =  €0'fe  =  t)23fc\  623  =  ed',  (42b) 

ft13  =  /3fc  +  ed'fe'  £  S13F", 

*"»!*».».  <42c) 

^,  =  (r5-r,)^  |J^(r;  -  r,)^j  .  (43a) 

■®i  =  (r6  ~  ri)/ (y2  ~  O.  3*  =  (r6  -  y2>/ (ri  -  ya) , 

(43b) 

II  i  (43c) 

i*l  / 

subject  to 


H6bl 


/y.iaa-B.  fj;  -tf'W  ,J6e, 

‘  yj  J  p13(v)p^(V)*Y’ 

(3 6d) 


ri=r«  +  c»  (37a) 

r2=r7-C,  (37b) 

>'j  =  «>/»/(*12").  (37c) 

r«  =  -i,»i(/(*i2")=,'J »  (37d) 

r,  =«i?,V(^u«) .  (37e) 

*•.*=-  »  (37 i) 

-  *1„/(*23“) .  (37g) 


(37h) 

(38a) 


(44) 

Afu*PD. 

(45) 

where  PD  is  the  population  difference  between 
levels  i  and  y  in  the  absence  of  external  fields; 


/T(r), 

-.Z(-r). 


Im  r;  0. 
fm  0. 


(46) 


where  .£(*•)  is  the  plasma-dispersion  function 


Z(r)  =  —  72 *l /z j*  dx e~*2 (r ± x)~'  (47) 

defined  for  lm(r)>0. 

The  terms  appearing  in  Eq.  (35)  are  designated 
as  follows:  (i)  /,T2Q  is  a  two-quantum  contribution 
to  the  line  shape  proportional  to  the  inversion  N2l 
(the  label  “two- quantum”  is  used  to  specify  that 
such  contributions  vanish  unless  pump  and  probe 
fields  are  simultaneously  present);  (it )  ft®*  is  a 
contribution  resulting  from  the  "stepwise”  absorp¬ 
tion  of  pump  and  probe  photons  by  atoms  that  have 
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not  undergone  velocity- changing  collisions  in 
level  2;  (iii)  /J*  is  the  corresponding  contribution 
from  atoms  that  have  undergone  velocity- changing 
collisions  in  level  2  (this  term  reflects  the  way  in 
which  the  velocity  holes  or  bumps  in  level  2  crea¬ 
ted  by  the  pump  field  are  redistributed  by  col¬ 
lisions);  (iv)  / J3q  is  a  two-quantum  contribution  to 
the  line  shape  proportional  to  Nn.  The  labeling 
and  interpretation  of  each  of  these  terms  have 
been  given  elsewhere.11 

Equations  (36a),  (36b),  and  (36d)  are  easily  evalu¬ 
ated  using  an  efficient  program  for  the  plasma- 
dispersion  function.21  However,  one  must  speci¬ 
fy  a  collision  kernel,  H'2(v' —  v)  before  Eq.  (36c) 
can  be  calculated. 

Independent  of  kernel.  Eq.  (36c)  can  be  put  in  a 
more  transparent  form.  It  follows  from  Eqs.  (32) 
that  a  propagator  6G2(v' -  v),  defined  by 

fl»*j(v)  =  fdv’6G2(v'  ~v)r40,(v')  (48) 

satisfies  the  equation 

r^6G2(v'-v)-  fdv‘  H'2(v"-v)6Gj(  v'-v") 

=  W2(v'  —  v).  (49) 

Using  Eqs.  (36c),  (11),  (48),  (32b),  (23).  and 
(37),  one  can  rewrite  in  the  form 


,JW  4(xx,),yl2e2,»s 

-  y7(fc»>v„fr 


x  Im 


(*,  -  rB)5G2(;<y  -  »x),V21(i<y) 

(*.  -  P|)(a4  -  rt)(v,  -  r3)(y,  -  r ,)  ’ 


(50) 

where  one  can  readily  identify  (a)  the  original 
vetocity  distribution  .V21(»y),  (b)  resonance  denom¬ 
inators  with  width  Imr^y^  representing  the  1-2 
absorption  by  atoms  having  velocity  uf,  (c)  the 
propagator  SG2(«y-»x)  representing  the  collis- 
ional  redistribution  of  velocities  from  u y  toiix, 
and  (d)  terms  representing  the  probe  absorption 


from  level  2  by  atoms  having  velocity  ux.  To 
evaluate  Eq.  (50).  one  must  solve  Eq.  (49)  for 
6G2(v'-v).  Although  a  formal  quantum-mechani¬ 
cal  expression  for  lF,(v'  —  v)  is  available,  its 
evaluation  presents  many  problems.  For  this  rea¬ 
son  one  often  attempts  to  approximate  the  true 
kernel  by  an  analytically  tractable  phenomenologi¬ 
cal  one. 


IV.  KEILSON-STORER  KERNEL  |KSK> 

In  this  paper,  we  explicitly  evaluate  Eq.  (50)  for 
the  collision  kernel  proposed  by  Keilson  and  Storer22 

W'jfv'  — v)  =/2  (rriia)_3/a  exp(-  j  v  -av'|  2/u2) , 

(51a) 

u2  =  (1  -  a2)1/2w  ,  (51b) 

where  E2  is  the  collision  rate  and  a  and  u  are  con¬ 
stants.  For  atoms  having  velocity  v\  the  average 
velocity  following  a  collision  is  av'  (this  condi¬ 
tion  restricts  a  to  values  between  0  and  1)  and  the 
one-dimensional  rms  spread  in  velocities  follow¬ 
ing  a  collision  is  u  =v2  Au.  For  our  LAS  model, 

Eq.  (29)  further  restricts  a  to  values  such  that 

(1  -  a2)1/2>  y B/ku.  (52) 

The  Keilson-Storer  kernel  (KSK)  adequately 
describes  small-angle  scattering.22  Provided 
v'<u ,  it  also  describes  LAS  reasonably  well,  but 
is  in  error  for  both  LAS  and  r'  i*  tt. 1 1  The  kernel 
has  the  additional  advantage  that  it  obeys  detailed 
balance,  and  allows  analytical  solutions  to  be  ob¬ 
tained. 

If  the  KSK  is  inserted  in  Eq.  (49)  for  the  propa¬ 
gator,  one  can  obtain  the  solution 


K-l5'-;,-S©'Fd5T’ 


(53a) 


<7„=  (1  -  a2")‘/2.  (53b) 

Substituting  Eq.  (53a)  into  Eq.  (50).  one  obtains 
the  SWvc  contribution 


,«w  .4<XX,),M„^,2921 
«  ~  y3r[(kti)2k'uvxn 


Wi..  -w  v  *■  > 


(54a) 
(54  b) 


whe  re 

£,(*)  =  Im[Z(.t)|;  Zr(x)  =  Re[^(.r)l .  (55) 

In  practice  the  sum  may  be  terminated  at  some  N 


l - - - - - 

for  which  £»*>-<  1.  and  the  sum  from  n  =  N  to  «  ex¬ 
plicitly  evaluated.  In  this  manner  the  sum  from  1 
to  00  may  be  written 
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where 

«»=<ra2/r'>'r;/yi, 

aK«  1, 


(56a) 


(56b) 

(56c) 


V.  LIMITING  FORMS  FOR  THE  LINE  SHAPE 
It  is  possible  to  obtain  limiting  forms  for  the 
line  shape  in  several  cases  of  practical  interest. 
In  this  section,  we  give  line-shape  expressions 
valid  for  (a)  weak-pump  field,  lb)  large  pump  de¬ 
tuning,  (c)  arbitrarily  strong  pump  field  in  the 
Doppler  limit,  and  (d)  weak  pump  field  in  the  Dop¬ 
pler  limit.  The  results  are  discussed  m  Sec.  VI, 
where  representative  line  shapes  are  displayed. 
Some  of  these  results  are  not  new,  but  are  includ¬ 
ed  for  completeness. 


with  the  sum  from  «=  1  to  (S'  -  l)  evaluated  by  nu¬ 
merical  integration.  Thus,  the  LAS  line  shape 
for  the  KSK  is  given  by  Eqs.  (36a).  (36b),  (36d)  and 
(54),  and  for  an  arbitrary  kernel  tiy  Eqs.  (36a), 
(36b),  (36d),  (50),  and  (49). 


/(A  A ')  =  /Ta  +  /sw+/s*+/TS 
>  '  il2  r  2irc  i-i,c  T  ‘  „c  > 


ft  -  -  ,  >  .r^ . 

1  y3kuk'ukrftt  " \fc'ti  hu  k"u  2  23  13  23/ 

,sw  ^2(XX/)^V,,  r  /ft? „  \ 

*c  y2 v\kuk '«  R  (/v'«  ’  ’  ~9'idty  l\k‘u  ’ 


"I,; 


A.  Weak  pump  field 

The  weak- pump- field  limit  (jy«all  y's)  has  been 
treated  previously, 11  and  may  also  be  obtained 
from  Eqs.  (35),  (36).  (50),  and  (54)  by  straight¬ 
forward  algebra.  To  order  x",  the  line  shape  is 
given  by 


(57a) 

(57b) 

(57c) 


^(xx'Hxv.ywi6  f  f  ~  _  6G2(ny~itx)x,x(/ty) _ 

ya-r'(*«ja(*'«)J  J  ‘  y  [(yfl" +  6”jAi2' ■  *")J j-(<y2I  It '»)-’  + (x*  -  <L3 A_,3  k'tt)-]’ 


(arbitrary  kernel), 
(57d) 


,$w  ~  -  4/XX')~jV7h 


e ~r;2f ,{ (f r?| km-a\8l2)  cr.) 
(y^/k'itj-  +  (x  -  623A23  EW)- 


(/I?..,  +  a'VfL.l)/g„1 

(fW  &')"’  +  (x-  d,2A12.  *«)- 


(KSK) 


/TQ 

/2J 


.  2(XX')2.V„ 

yi(k'u)-l;"u 


fm/j 


'bn 


(57d') 


(57e) 


where  the  functions  lx,  /2,  and  /3  are  defined  by 

f2(M„  P2,  p3,c,€')=A/(itl,  u2,<) 

(58a) 

x  Pj)  t  )  —  £  71(pa,  p3,  €  /t  )] , 

(58b) 

Mj,«)  =  -A/(m„  P2i€) 

pj,0+2[1  +  m1^(m1)]}. 

(58c) 

with 

M(M„  mj,<)  =  (p2-«p1)-1 

(58d) 

and  6G2(v'-v)  in  Eq.  (57d)  is  to  be  determined 

from  Eq.  (49). 


B.  Large  pump  detuning 

In  the  limit  of  large  pump  detuning  (|  A|  >* 
ally’s,  |A|>-ku),  the  SW  contribution  is  greatly 


simplified.  The  population  density  n  ,(v)  is  prop- 
portional  to.V2l(v)  since  each  velocity  subgroup 
is  excited  with  equal  (albeit  smalll  probability  bv 
the  off-resonant  pump  field.  Collisions  do  not 
alter  ,Vn(v);  conscqucntK  the  line  shape  in  this 
limit  is  independent  of  velocity-changing  collisions 
in  level  2.  The  line  s/iape  is  found  to  possess 
resonances  in  the  regions  Al3  =  0,  A,3=0  and,  in 
the  region  of  these  resonances,  one  finds11"" 


1  (A  A')~  — £ 


(fej 


(59a) 


r,*' 

2 N. 

+  ~k 


GN&-)} 


(A,  =0).  (59b) 


I 
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As  has  been  discussed  elsewhere,11,17'*4  the  line 
shape  includes  collisionally  aided  radiative  exci¬ 
tation  of  level  2.  It  contains  a  Doppler-broadened 
resonance  at  A'  =0,  in  addition  to  the  “direct” 
two-quantum  resonance  (which  may  be  broad  or 
narrow)  centered  near  A'  =  -d(3'A.  In  addition, 
contributes  a  dispersionlike  term  near  A'  =0. 
Note  that  the  limits  on  |a|  imply  that  the  large- 
pump-detuning  case  also  satisfies  the  weak-pump- 
field  criteria. 

C.  Arbitrarily  strong  pump  field  in  the  Doppler  limit 

The  “Doppler  limit”  refers  to  the  limit  in  which 
velocity-selected  atoms  provide  the  major  contri¬ 
bution  to  the  line  shape.  This  limiting  form  for 
the  line  shape  has  been  examined  for  arbitrarily 
strong  pump  fields  and  no  collisions1'7  or  for  weak 


pump  fields  including  collisions,11  but  general 
expressions  including  effects  of  velocity -changing 
collisions  and  arbitrarily  strong  pump  fields  have 
not  been  previously  obtained.  The  Doppler  limit 
is  achieved  if  both  the  homogeneous  widths  are 
smaller  than  the  Doppler  widths,  i.e.,  > 3  <-'•  /.■«; 
y23«fe'if,  and  the  detunings  are  within  the  Doppler 
profiles,  i.e.,  |  A  |  <  /.•«;  |  A'  j  v  /,■'«.  In  the  Doppler 
limit,  only  atoms  having  rJ*A/t,  i’f*(A'/t'  con¬ 
tribute  appreciably  to  the  line  shape,  and  slowly 
varying  functions  of  r't  or  t  „  such  as  the  atomic- 
velocity  distribution,  can  be  evaluated  at  these 
values  of  r'  and  r„  respectively.  The  Doppler- 
limit  expressions  are  most  conveniently  calculated 
from  Eqs.  (33),  (16),  (28),  and  (32)  for  /™, 
and  Ij®,  and  from  Eqs.  (50)  and  (54)  for/**.  One 
obtains  the  line  shape  in  the  Doppler  limit  for 
arbitrarily  strong  pump  fields  as 


I  (A  A')=/TC+/sw+7f*  +/TQ 

'  12  BTC  +J  VC  23  I 

4 

/rac  ~  -[2(xx')*A2i®i2®!39i37rl/2/y3feiffe'Mlf"H]exp[-(A12/t-K)2]  Re  , 

jTl 

/«c~[4(xx,)2A'21y12fl2^l/Vy3'r'(/2ii)2i?'«lexp[-(A12  ^K^jRe^a^D^ , 

/•i 

/»*  -  J(xx')*Aj!1/t;g2?  exp[  -( n 
’c  y3r*(fei()2l2';irr‘'/2  xp\.  \ku)  J 

(u  f  f‘dx rfv  -J%>y-';A)CY ,  ,  (af itrary) , 
J  J  J—  (x ->',)(*  -  rt)(y  -r3){y-rt)  \  kernel  / 

x  lm  (  , 

I  iT.  f  (±-Y  L  z\^t~  any)/un] 
IrisfJ- •  (yfl/to)s+(j-A12e12/fe!()2  * (KSJ 


,  (KSK), 


-)2yftfU2  expK  ifc)  1  Re(  tld’Bi  +  9 23)  ’ 


<SC2,(t>i-t’,)=  fffj  rft'»  rf?,y  dr'tdv'y(Tm2Yl  exp^  ■  ^  ^  ^2  ^  **  ^  JbG^-v) , 
#,  =  sgn{lm(r()]. 


sgn(x) 


(♦X.  *>0. 

1-1,  x  <0. 


Owing  to  Eqs.  (44),  it  appears  that  / ™  and  /**,.  can  vanish  if  all  the  8 ,  are  equal.  However,  it  follows 
from  Eqs.  (62),  (37c),  and  (37d)  that  8,  =  -8,;  consequently  f™  and  ls*c  are  both  nonzero  in  the  strong- 
pump-field  Doppler  limit  for  arbitrarx  level  schemes  (i.e.,  arbitrary  0,0',  c).  The  fact  that  if?  does  not 
vanish  in  the  Doppler  limit  for  level  schemes  corresponding  to  013®33=  1  is  unique  to  the  strong  field 
case;  33  is  well  known,1'8’11  it  vanishes  in  the  wcak-field  Doppler  limit  under  such  conditions.  On  the 
other  hand,  for  strong  pump  fields  (but  not  so  strong  that  the  Doppler  limit  is  violated),  is  small  if 
0,  =  02  =  -023,  as  is  the  case  in  the  weak-field  Doppler  limit. 

A  further  reduction  of  Eqs.  (60d)  and  (60d  )  is  possible  if  the  kernel  is  also  a  slowly  varying  function 
of  velocity  compared  with  the  hole  width  y„  k;  i.e.,  if  fc(Ai<)^-  yB  (note,  our  LAS  model  already  requires 
*(A«)>ye)].  In  that  limit,  the  Im{'"  terms  in  Eqs.  (60d)  and  (60d')  become 
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=Im 


r  “  .  6G„(\„8„/k-xu)ix -rR)  ,  ,  .. 
uj  dx —  )fr. r3) -  *  Arbitrary  kernel), 


~(  r.-cf&.J.Jktt 


(KSK) . 


Moreover,  if  the  kernel  width  A u  is  also  large  compared  with  y23/*'  and  y13/k" ,  this  contribution  further 
reduces  to 

/  lb  2  I  ~  u  Re(r  jY)  (arbitrary  kernel) ,  (60g) 

!»{•••  =Im|ir3'2-^]T  £,8,/,  v.  /  Re  (r  )  -  a"  A  6  /kuV 

(  1  y»  g-n1exp-(R^  ^-  t  (KSK),  (60g') 

D.  Weak  pump  field  in  the  Doppler  limit 

If  both  the  limits  discussed  in  Secs.  VA  and  VC  are  applicable,  Eqs.  (57)  take  the  familiar  form1*8’11 

*')./!?+/£+/•  r+JS*.  (63a) 

,tq_  4(xx')2V2,jr1/2 _ I"  /A,,  Vl/rl" 


/TQ_  ‘»VXX  / 

13  ~  y3kuk 


raw  __  4(xx')2iV2tir 

"c  y^kuk’, 


'3kuk*tlk*U  V?W  /  J\  l7?al2l7?ftl2  fil3923*-1  l^di2|^cl2  813®12»*ly  9 

y3r'to*'«  expL  /  J  iflj  ’ 

fe'V!a-  expL  (MH 

"2 kuk’uitib  v  to  /  J 


““•k  ff  dxdy  ,7^-77 ,  Ta — ? - r  7  ~\5 — 7 - 5 — 7 — (arbitrary  kernel), 

i  u  ((y23/£'«)2+(x-023A23A'u)  ][(yl2/to)  +(y -012A12/to)2] 


23  y3(ft'u)Vu  \  to/  J  in* l 4 


^«.a,c  =  lm  b.c  i 

-yn/k'u  +  yl2/to,  ^  =  A23/fe'«  -  sgn(0l20„)Al2/to  , 
nl=vli/k’,u+-n23/k,u , 
nc=Tili/fe'M+»)1J/to. 

If  fe(Au)>yB,  the  {•••  terms  in  Eqs.  (63d)  and  (63d')  become 


ia2L  f  “ 


dx - s? _ ) -  (arbitrary  kernel) 

(y33/*'«)2  +  <x  -  AS3e23/fe'M)2  ’  'arbltrary  Kerne1' . 


(  £  (ff)  V  ^  (KSK) , 

and  if,  in  addition,  k'&u>?ZJ,  they  reduce  to 

/'rl/au6G23(A120l3/A?  -  A23023/*'),  (arbitrary  kernel) , 


j... 


,  (KSK). 
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VI.  REPRESENTATIVE  LINE  SHAPES 

In  this  section,  a  few  representative  probe-ab¬ 
sorption-line  profiles  are  displayed  and  discussed. 
Results  are  always  given  with  either  Nyi  -  0  (giving 
AsP  +  ^nvc  +/veV,  the  probe  absorption  proportional 
to  N2t)  or  ;V21  =0  (giving  l}]',  the  probe  absorption 
proportional  to  .V,2  with  the  linear  probe  absorp¬ 
tion  subtracted  out).  One  must  add  the  Na  =  0  and 
iVn  =  0  contributions,  properly  weighted,  to  char¬ 
acterize  the  most  general  experimental  situation, 
in  which  N32  *0,  tf2l  # 0 .  In  all  cases,  we  take  y, 

=  0,  yi=y2 ,  )3=,3'  =  1  to  simulate  an  upward  cascade 
in  which  level  1  is  the  ground  state.25  Unless  noted 
otherwise  the  following  parameters  are  used: 

=  IV32  =  0,  or  ,V2l  =  0  ,  -V32  —  ”  1 , 

n=0,  y 2  =  0.02,  y'  =  0.02,  y3  =  0.01, 
y12  =0.01  +  0.007P  , 

?23  =  0.015  +  0.015R, 
f13  =  0.005  +  0.016P, 

k'/k  =  0.4 , 

r!=o.oo4p,  r2=o.oo6p. 

All  frequencies  are  given  in  units  of  ku  and  P  is 
the  pressure  in  Torr.  These  parameters  are  typi¬ 
cal  of  atom-atom  collisions  when  levels  1,2,  and 
3  are  different  electronic  states.  By  restricting 
the  discussion  to  k'/k<  1,  we  are  omitting  some 
interesting  effects4"7  (vanishing  of  lip  for  weak 
fields,  modification  of  line  splitting  in  strong 
fields).  The  ratio  k'/k  =  0.4  is  chosen  to  enhance 
the  visibility  of  ac  Stark  splittings.7 

Velocity-changing  collisions  are  described  by 
a  KSK  with 

a  =0.4,  Ii  =  0.93«, 

which  corresponds  roughly  to  hard-sphere  large- 
angle  scattering  by  atoms  of  equal  mass.  The 
only  remaining  parameters  to  specify  are  A,  e,  p 
and  y.  The  line  shape  ls( A,  A'),  normalized  to  x~> 
is  then  displayed  in  the  same  arbitrary  units. 

In  Fig.  2,  the  Doppler-limit  line  shapes  with 
ff3a  =  0  are  shown  as  a  function  of  y  for  copropa¬ 
gating  (c  =1,  broken  line)  and  counterpropagating 
(c  =  — I,  solid  line)  fields,  A  =  -l  and  P  =  0.  For 
counterpropagating  fields,  at  low  field  strengths, 
the  line  is  a  narrow  Lorentzian  centered  at  A' 

=  €(k’/k)A  =  0.4  with  a  half-width  at  half-maximum 
(HWHM)  of  as  the  field  strength  y  is  increased 
such  that  y>yM,  the  line  splits  owing  to  the  ac 
Stark  effect.1"*  For  copropagating  fields  and  y 
«y's,  the  line  is  a  Lorentzian  centered  at  A' 

•  i(k'/k)A  =  -0.4  with  a  HWHM  of  q*  that  is  greater 


A»-1  P*0 


-1.0  -0.4  O  04  1.0  A 


FIG.  2.  Line  shape  7S(A,  A')/yJ  in  arbitrary  units  for 
the  case  Pi2 *0,  A=  —  1,J>=0,  (broken  line) or 

<  =  -  1  (solid  line),  and  several  y  All  frequencies  are  in 
units  of  ku  and  P  is  in  Torr.  For  values  of  other  param¬ 
eters,  see  the  text.  Note  that,  in  all  displayed  line 
shapes,  (3  =  3'  =  1  (upward  cascade). 

than  that  of  the  e  =-l  case  (there  is  some  Doppler- 
phase  cancellation  for  counterpropagating  fields). 
For  sufficiently  large  y,  the  e  =  1  line  shape  also 
exhibits  ac  Stark  splitting.  This  splitting  effect, 
which  was  also  noted  in  Ref.  4,  is  dependent  on 
the  fact  that  y^yv,  it  vanishes  if  branching  to  lev¬ 
el  1  is  negligible  (y2«yJ- 
The  N21  =0  Doppler-limit  line  shape  is  shown  in 
Fig.  3  as  a  function  of  y  for  P  =  0,  A  =  -1,  and  e 
=  -l.  The  line  shapes  shown  with  y  =  1.0  x  10"  1  and 
y  =  0.01  are  typical  for  the  case  y«fe«  wliich  has 
been  discussed  by  previous  authors.2"5  The  y 
=  0.2  line  shape  indicates  a  new  feature  character¬ 
istic  of  the  case  y-s  ku.  In  this  strong-field  limit, 


FIG.  3.  Line  shape  for  Ntl  -  0,  A  =  -  I,  P  =  0,  c-  —  1, 
and  several  y.  Units  are  as  in  Fig.  2.  The  same  arbi¬ 
trary  units  for  l/x!  are  used  In  all  the  figures. 
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&*eM  component  of  /S(A,  A')a  *V.,2]  may  be 
thought  to  consist  of  two  parts.  First  there  is  an 
ac  Stark-split  profile,  similar  to  1^.  of  the  Nr> 

=  0  case  giving  the  total  probe  absorption.  Then 
there  is  the  linear-absorption  component  that 
must  be  subtracted  off  to  give  the  saturation-spec¬ 
troscopy  profile.  The  linear  absorption  appears 
as  the  negative  part  of  the  line  shape  between  the 
two  peaks.  As  is  easily  derived,  J  lJ£(A,A')dA' 

=  0. 

The  case  of  large  detuning,  A  =  -10,  is  depicted 
in  Figs.  4  and  5  for  counterpropagating  waves  [see 
Eqs.  (59)].  In  Fig.  4,  1V32  =  0  and  results  are  plotted 
as  a  function  of  P  for  y  =  0.01.  There  is  always  a 
“direct”  two-quantum  resonance  centered  at  A' 

=  -A=10.  This  component  is  Doppler  broadened, 
since  k"u  =  (k-  k')u  =  0.6.  In  addition,  there  is  the 
broad-collisional-redistribution  term  centered  at 
A'  =  0  which  increases  with  increasing  P  and  van¬ 
ishes  for  P  =  0  (the  vanishing  at  P  =0  is  a  conse¬ 
quence  of  taking  y,  =0).  We  have  recently  under¬ 
taken  a  systematic  experimental  study  of  this  ef¬ 
fect  and  found  good  agreement  with  theory.17 

In  Fig.  5,  Nn  =0,  and  one  sees  the  dispersionlike 
contribution  of  /J3°,  centered  near  A'  =  0,  predicted 
by  Eq.  (59),  With  increasing  pressure  this  con¬ 
tribution  broadens  somewhat.  Note  that,  for  A 
=  -10,  the  amplitude  of  the  dispersion  term  is  30 
times  that  from  the  “direct”  transition. 

The  effect  of  velocity-changing  collisions  is 
seen  in  Figs.  6  and  7  for  weak  and  strong  pump 
fields,  respectively,  with  A  =  -l,  €  =-l.  With  in¬ 
creasing  pressure,  the  population  density  n2(v )  ap¬ 
proaches  an  equilibrium  distribution,  and  the  cor¬ 
responding  probe  absorption  approaches  a  Voigt 
profile  centered  at  a'  =  0.  By  monitoring  the  line 
shape  as  a  function  of  pressure,  one  can  obtain  in¬ 
formation  on  the  collision  kernel  giving  rise  to  the 
velocity-changing  collisions. 

Figure  6  is  applicable  to  the  weak-pump-field 
limit.11  Velocity-changing  collisions  remove 
atoms  from  the  velocity  bump  created  by  the  pump 
field,  leading  to  absorption  over  an  increased 
range  of  probe  frequencies.  The  integrated  line 


FIG.  4.  Line  shape  for  Af3J  -  0,  A  -  -  10,  c  *  - 1, 

0.01,  and  several  .  The  resonances  centered  about 
A'  =  10  vary  only  slightly  in  the  pressure  range  studied. 


FIG.  5.  Line  shape  for  A2I  =  0,  A  -  -  10,  e  -  -  1 . 

X  =  0.01,  and  several  P.  The  line  shape  changes  onlv 
slightly  in  the  pressure  range/*  0  to  2. 

shape  remains  constant. 

Figure  7  illustrates  two  interesting  features  of 
collision  effects  in  strong-pump-field  saturation 
spectroscopy.  First,  the  integrated  protie  ab¬ 
sorption,  which  is  proportional  to  >l3  ■>  a,  grows 
with  increasing  perturber  pressure;  it  would  sat¬ 
urate  at  y12a  x(ys=iT'i2).  Second,  the  peak  probe 
absorption  also  begins  to  increase  for  sufficiently 
high  perturber  pressure.  Probe  absorption  from 
the  excited-state  velocity  distribution  becomes 
more  efficient  since  collisions  (a)  increase  the 
pump  absorption  and  (b)  redistribute  atoms  into  a 
velocity  range  where  they  can  interact  more  ef¬ 
fectively  with  the  probe.  Although  not  displayed, 
the  corresponding  integrated  and  peak  probe  ab¬ 
sorption  for  x  =  0.2,A  =  -l,e  =  l  also  increase 
with  increasing  perturber  pressure.  (The  splitting 


-2  -1  0  .4  1  2  A' 

FIG.  6.  Line  shape  for  Nlz  -  0,  A  ■  -1,  f  -1,  i- 1.0 
xlO"*,  and  several  pressures  P. 
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FIG.  7.  Line  shape  for  ,VJ2  0,  A  -  1,  t  -  -  1, 

X=  0.2,  and  several  pressures  P. 

seen  in  Fig.  2  disappears  at  low  perturber  pres¬ 
sures.)  Thus,  to  maximize  probe  absorption,  as 
is  desirable  in  schemes  using  lasers  for  isotope 
separation,  one  should  use  perturber  pressures 
that  give  yu  =  y  (provided  that  any  quenching  chan¬ 
nels  are  not  enhanced  by  collisional  effects). 

VII  summary 

We  have  presented  a  theory  of  saturation  spec¬ 
troscopy  in  three-level  systems,  including  colli¬ 
sional  effects.  Using  a  model  of  collisions  in 
which  they  are  phase  interrupting  in  their  effect 
on  level  coherences  and  velocity  changing  in 
their  effect  on  level  population  densities,  we  have 
calculated  the  probe-absorption  line  shape  in  the 
presence  of  a  strong  pump  field  acting  on  a  coupled 
transition.  Line  shapes  for  such  systems  enable 
one  to  extract  data  concerning  the  collision  ker¬ 
nels  and  rates  giving  rise  to  the  scattering  effects. 
Specific  results  were  obtained  for  a  Keilson- 
Storer  kernel  in  the  large-angle-scattering  limit 
An  analysis  of  foreign-gas  broadening  of  the 
saturation- spectroscopy  line  shape  of  Na  3S1/2 
—  3F’1/,-4Z)J/.,  based  on  the  above  theory,  is 
presented  in  other  papers.17 
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APPENDIX 

Here,  the  theory  is  extended  to  include  a  situa¬ 
tion  often  encountered  experimentally,  an  inelastic 
collisional  decay  channel  for  level  2.  That  is, 
we  assume  that  level  2  is  collisionally  coupled  to 
a  new  level  (denoted  by  "4”).  Level  4  may  spon¬ 
taneously  decay  to  the  ground  state  with  some  rate 
y4.  However,  it  is  assumed  that  level  4  is  suffi¬ 
ciently  separated  in  energy  from  level  2  that  one 
can  neglect  field-induced  transitions  between 
levels  1  and  4  and  levels  4  and  3  for  the  external- 
field  frequencies  under  consideration  which  are  in 
near- resonance  with  the  1-2  and  2-3  transition 
frequencies,  respectively.  There  will  be  probe 
absorption  near  w34  but  this  is  a  separate  effect 
.hat  is  well  separated  from  probe  absorption  near 
u>32. 

The  2-4  collisional  coupling  may  be  incorporated 
into  the  problem  by  the  addition  of  the  following 
term  to  the  right-hand  side  of  Eq.  (10a), 

y,P„(v);  (Ala) 

and  the  following  terms  to  the  right-hand  side  of 
Eq.  (10b), 

-rM(v)p22(v)  +  J  dv'  W'42(vr'  -  ?)p23(v') ;  (Alb) 

where  Wtl(v'  ~  v)  is  the  inelastic  kernel  for  t-j 
collisional  coupling  and  ru(v)  is  the  rate  for  i-i 
collisions.  One  must  also  add  the  following  equa¬ 
tion  for  the  population  density  of  level  4, 

r!(v)p„(v)  =  j  dv'  W4(v’  -  v)p44(v')  -  r„2(v)p44(v) 

+  / dv'  WM$r) p22(v')  *  X4(v> .  (A2) 

It  is  assumed  that  collisions  cannot  create  any 
coherence  between  level  4  and  any  of  the  other 
levels — i.e.,  p4,  =  0  for) *4. 

The  line  shape  is  still  given  by  Eqs.  (33),  (16), 
(28)  with  n2(v)  and  p[”'(v)  determined  from  the 
following  equations: 

r|(v)n,(7)  =  J  dv'  Wl  (v'  -  vln^v') 

♦ttlpfiW-pS’Wl 

+  yj»a  (v)  +  v4«4(y),  (A3  a) 

r$<v>nj(v)  =  J  dv'  W2(v'  ~v)na(v') 

-ixlftlVW-PlVW  1 

-rM(?)»j(?)  ♦  j  dv'  W42(v'  -  v)«4(v') , 

(A  3b) 
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r*(7)n,(v)  =  j  dv'  W4(v'  -  v)n4(v') -  r„(v)n,(v) 


+  J  dv'lVM(v'-v)»»2(v'), 

(A3c) 

Mi2(v)pl2*(v)  =  ixi‘V21(v)  +  »2(v)  -  w,  (v)] , 

(A3d) 

SW-IpSW. 

(A3e) 

(A3f) 

where  theN,(v)  are  the  equilibrium  population 
densities  in  the  absence  of  external  fields.  The 

N  ,(y)  are  defined  as  solutions  to 

r,*(v)Ar,(v)  =  /  dv'  IV,  (v'  —  v)jV  ,(v') 

+  y'2N2(v)  +  y4N4(v)  +  X,(v) , 

(A4a) 

r‘(vW2(v)  =  /  dv'^2(v'-vWj(v')-r21.V2(v) 

+  y  dv'  1V42  (v'  )AT4(v'  )  +  X2  (v)  ,  (A 4b) 

rJ(vW4(v)  =  /  dv'  W4(v'  -  v)Nt(v')  -  r42(v)W4(v) 

+  J"  dv' W24(v' -  v)N2(v')  +  X2(v) ,  (A4c) 


r'n/v)  -  / dv'  lV,(v'  -  ?t«v(v')=(|^)  (l  -^)[N 


lVj(v)  =  X,(v)/y2.  (A4d) 

Equations  (A3)  must,  in  general,  be  solved 
numerically  once  the  kernels  are  specified. 

There  is,  however,  a  limiting  case  of  some 
practical  interest  for  which  analytic  solutions  of 
Eqs.  (A3)  may  be  found.  If  the  energy  separation 
of  levels  2  and  4  is<0. 1  x  (thermal  energy),  then 
collisions  can  transfer  population  between  levels 
2  and  4  without  resulting  in  a  significant  velocity 
change.  We  consider  such  a  case,  for  which 

w«(v'-v)  =  r42(v)6(v-v'),  (A5) 

W24(v'-v)  =  r24(v)6(v-v'). 

Furthermore,  we  neglect  the  velocity  dependence 
of  all  y’s,  adopt  the  same  Keilson-Storer  kernel 
[£q.  (51)]  for  velocity-changing  collisions  in  levels 
2  and  4,  assume  that  the  N,(v)  are  Maxwellians 
with  most  probable  speeds  «,  and  take  y4  =  y,, 
y4  =  y2.  In  this  limit,  Eq.  (A3)  for  w2(v),  n„(v),  and 
p,‘°’(v)  reduce  to 

(v)  +  5£(v)]+^ )/ w2(v'-v)[n2(?')  +  n4(v')], 

(A6a) 


r*»2(v)  -  /  dv'  lV2(v'  -  vk2(v')  =  -(|^)[W2,(v)  +  Je(v)]  -  r24n2(v)  ♦  I>4(v) ,  (A6b) 

rjn4(v)-  /  dv'  W2(v‘  -  v)n,(v')  =  -r42*4(v)  +  r24n2(v) ,  (A6c) 

=  UxMu(v)/fi*(v)2]lN2l(v)  +  Ja(v)J ;  (A6d) 

where 

N  =  N {(nu2)’’3,i exp(-v2/u2) ,  (A7) 

X,{7)  =  X,(ittt2)'3/2  exp(-u2/u2) ,  (A8) 

N,  =  [(X2  +  X4)(y;/y2)  +  X1]/yl,  (A9a) 

N,  =  ((X2  ♦  X4)(r42/y2)  ♦  X2 ]/(y2  ♦  T42 + T24) ,  (A9b) 

N,  =  \,/y3;  (A9c) 

fl*(v)a  =  yi  +  (A12-fee.)2,  (A  10a) 

r*«r».U  ♦*.!*'*.  (Aiob) 

*»  =  <2x2/y  l2)(  1/rf  +  (l/r,')(l  -y'/r2‘)J;  (AlOc) 

r,  =  r'r,r/(r;  +  r42),  (ah) 

rr  =  r'a+r42tr24,  (A12) 

(F,(7)=^  /  dv'  ^(v'-v)^2(v')  +  f^-«4(v')J-(^)|  dv'W2(v'-v)(n2(v')  +  n4(v')l 

dv' IF^v'- v)fi,(v').  (A  13) 


20 


THEORY  OF  SATURATION  SPECTROSCOPY  INCLUDING... 


2to:i 


The  only  ditterence  between  Eqs.  (21)  and  Eqs. 
(A6)  is  that  RB  is  replaced  by  Rt>  3  by  and 
«2(v)  is  determined  from  the  coupled  Eqs.  (A6b) 
and  (A6c)  rather  than  from  Eq.  (21a).  Defining 

n(v)  -n2(v)  +n4(v) ,  (A  14) 

and  dropping  the  3 1  term  (LAS  limit),  one  can  re¬ 
write  Eqs.  (A6b,  c)  in  the  form 

rf*«2(?)-  y  dv'  u'2(v'  —  v)«j(v')  =  ae(v)  +  r  12«(v) , 

(A  15a) 

r*n(v)  -  f  dv'  -  v)n(v')  =  A,(v) ,  (A15b) 

where 

A*(v)  =  -[2x2y12/Air(t»)2lNj1(v)  (A  16) 

and  T l  is  defined  by  Eq.  (A12).  To  arrive  at  re¬ 
sults  analogous  to  those  of  Secs.  Ill,  IV,  and  V, 
we  set 

n2(v)  =  nJV(v)  +  fin2i(v),  n(v)  =  ni0,(v)  +  6ne(v) , 

(A17) 

n&’(v)  =  A£(v)/r?,  n'£°’(v)  =  A£<?)/r‘2,  (A18) 

where  S n2S  and  &nB  satisfy  the  following  equations: 

r *bn2B(v)-f  dv'  W2(v'  -  ?)«n2(v') 

=  dv'  W2(v'  -  v)n^’(v') 


r2r5Gf  (v'  -  v)  -  y  dv"  W2(v"  -  v)6G f  (v'  -  v") 

=  VP2<r-f).-(££p)«G*(v'-v),  (A21a) 

r'fiG'fv'  -  v)  -  y  dv"  W2(v"  -  v)6G£(v'  -  v) 

=  W2(v'  -  v) .  (A21b) 

We  can  now  take  over  all  of  the  equations  of  the 
text  in  Secs.  Ill,  IV,  and  V  (Eqs.  (35),  f f  |  if  the 
following  substitutions  are  made: 

7s  —  ha  =  »  +  *^i2  > 

8-8«, 

Vi -Vi, 

6«2(v)-5n£(v)  ; 

r'-rf,  (A22) 

except  in  factors  y2/rj,  (r2/rj)"; 


6G2(v'  —  v)  —  6Gf  (v'  —  v) , 

(r2/r;r-(r2/r  *r/., 


where 

A-l.  •?}•/-.).  «>»• 


(nr _ £l _ /L£i 

\r‘J  y2  +  r„  +  ru\TjT 


+  r  <28«i(v),  (A  19  a) 

r;0na(v)  -  y  dv'  W2(v'  -  v)6ng(v') 

=  y  dv'W2(V’~v)n^\v').  (A19b) 

As  in  Eq.  (48),  we  can  introduce  propagators 
defined  by 

f^uy  d7^cf(v'-?)„«v(v')i  (A20) 

(  6ne(v)f  l  6G*(v'  —  »)it|l(v,)l 

which  satisfy 


With  the  above  substitutions,  the  equations  of 
the  text  are  generalized  to  allow  for  coupling  bet¬ 
ween  states  2  and  4  produced  by  inelastic  colli¬ 
sions.  Velocity-changing  collisions  occur  in  both 
levels  2  and  4  (characterized  by  the  same  colli¬ 
sion  kernel),  but  the  collisionally  induced  trans¬ 
fers  2  —  4  occur  without  significant  change  of  velo¬ 
city.  Such  a  model  has  been  recently  used  to  ex¬ 
plain  the  saturation  spectroscopy  of  Na-rare-gas 
systems  for  the  3S,  /2  -  3^, ,,  -4 £>,, ,  upward  cas¬ 
cade.17  In  that  system,  level  "4”  is  the  3.P,/,  state 
which  is  collisionally  coupled  to  3R,/2.  A  dis¬ 
cussion  of  the  importance  ol  accounting  for  the 
PUt—puz  coupling  is  given  in  Refs.  17  and  26. 
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Effects  of  velocity-changing  collisions  on  two-photon  and  stepwise-absorption  spectroscopic  line 
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t* e  report  the  i  exult  v  ol  an  experimental  siudv  of  the  erteeis  of  velocity -changing  collision*,  on  two-photon 
and  stepwise  ahvirplion  line  shapes  Excitation  spectra  for  the  TS  .  -IP  *4 D<  .  transitions  of  sodium 
atoms  undergoing  collisions  with  foreign  gas  perturhers  are  obtained  These  spectra  are  obtained  with  two 
cw  dye  lasers  One  laser,  the  pump  laser,  is  tuned  I  ti  (JHz  below  the  TV  ;  iPt  :  transition  frequency  and 
excites  a  nonlhermal  longitudinal  velocity  distribution  of  excited  'P  ,  atoms  in  the  vapor.  Absorption  of  the 
second  (probe)  laser  is  used  to  monitor  the  steady -state  excited-state  distnbution  which  is  a  result  of 
collisions  with  rare  gas  atoms  The  spectra  are  obtained  for  various  pressures  of  He.  Ne.  and  Kr  gases  and 
are  fit  to  a  theoretical  model  which  utilizes  either  the  phenomenological  Keilson-Stdrer  or  the  classical  hard- 
sphere  collision  kernel  The  theoretical  model  includes  the  effects  of  collisionally  aided  excitation  of  the 
.If,  .,  state  as  well  as  effects  due  to  fine-structure  state-changing  collisions.  Although  both  kernels  are  found 
to  predict  line  shapes  which  are  in  reasonable  agreement  with  the  experimental  results,  the  hard-sphere 
kernel  is  found  superior  as  tt  gives  a  better  description  of  the  effects  of  large-angle  scattering  for  heavy 
perturbers  Netther  kernel  provides  a  fully  adequate  description  over  the  entire  line  profile.  The 
experimental  data  is  used  to  extract  effective  hard-sphere  collision  cross  sections  for  collisions  between 
sodium  3P,  ,  atoms  and  helium,  neon,  and  krypton  perturbers 


I  INTRODUCTION 

Using  tunable  narrow-band  lasers,  one  can  se¬ 
lectively  excite  a  narrow  nonthermal  longitudinal 
velocity  distribution  in  an  atomic  or  molecular 
vapor.  Collisions  between  these  atoms  or  mole¬ 
cules  and  other  atoms  in  the  gas  cause  this  dis¬ 
tribution  to  thermalize.  A  study  oi  the  manner  in 
which  the  collisions  modify  the  distribution  leads 
to  an  increased  understanding  of  the  collisions. 

In  this  paper  we  report  the  results  of  a  systema¬ 
tic  study  of  the  effects  of  collisions  on  line  shapes 
obtained  in  sodium  using  two-photon  spectroscopy 
with  a  resonant  intermediate  state.  These  mea¬ 
surements,  which  are  made  with  two  cw  dye  la¬ 
sers,  yield  values  for  the  equivalent  hard-sphere 
elastic-scattering  cross  sections  for  collisions 
between  sodium  atoms  in  the  3Pm  state  and  rare 
gas  perturbers.  Comparisons  of  the  experimen¬ 
tal  line  shapes  are  made  with  a  theory  which 
utilizes  either  a  classical  hard-sphere  collision 
kernel  or  the  Kellson-Storer  collision  kernel.  The 
theory  accounts  for  the  presence  of  fine-struc¬ 
ture  state-changing  collisions  as  well  as  velocity¬ 
changing  collisions.  The  validity  of  these  colli¬ 
sion  models  is  discussed  in  light  of  the  experi¬ 
mental  data. 

Measurements  of  the  effects  of  velocity-chang¬ 
ing  collisions  on  laser  spectroscopic  line  shapes 
have  been  made  for  some  time.1, 2  In  a  typical  ex- 
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periment,  one  monitors  the  steady-state  velocity 
distribution  of  atomic  levels  subjected  to  non¬ 
thermal  excitation  by  a  narrow-band  laser.  The 
degree  of  velocity  thermalization  achieved  in 
these  states  as  a  result  of  collisions  is  determined 
by  the  number  of  collisions  occurring  within  the 
lifetime  of  the  states  and  the  strength  of  the  colli¬ 
sions.  Most  previous  experiments  have  been 
analyzed  under  the  assumptions  that  the  colli¬ 
sions  are  either  of  a  “weak”  or  “strong”  nature. 

In  the  case  of  "weak”  collisions,  the  collisions 
which  occur  during  an  atom’s  lifetime  have  only 
a  small  effect  on  the  atomic  velocity,3  whereas, 
in  the  "strong”  collision  limit,  those  atoms  which 
have  experienced  collisions  are  assumed  to  have 
a  thermal  distribution.  Recently  the  problem  of 
collisions  intermediate  to  the  two  limits  has  re¬ 
ceived  increased  attention.2  In  this  case,  atoms 
which  experience  collisions  reach  a  thermal  velo¬ 
city  distribution  only  if  they  have  several  colli¬ 
sions  within  their  lifetime.  Because  of  the  short 
lifetime  of  the  excited  atoms  in  our  experiment 
(16  nsec),  the  excited  sodium  atoms  never  reach  a 
thermal  distribution  so  that  the  measured  steady- 
state  velocity  distribution  shows  a  "persistence  of 
velocity.” 

The  manner  in  which  the  atoms  change  veloci¬ 
ties  as  a  result  of  collisions  is  directly  depen¬ 
dent  on  the  strength  and  form  of  the  interaction 
between  the  active  atom  and  the  perturber  atom. 
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Henre,  measurements  >1  the  •liermaltzuti-m  pr--- 
ress  weld  inl'-rmallon  alx-ut  the  inleraeti",  j e •  - 
tentials.  At  the  present  time  we  have  analyzed 
“Ur  experimental  results  to  -l-tain  the  equivalent 
hard-sphere  cross  sections  for  sodium  in  colli¬ 
sion  with  helium,  neon,  or  krypton  rare  cas 
atoms.  This  choice  of  perturher  atoms  allows 
us  to  observe  the  effect  of  different  active  atom  to 
perturber  atom  mass  ratios. 

Our  measurements  are  made  by  selectively 
exciting  a  particular  velocity  distribution  of  so¬ 
dium  atoms  to  the  3/'  .  excited  state.  This  exci¬ 
tation  is  accomplished  by  tuning  a  c*  dye  laser 
to  the  wing  of  the  Doppler-broadened  3\  2-3 l\ri 
transition.  A  second  laser  is  then  scanned  to 
produce  3T'|/2-4 D3/2  transitions.  The  resulting 
line  shape  directly  reflects  the  longitudinal  velo¬ 
city  distribution  of  the  3-P(  n  state. 

In  the  absence  of  velocity-changing  collisions, 
one  might  expect  only  those  atoms  which  have 
longitudinal  velocities  such  that  they  are  Doppler 
shifted  into  resonance  with  the  laser  frequency 
would  be  excited.  However,  the  presence  of 
phase-interrupting  collisions  results  in  an  excita¬ 
tion  of  all  the  velocity  groups.  In  this  nonreson¬ 
ant  excitation,  the  energy  defect  or  excess  between 
the  atomic  transition  energy  and  the  laser  photon 
energy  is  provided  or  removed  by  a  collision.4'4 
This  nonresonant  collisionally  assisted  excitation 
results  in  population  of  velocity  groups  other  than 
those  desired  and  must  be  accounted  for  properly 
in  the  final  analysis  of  the  line  shape. 

State-changing  collisions  such  as  those  which 
produce  transitions  between  the  3P1/2  and  3 P3/2 
fine-structure  states  are  also  found  to  play  an 
important  role.  Our  analysis  is  therefore  made 
to  account  for  the  effects  of  such  collisions. 

In  the  following  section  we  briefly  discuss  our 
experimental  setup  and  the  underlying  principles 
involved  in  obtaining  a  description  of  the  collision- 
induced  modification  of  spectroscopic  line  shapes. 
In  Sec.  HI  we  compare  two  kernels  (Keilson- 
Storer6  and  classical  hard  sphere)  that  can  be 
used  to  describe  velocity-changing  collisions. 

Our  experimental  results  and  a  comparison  with 
theory  using  these  collision  kernels  are  then  dis¬ 
cussed  in  Sec.  TV. 

II.  BASIC  PRINCIPLES  AND  EXPERIMENTAL  SETUP 

The  effect  of  collisions  on  the  line  shapes  asso¬ 
ciated  with  three-level  systems  has  been  treated 
recently7  and  the  following  discussion  will  be 
based  largely  on  those  results.  Our  experimen¬ 
tal  situation  is,  in  fact,  somewhat  more  compli¬ 
cated  than  the  simple  three-level  case  due  to  the 
presence  of  additional  levels.  While  these  addi¬ 


tional  level-  are  il“t  i-niplcd  m  tin  i  r.nli.i- 
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,'  l-  valid  -illl,  ;n  Hu  1 1 11 . 1  *  -t  1--W  lilt,  li-ilie- 
Uui  actual  experiment  utilized  mten-itie-  wtmt. 
often exeeed  the  saturation  inlensiU  I  a  tian-i- 
tioii  and  require  a  iinoe  accurate  thci-rv  l  -  -m- 
plelely  describe  it.  A  detailed  discussion  -I  this 
more  complete  theorv  is  given  elsewhere.  In 
what  follows,  we  give  only  an  outline  I  the  basil 
principles  -<f  the  experiment  and  present  the 
major  theoretical  results. 

Our  experimental  data  are  obtained  using  the 
experimental  setup  shown  in  Fig.  1.  We  use  two 
cw  single-mode  dye  lasers,  one  (the  pump)  is  set 
at  a  fixed  angular  frequency  fl  which  is  tuned  ti¬ 
the  wing  of  the  Doppler-broadened  3.S,  , -3P,  r. 
transition,  and  the  other  (the  probe),  of  frequency 
IT,  is  scanned  to  complete  transitions  to  the  4 Ik 
state.  Transitions  to  4 Oi/.  are  weak  in  compari¬ 
son  with  those  to  4D3(2,  because  of  dipole  selec¬ 
tion  rules  which  forbid  3i\  ,i  -  4L>^  ,  transitions, 
and  are  neglected.  The  unfocused  beams  from 
the  two  lasers  propagate  in  opposite  directions 
through  a  cell  at  200*0  containing  sodium  vapor. 
Typical  laser  intensities  are  0.5  W  cm',  and  each 
beam  is  linearly  polarized  in  the  same  direction. 
The  sodium  vapor  density  is  held  between  lO10- 
10"  cm'3  so  that  resonant  reabsorption  of  atomic 
fluorescence  was  not  significant  and  sodium  - 
sodium  collisions  could  be  neglected.  We  moni¬ 
tor  the  population  of  the  4 /•>-,  state  by  measuring 

the  intensity  of  fluorescence  at  -330  nm  which 
occurs  when  the  4 state  decays  via  the  4P 
state  back  to  the  ground  state.  Our  results  give 


I  Ri.  1.  Schematic  diagram  ol  the  experimental  setup 
Although  not  shown,  the  light  from  laser  1  was  chopped 
and  the  output  ol  the  photnmult iplie i  (I’M  I)  was  pi" 
cessed  with  a  lock  in  amplifier 
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s|>t*i  truni . 

The  Inn-  shape  can  tie  roughly  viewed  as  com- 
jmseil  1  three  parts  whieh  are  illustrated  schema 
ticaily  m  fig.  2,  Although  the  three  conqionents 
are  n-d  completely  uulepetident,  ate  can  roughly 
describe  them  as  aristas  m  the  billowing  manner. 
The  nari-’w  component  marked  ><  w-uuld  he  pre- 
stmt  even  in  the  absence  >1  collisions  and  is  com- 
l»ised  ul  twn-ijuantum  and  stepwise  transitnms  id 
Umse  atoms  which  have  not  undergone  velocity- 
i  hanging  collisions  in  the  31'  intermediate 
state.  We  shall  refer  to  this  component  as  the 
two-photon  line.  I' he  characteristics  of  this 
line  have  lieen  experimentally'  and  theoretically 
studied  111  great  detail.  The  line  is  essentially 
Isippler  free  -wing  to  the  velocity  selectivity  ul 
the  excitation  anil  the  use  . .(  oppositely  propaga¬ 
ting  lieams.  The  component  labeled  b  arises 
from  those  atoms  which,  once  excited  into  the 
31'  slate,  experience  velocity-changing  colli¬ 
sions.  t  he  collisions  modilv  the  initial  narrow 
velocity  distribution  which  was  excited  tiv  the 
laser  at  frequency  il  and  cause  the  distribution 
to  broaden  and  shift  toward  equilibrium  this 
the r  mal i  ration  is  mirrored  in  component  b  d  the 
probe  absorption.  In  our  experiments  1 1  is  not 
set  at  (he  atomic  res  .nance  Irequency  and  hence 
the  initial  longitudinal  velocity  distribution  is  ru  t 
centered  al  - ,  0  but  at  a  lairlv  high  1  l11 

ion  sec.  I'he  final  component,  labeled  ,  is  due 
in  collisionally  aided  excitation  d  the  3/’  ex- 
c  Iteil  state  This  excitation  is  essentially  m>n- 
y  eloi  il  v-selective  and  therefore  is  completely 
I  loppler  broadened  the  probe  absorption  from 
this  stale  has  nearly  the  shape  d  (he  equilibrium 
Voigt  profile.  It  differs  Iron  the  velocity -chang¬ 
ing  collision  component.  as  it  would  lie  present 
even  m  the  absence  of  velocity -changing  colli¬ 
sions,  c.g..  il  the  jierturbef  atoms  were  much 
less  massive  than  ihe  sodium  atoms.  (I  may  In- 
viewed  as  arising  (r  on  phase -changing  collisions 


I  l(*  Idi,  energy  levels  of  the  sodium  atom  relevant 

for  our  experiment  Not  shown  is  the  1.  77-GIIz  hyper¬ 
tine  splitting  ot  the  IN  ground  state. 

which  effectively  broaden  the  atomic  resonance 
>1  each  at- mi .  The  exact  shape  of  the  excitation 
spectrum  depends  on  the  relative  ami  itudes  of 
the  three  components.  The  components  b  and  c 
each  increase  relative  to  a  as  the  perturber  pres¬ 
sure  is  increased.  The  ratio  of  b  to  c  amplitudes 
depends  on  il.  Component  b  decreases  rapidly 
when  vl  is  adjusted  away  from  the  atomic  reson¬ 
ance  because  the  number  of  atoms  which  have  the 
correct  velocity  so  as  to  be  Doppler  shifted  into 
resonance  decreases  exponentially.  Hence  at  de- 
tuiungs  much  greater  than  the  Doppler  width, 
component  <■  will  dominate,  while  at  small  de¬ 
tunings  component  b  will  dominate.  We  have  re¬ 
cently  made  a  detailed  study  of  the  collisional  re¬ 
distribution  by  phase-changing  collisions  for  the 
case  where  Vi  is  tuned  far  from  the  resonance  so 
that  comimnent  b  is  negligible. 

The  level  scheme  which  is  appropriate  for  our 
experiments  is  shown  in  Tig.  3.  We  generally 
follow  the  notation  of  Refs.  7  and  8  so  that  state  1 
is  the  3N,  ground  state,  state  3  is  the  4T1, 

Sinai  state,  and  state  2  is  the  31',  .  intermediate 
slate.  We  also  allow  for  state-changing  colli¬ 
sions  between  the  31’,  and  3 (state  4)  fine- 
structure  states.  The  laser  field  at  Vi'  is  as¬ 
sumed  to  couple  only  the  2  —  3  transition,  while 
that  at  li  is  assumed  to  act  on  only  the  1—2 
transition. 

A  complete  theory  for  the  excitation  line  shape 
is  given  in  Kef.  8  assuming  the  probe  field  to  be 
weak.  We  shall  attempt  to  fit  our  data  using  this 
theory  and  hard-sphere  collision  models.  For 
such  models,  collisions  produce  relatively  large 
velocity  changes  for  the  active  atoms  [i.e„  velo¬ 
city  changes  An  such  that  VifAn  ,  )  all  homogen¬ 
eous  width.  |.  In  this  limit  the  line  shape  is 
given  by 

/(U  )  /t „(v;  i  ♦  , 
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where 

(2) 

(3) 

Z(r)  =  -I7'1  /3  J  xV'tix 

[Z(r)  is  the  plasma  dispersion  function  Z(r)  for 
Im(r)  0  and  is  -Z(r)  for  Im(r)  -x0|,  where  \(x) 
is  the  Rabi  frequency  of  the  transition  1-2 
(2-3),  u  is  the  most  probable  sodium  velocity, 
k  =  U/f,  k  —  a'/c,  and  fe"  =  |  k'  -  k  | .  The  other 
quantities  are  defined  as 


r,  =  a  +  e  , 


r2  =  6  -  c  , 

rs  =  it 3s  A«. 

r,  =  ~iriB/ku , 

rs*=iVii/ku , 
where 


irhi  .  i*!  23 

t"u  ’  k’u  ’ 


and 


T ll2  =  >12  +  t^. 

'hz  =  rn  +  i(&  +  &'), 


ihi  =  Y»  +  i*'  > 


h*  —  >8  +  (>*)2  —  >12  +  2Vi2X2/rs  , 

s  (>2 +  rj(r)]l>2  +  r2(u)  + 1.5>*] 

+  rTT 

The  detunings  are  defined  as  a  =  n  -  w,  V  =  U' 

-  x  ',  where  the  angular  frequencies  w  and  u>'  are 
the  transition  frequencies  of  the  ground-to-inter- 
mediate  and  lntermediate-to-final  states,  res¬ 
pectively,  The  decay  rates  >(y  are  the  phenomeno¬ 
logical  decay  constants  of  the  density  matrix  ele¬ 
ments  nu  and  include  the  effects  of  phase-chang¬ 
ing  collisions.  The  rate  >2  is  the  total  natural 
decay  rate  out  of  the  intermediate  state,  is  the 
natural  decay  rate  from  level  2  to  1,  r,(r)  is  the 
rate  of  velocity-changing  collisions  for  atoms  in 
level  i,  and  >'  is  the  3 /',,2  to  fine-structure 

state-changing  collision  rate.  Note  that  the 


>2  +  r2(r) 


theory  allows  for  power  broadening  of  the  1—2 
transition.  The  population  distribution  w:(r)  of 
the  intermediate  state  appearing  in  Eq.  (3)  is  de¬ 
termined  by  the  atom-pump  field  interaction  and 
the  effects  of  velocity-changing  collisions.  Equa¬ 
tion  (3)  is  an  approximation  valid  for  the  case 
j  t>  |  =  j  (?'  |  as  in  our  experiment. 

The  effect  of  fine-structure  state-changing  colli¬ 
sions  introduces  additional  complexities.  First, 
it  modifies  the  power  broadening  of  the  1  —  2 
transition.  Second,  it  may  modify  the  velocity¬ 
changing  process.  Finally,  it  decreases  the  ef¬ 
fective  excitation  of  state  2  since  atoms  are  trans¬ 
ferred  from  the  3 P, /2  to  the  3 P3/2  state.  To 
minimize  the  complexities  we  make  the  simplify¬ 
ing  assumption  that  the  velocity-changing  cross 
section  is  the  same  for  the  two  fine-structure 
states,  and  that  no  velocity  change  occurs  in  the 
fine-structure  state-changing  processes.  We 
have  verified  that  the  latter  assumption  is  nearly 
correct  by  tuning  fl  to  the  wing  of  the  3S, /2  -  ZP-i/i 
transition  and  thereby  exciting  a  particular  velo¬ 
city  class  of  atoms  into  the  3P3/2  state.  Colli¬ 
sions  cause  some  of  these  atoms  to  transfer  to  the 
3PW2  state.  The  velocity  distribution  of  the 
atoms  in  the  3P]/2  state  is  then  recorded  by  scan¬ 
ning  Cl'  across  the  region  of  the  3Px/2~4Din 
transition.  The  resulting  excitation  spectrum  is 
shown  in  Fig.  4.  As  can  be  seen  in  Fig.  4,  the 
spectrum  and  hence  the  velocity  distribution  is 
concentrated  in  a  small  region  which  corresponds 
to  the  initial  velocity  of  the  atoms.  The  small 
splitting  in  the  line  is  due  to  the  hyperfine  struc¬ 
ture  of  the  3P,  /2  state.  The  fine-structure  state 
change  appears  to  happen  with  little  or  no  change 
in  velocity,  justifying  our  assumption. 

To  calculate  the  signal  amplitude  we  must  de¬ 
termine  ni(r),  the  velocity  distribution  of  the  3 Pw2 
state.  The  equations  describing  this  distribution 
and  the  longitudinal  velocity  distribution  nt(r)  of 


2ir 


FIG.  4.  I^obe  laser  excitation  spectrum  of  the  3P 

—  4  transition  with  the  pump  laser  tuned  to  the  ? 

—  transition.  This  signal  is  the  result  of  fine- 
structure  state -changing  collisions  produced  by  n.'i  Torr 
of  neon  per  turbo  r  gas.  The  narrow  line  width  demon¬ 
strates  that  fine -structure  state  changes  occur  with  neg¬ 
ligible  velocity  change. 
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the  3Pi .  j  state  are" 

=  -[),  +  r;(r)  +  <,|il2(r)  +  1  l) 


and 

oUr)  =  J  H'((',;-)«r1(;')rfr7b;  +  r2(r)+ 1.5>'|.  (10) 


+  f  ll'(r',i)«:(i'Wr+  7(r),  (4) 

=-[>••  +  P;( >)  +  i[;  1'0( '  )  +  >  ;4"2( ' ) 

+  j  H\r’,r)n4(j'')rfr'f  (5) 

where  7’(r)  is  the  velocity  distribution  of  atoms 
excited  to  the  3 P1/2  state  by  the  pump  laser.  The 
collision  kernel  IV(jyr')  is  defined  such  that  the 
W(r,r')dv dt  is  the  probability  that  a  collision  will 
cause  an  atom  in  level  2  moving  with  a  longitu¬ 
dinal  velocity  between  v  and  v  +  dv  to  change  to 
be  between  v'  and  v'  +  dv  during  a  time  interval 
dt.  The  rate  T 2(vj  is  given  by 

r2(r)  =  f  W[v,v‘)dv' 

and  y‘24  =  >1  and  >*2  =  0.5>- *  are  the  3P)/:-3P3/2 
and  3P3/2-3Pi/2  collisional  transfer  rates,  res¬ 
pectively. 

The  equation  which  gives  n(v)  =  n2{v)  +  «4(e), 
the  longitudinal  velocity  distribution  function  for 
the  sum  of  the  population  densities  of  the  two  3P 
states,  is 

W(v,v')dv^jn(v) 

+  j  W{v' ,v)n(v')dv‘  +  T(r) .  (6) 

Equation  (6)  is  easily  solved  to  yield  the  steady- 
state  solution 

«(!’)  «'0) ,  (7) 

(.0 

where 

n°(i)  =  jT(  *•)/[>  a  +  T  2(j)|  , 

«"'(»•)  =  /  W(’  ,i)n‘(r  )dr'/[y2  +  r3(,i)| . 


The  quantity  «’(>)  is  the  population  density  of 
atoms  having  experienced  exactly  i  collisions 
since  initially  excited  into  the  3/’  states. 

By  substituting  u,  -  >i  -  n2  into  Eq.  (4)  and  using 
Eq.  (7).  we  solve  Eq.  (4)  to  obtain 

»■>(>')  .  (8) 
1.0 

where 


n"(r)  = 


0.5)  *»(r)  +  /  ( r}_ 
>,  +  r,(r)>1.5>' 


(9) 


In  this  paper  we  consider  two  collision  kernels 
for  insertion  into  Eq.  (10),  the  Keilson-Storer  and 
the  classical  hard-sphere  kernels.  Owing  to  the 
simple  mathematical  form  of  the  Keilson-Stcrer 
kernel  an  analytic  expression  for  >/;(tj  can  be  ob¬ 
tained.  However,  for  the  hard-sphere  kernel  it  is 
necessary  to  calculate  n2(r)  numerically.  These 
collision  kernels  will  be  discussed  in  the  follow¬ 
ing  section.  The  distribution  //.(»•),  given  by  Eqs. 
(8) — (10) ,  is  inserted  into  Eq.  (3)  and  the  total  line 
shape  is  then  given  by  Eqs.  (l)-(3). 


Ill  COLLISION  KERNELS 

All  the  properties  of  the  velocity-changing 
collision  process  are  contained  in  the  collision 
kernel.  The  most  commonly  used  kernel  is  the 
phenomenological  kernel  of  Keilson  and  Storer6 

»'(t-,r')  =  rkA«)2r/2exp[-(r'-crr)7(An)2i, 

where  T  is  the  (speed-independent)  rate  of  colli¬ 
sions,  a  is  a  parameter  which  depends  on  the  ac¬ 
tive  and  perturber  atom  mass  ratio,  and 

=  (1  -  a2)1  nu 

is  V2  times  the  rms  velocity  change  per  collision. 
Borenstein  and  Lamb12  compared  the  Keilson- 
Storer  kernel  with  Monte  Carlo  calculations  of 
hard-sphere  collisions  and  found  fairly  close 
agreement  between  the  two.  However,  they  were 
concerned  mainly  with  the  cases  of  light  perturbers 
and  small  initial  velocities  (velocities  small  com¬ 
pared  with  Doppler  width).  Recently,  more  de¬ 
tailed  comparisons  have  been  made13'14  although 
again  for  cases  of  light  perturbers  and  low  velo¬ 
cities. 

In  this  section  we  shall  compare  some  of  the 
properties  of  the  Keilson-Storer  kernel  with  the 
exact  analytic  expression  for  the  kernel  which 
describes  classical  collisions  between  atoms 
having  a  hard-sphere  interatomic  potential  (l' 

=  0  for  r  -  >-n  and  V  =  J°  for  r  r„). 

The  Keilson-Storer  kernel  has  the  form  of  a 
displaced  Gaussian  whose  width  and  shift  are  de¬ 
termined  by  the  parameter  o.  The  method  for 
the  determination  of  o  which  we  utilize  is  that 
suggested  by  LeGouet,"  in  which  o  is  chosen  such 
that  the  Keilson-Storer  model  gives  the  same 
rms  velocity  change  per  collision  as  the  analytic 
hard-sphere  kernel.  This  method  gives  a- 0.8, 
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0.4,  and  0.0  for  collisions  between  sodium  and  he¬ 
lium,  neon  and  krypton  atoms,  respectively.  A 
major  feature  of  the  Keilson-Storer  kernel  is  its 
mathematical  simplicity  which  allows  analytic 


expressions  to  be  obtained. 

The  hard-sphere  kernel  is  considerably  more 
complicated.  It  is  given  by  the  following  expres¬ 
sion: 


W V,*’> 


irrl  / 1  +  /i2 


+“p[-s(s+ir)]| 


fir]} 

4(‘- 


-P 

2/1 


-jlSI 


where 

=  S=(v-v')/u. 

The  mass  of  the  active  atom  (Na)  is  ma,  and  the 
mass  of  the  perturber  atom  is  m„.  This  kernel 
has  been  obtained  by  Kol’chenko,15  however,  for 
completeness  we  have  included  its  derivation  in 
the  Appendix. 

To  compare  the  kernels,  we  plot  in  Figs.  5-7 
nl(v)  [Eq.  (7)]  for  sodium  calculated  with  both  ker¬ 
nels  for  helium,  neon,  and  krypton  perturbers  as¬ 
suming  T(v)  is  a  delta  function  at  v/u  =  1.6.  In 
the  case  of  a  very  light  perturber  such  as  helium 
(Fig.  5),  the  two  kernels  are  quite  similar.  Each 
gives  distributions  which  shift  more  toward 
equilibrium  with  each  collision,  and  both  models 
produce  distributions  with  approximately  the 
same  shifts  and  widths.  To  allow  for  easy  com¬ 
parison  of  the  distributions  we  have  normalized 
the  peak  of  each  to  unity.  In  fact,  at  the  pressure 
(2.5  Torr)  used  for  the  calculation,  each  suces- 
sive  n((t>)  decreases  in  amplitude  by  about  a  fac¬ 
tor  of  6  or  more. 

The  calculated  distributions  for  the  most  mas- 


FIG.  5.  Hie  steady-state  axial-velocity  distributions 
nl( v)  for  sodium  atoms  in  the  3P  states  which  have  ex¬ 
perienced  exactly  i  collisions  since  being  initially  ex¬ 
cited.  The  calculations  were  carried  out  for  2.5  Torr  of 
helium  perturber  gas,  using  both  the  (a)  hard-sphere  and 
(b)  the  Keilson-Storer  kernels.  All  curves  have  been 
normalized  to  the  same  height. 


I - - 

sive  perturber,  krypton,  show  some  significant 
differences.  Krypton  is  3.7  times  heavier  than 
sodium.  As  in  the  case  of  helium,  the  distribu¬ 
tions  predicted  by  the  two  kernels  are  quite  simi¬ 
lar  for  2  although  the  widths  of  the  distributions 
now  predicted  by  the  hard-sphere  models  are 
significantly  larger  than  those  given  by  the  Keil¬ 
son-Storer  model  owing  to  the  speed  dependence 
of  r(n)  in  the  hard -sphere  model.  The  greatest  dif¬ 
ference  appears  in  the  distribution  i  =  l.  Krypton 
hard-sphere  collisions  produce  a  relatively  flat- 
topped  distribution.  The  amplitude  at  r=0  is  near¬ 
ly  the  same  as  at  the  initial  velocity  (taken  to  be  v0 
=  1.6  u).  The  Keilson-Storer  distribution,  on  the 
other  hand,  is  a  factor  of  12  larger  at  v  =  0  than 
at  v0.  Note  that  the  velocity  distributions  pro¬ 
duced  by  the  heavier  perturber  initially  broaden 
and  then  narrow  in  the  hard-sphere  model,  whereas 
for  the  Keilson-Storer  kernel,  complete  thermali- 
zation  occurs  after  one  collision. 

Comparisons  of  the  distributions  calculated 
using  these  two  kernels  indicate  the  following. 
First,  for  heavier  perturbers  it  is  at  low  pres¬ 
sures  that  the  differences  are  most  significant 
since  it  is  at  low  perturber  pressure  that  the  con¬ 
tribution  of  nl(v)  to  n(v)  dominates.  Second,  for 
high  perturber  pressures  the  two  kernels  give 
nearly  the  same  line  shapes.  Our  experiments 
have  therefore  concentrated  on  fairly  low  per- 


-2  -1  0  1  2  v/u 

FIG.  G.  Same  as  Fig.  5,  except  the  perturber  gas  is 
neon. 
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FIG.  7.  Same  as  Fig.  5,  except  (he  perturber  gas  is 
krypton. 

turber  pressures.  In  the  case  of  helium  we  ex¬ 
pect  the  two  models  to  give  nearly  identical  re¬ 
sults. 

IV.  EXPERIMENTAL  RESULTS 

Excitation  spectra  were  taken  of  the  3S1/2-3P1/2 
~4D3/2  transition  of  atomic  sodium  vapor  for 
various  pressures  of  helium,  neon,  and  krypton 
buffer  gases.  In  each  case,  the  laser  at  0  was 
adjusted  to  be  1.6  GHz  below  the  3S, /2(ir=  2) 

-  3P1/2  transition.  Examples  of  the  spectra  ob¬ 
tained  by  sweeping  £1'  are  given  in  Figs.  8-12. 

In  each  case,  the  two  narrow  line-shape  features 
are  the  result  of  the  combination  of  two-quantum 
and  stepwise  transitions  originating  from  the  two 
hyperflne  levels  of  the  ground  state.  The  broader 
feature  is  the  collision-induced  signal  and,  as  dis¬ 
cussed  earlier,  arises  from  velocity-changed 


—  4  D-j/2  transition  of  atomic  sodium  in  5  Torr  of  helium 
perturber  gas.  The  pump  laser  was  tuned  such  that 
&'2 r  -—1.6  GHz.  The  solid  (open)  circles  show  the  the¬ 
oretical  fit  obtained  using  the  hard-sphere  (Keilson- 
Stdrer)  collision  kernel. 


FIG.  9.  Same  as  Fig.  8,  except  for  2.5  Torr  of  neon 
perturber  gas. 

atoms  and  atoms  excited  via  phase-interrupting 
collisions.  This  feature  is  not  present  when  the 
perturber  gas  is  removed. 

The  excitation  was  made  with  counter-propa¬ 
gating  beams.  This  geometry  was  utilized  to 
minimize  the  line  width  of  the  two  narrow  two- 
photon  and  stepwise  resonances.  It  is  essential 
that  these  resonances  be  narrow  so  that  the  colli¬ 
sion-induced  signals  are  unobscured.  If  we  use 
copropagating  beams  the  narrow  resonances  are 
split  by  390  MHz  because  of  the  hyperfine  struc¬ 
ture  of  the  3-P|/2  state.3  With  the  use  of  oppositely 
propagating  beams,  this  splitting  collapses*  to 
7  MHz.  Some  of  the  spectra  contain  evidence  of 
resonances  due  to  copropagating  beams.  These 
are  symmetrically  located  about  A'  =  0  from  the 
counter-propagating  resonances  and  apparently 
are  the  result  of  stray  reflections  into  the  sodium 
cell.  We  were  unable  to  eliminate  them  com¬ 
pletely. 

We  choose  to  set  Q/2n  to  be  1.6  GHz  below  the 


FIG.  10.  Excitation  spectrum  of  the  3S1/2—  :iP,/a 
—  4  £>1/2  transition  of  atomic  sodium  in  a  perturber  gas  of 
krypton.  The  pump  laser  was  tuned  such  that  A/2jt=  -1.6 
GHz.  The  krypton  pressure  was  0.5  Torr.  The  solid 
(open)  circles  show  the  theoretical  fit  obtained  using  the 
hard-sphere  (Kellson-Storer)  collision  kernel.  The 
sharp  resonances  occurring  for  negative  A' are  due  to  the 
residual  copropagnting  light,  as  discussed  in  the  text. 
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FIG.  11.  Same  as  Fig.  10,  except  the  krypton  pres¬ 
sure  was  2.5  Torr. 

3Si/2(.F  =  2) -3P1/2  transition.  With  this  rather 
large  detuning,  the  difference  between  the  Keil¬ 
son-Storer  and  hard-sphere  kernel  which  we  dis¬ 
cussed  in  Sec.  Ill  is  emphasized.  Furthermore, 
the  spurious  copropagating  resonances  mentioned 
above  are  less  troublesome  since  they  occur  at 
the  edge  of  the  line  shape  of  interest.  At  this  de¬ 
tuning  the  collisional  redistribution  and  velocity¬ 
changing  contributions  to  the  line  shape  (compon¬ 
ents  b  and  c  of  Fig.  2)  are  comparable  in  ampli¬ 
tude. 

The  data  were  fit  to  Eqs.  (l)-(3)  and  (8)-(10) 
using  experimental  values  of  y tj  and  y‘  obtained 
from  the  literature,16  and  a  value  x/ku  =  0.018  de¬ 
termined  from  measurements  of  pump  intensity. 
The  line  shape  was  assumed  to  arise  as  an  inde¬ 
pendent  sum  of  contributions  originating  from 
both  hyperfine  ground  states.  The  relative  ampli¬ 
tudes  of  the  two-narrow  resonances  were  found  to 
be  pressure  and  intensity  dependent.  This  depen¬ 
dence  is  due  to  optical-pumping  effects  which 
modify  the  population  of  the  ground-state  hyper¬ 
fine  levels.  To  account  for  the  optical  pumping, 
the  initial  relative  population  of  the  two  states  was 
taken  as  a  free  parameter  which  was  adjusted  so 
that  the  theory  correctly  predicted  the  relative 
amplitudes  of  the  two  narrow  resonances. 

The  only  remaining  parameter  to  be  determined 
is  the  velocity-changing  collision  cross  section. 
We  obtain  values  for  these  cross  sections  at  each 
perturber  pressure  by  fitting  the  ratio  of  the  sig- 


FIG,  12.  Same  as  Fig.  10,  except  the  krypton  pres¬ 
sure  was  5  Torr. 


nal  at  V  =  0  to  that  at  A'/2tt=  1.6  GHz.  Having  fit 
these  two  ratios,  the  overall  comparison  between 
the  theoretical  and  experimental  profiles  can  be 
used  to  test  various  collision  models.  One  should 
note  that,  for  our  procedure,  the  nature  of  the  fit 
is  relatively  insensitive  to  the  saturation  parame¬ 
ter.  This  result  was  verified  experimentally  by 
varying  the  pump  power.  In  our  analysis  we  set 
the  branching  ratio  y2/>2  =  1  for  both  3 Pil2 
-3S1/2  (F=  1)  and  3P]/2-3S1/2  {F=  2)  transitions 
and  r,(t?)  to  gas  kinetic  values.  The  net  effect 
of  such  an  arbitrary  choice  is  to  modify  the  sat¬ 
uration  parameter,  but,  as  noted  above,  this 
modification  has  little  effect  on  our  fitting  proce¬ 
dure.  Finally,  the  assumption  of  a  weak  probe 
field  is  reasonably  well  satisfied;  signal  strength 
was  found  to  vary  linearly  with  probe  power. 

Representative  data  obtained  with  helium  and 
neon  buffer  gases  are  shown  in  Figs.  8  and  9. 

The  results  of  the  theory  using  both  the  Keilson- 
Storer  kernel  (open  circles)  and  the  classical 
hard-sphere  kernel  (solid  points)  are  given.  As 
expected,  for  these  lighter  perturbers  both  ker¬ 
nels  do  nearly  equally  well  in  producing  fairly 
accurate  line  shapes.  However,  for  the  data  with 
krypton  perturbers  (Figs.  10-12)  the  hard-sphere 
model  does  better  in  predicting  the  line  shape  at 
the  lowest  pressure.  The  theoretical  line  shape 
using  the  hard-sphere  kernel  is  slightly  wider 
and  gives  more  intensity  in  the  region  A'/2tt 
=  1  GHz  than  does  the  Keilson-Storer  kernel  and 
hence  is  in  better  agreement  with  the  experimen¬ 
tal  data.  Both  models  fail  in  the  region  very  close 
to  the  narrow  resonances. 

To  obtain  curves  which  are  more  closely  related 
to  the  velocity-changing  collision  kernel,  we  have 
attempted  to  extract  from  the  experimental  spec¬ 
tra  only  that  component  arising  from  velocity¬ 
changing  collisions  (component  b  of  Fig.  2).  To 
extract  this  component  we  subtract  from  the  ex¬ 
perimental  data  the  theoretical  contributions  from 
all  other  sources.  The  results  of  this  subtraction 
are  shown  in  Figs.  13  and  14  as  nTc.  The  smooth 
curve  represents  the  experimental  points  after 
this  subtraction.  The  solid  points  give  the  theo¬ 
retical  velocity-changing  contribution  using  the 
hard-sphere  kernel  and  the  open  circles  give  the 
same  for  the  Keilson-Storer  kernel.  In  Fig.  13 
we  show  results  for  the  case  of  helium  perturbers 
at  9.5  Torr.  As  expected  from  our  earlier  dis¬ 
cussion,  both  collision  kernels  give  similar  dis¬ 
tributions  and  these  are  in  good  agreement  with 
the  experimental  data.  The  data  for  krypton  at 
1  Torr  are  given  in  Fig.  14.  In  this  case,  the 
hard-sphere  model  is  clearly  superior  to  the 
Keilson-Storer  approximation,  which  produces  a 
line  shape  which  is  too  sharply  peaked  at  A'=:0. 
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FIG.  13.  The  contribution  of  velocity-changing  colli¬ 
sions  to  the  excitation  spectrum  as  a  function  of  normal¬ 
ized  velocity  for  9. 5  Torr  of  helium  perturber  gas.  The 
smooth  curve  is  the  difference  between  the  experimental 
excitation  spectrum  and  die  theoretical  contributions  to 
the  excitation  spectrum  from  all  souroes  except  velocity¬ 
changing  collisions.  Hie  solid  circles  give  the  contrib¬ 
ution  due  to  velocity-changing  collisions  as  calculated 
using  the  hard-sphere  kernel;  die  open  circles  give  the 
same  for  the  Keilson-Stdrer  kernel. 

Although  the  hard-sphere  calculation  Is  in  excel¬ 
lent  agreement  in  the  wing,  it  also  falls  for  fre¬ 
quencies  very  near  to  the  narrow  resonance. 

Owing  to  the  low  pressure  the  theoretical  line 
shapes  in  Fig.  14  are  dominated  by  the  i  —  1  con¬ 
tribution  shown  in  Fig.  7. 

The  good  agreement  between  theory  and  experi¬ 
ment  in  the  line  wings  is  evidence  that  large-angle 
scattering  is  correctly  described  by  a  hard-sphere 
model.  This  result  is  consistent  with  large-angle 
scattering  occurring  for  very  close  collisions 
where  the  alkali- rare -gas  potentials  can  be  ap¬ 
proximated  by  an  infinite  repulsive  barrier.  The 
failure  of  the  theory  near  the  narrow  resonance 
for  the  heavier  perturbers  (Ne  and  Kr)  is  indica¬ 
tive  of  an  interatomic  potential  that  is  other  than 
hard  sphere.  Most  likely  there  exist  attractive 
wells  in  the  Na*-Kr  and  Na*-Ne  potentials  that 
give  rise  to  the  additional  scattering  near  the 
resonances. 

The  fact  that  the  widths  of  the  narrow  reson¬ 
ance  near  A'/2 it  =  1.6  GHz  is  generally  larger  than 


FIG.  14.  Same  as  Fig.  1.7,  except  for  1  Torr  of  kryp¬ 
ton  perturber  gas.  The  hard-sphere  and  Ketlson-Storer 
kernels  now  lead  to  significantly  different  profiles. 


that  predicted  by  the  line-shape  theory  using 
empirically  determined  experimental  values  for 
all  broadening  parameters  may  be  due  to  either 
(a)  additional  small-angle  velocity-changing  colli¬ 
sions  or  (b)  larger  values  of  the  broadening  para¬ 
meters  caused  by  the  laser  selection  of  fast  Na 
atoms.  We  should  also  note  that  our  theory  of  the 
3P!/2  *-3P3/2  exchange  is  oversimplified  and  can 
lead  to  some  additional  errors. 

The  values  for  the  hard-sphere  collision  cross 
sections  which  we  obtain  exhibit  the  pressure  de¬ 
pendence  shown  in  Fig.  15.  The  slow  increase  of 
the  cross  sections  with  increasing  pressures  is 
another  indication  that  the  theory  is  failing  to 
account  properly  for  the  true  collisional  interac¬ 
tion.  This  variation  implies  that  with  increasing 
pressure  the  amplitude  of  the  resonance  at  A'/2tt 
=  1.6  GHz  becomes  increasingly  overestimated  by 
the  theory  leading  to  anomalously  large  values  for 
the  calculated  collision  cross  sections.  Whether 
this  variation  is  due  to  our  model  for  3 P)/2 
—  3P3/2  collisions,  to  effects  of  weak  velocity¬ 
changing  collisions,  or  to  our  failure  to  use  speed- 
dependent  broadening  parameters  is  unknown  at 
present.  It  would  seem  reasonable  to  consider 
the  cross  sections  we  obtained  as  upper  bounds 
for  the  true  cross  sections. 

The  cross  sections  for  collisions  with  neon  and 
krypton  are  approximately  30  and  55  A2,  respec¬ 
tively,  and  are  similar  to  the  values  which  can  be 
deduced  from  ground-state  gas  kinetic  radii.17  The 
fact  that  the  krypton  cross  section  is  larger  is 
reasonable  in  light  of  its  larger  size  and  greater 
polarizability.  The  helium  cross  section  of 
~60  A2,  on  the  other  hand,  does  not  fit  this  picture. 
The  apparent  helium  cross  section  is  the  largest 
of  the  three  measured  cross  sections  within  the 
estimated  accuracy  of  our  measurements  of  30  to 
40  percent  despite  the  fact  that  the  helium  core  is 
surely  the  smallest  and  the  atom  is  the  least  po¬ 
larizable.  It  should  be  noted,  however,  that  we 


FIG.  15.  Variation  of  the  experimentally  deduced 
cross  sections  for  velocity -changing  collisions  between 
Nn  (7 Pt / 2)  and  He,  Ne,  and  Kr  perturbers  as  a  function 
of  perturber  pressure. 
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have  arbitrarily  chosen  to  fit  the  data  at  d  =  0, 
where,  because  of  the  small  velocity  change  pro¬ 
duced  by  sodium-helium  collisions,  the  contribu¬ 
tion  of  the  velocity  changing  signal  (component 
b  in  Fig,  2)  is  extremely  small.  Small  errors 
in  the  calculation  of  component  c  will  then  result 
in  substantial  error  in  our  result  for  the  cross 
section.  If  instead,  we  fit  the  lowest-pressure 
helium  data  at  A'/27t  =  1  GHz,  we  find  cr  =  35  A2, 
in  better  relative  agreement  with  our  expecta¬ 
tions.  However,  the  optimum  cross  section  is 
still  found  to  increase  with  pressure  since  the 
cross  sections  calculated  at  higher  pressures 
are  independent  of  where  we  fit  the  data. 


V.  CONCLUSION 

We  have  examined  the  effects  of  velocity-chang¬ 
ing  collisions  on  the  3S1/2-3Fi/2-40j/2  excita¬ 
tion  spectra  of  sodium  vapor.  The  observed  line 
shapes  are  reasonably  well  described  by  a  theory 
in  which  collisions  are  characterized  by  either 
the  phenomenological  Keilson-Storer  kernel  or  a 
classical  hard-sphere  kernel.  For  collisions 
between  excited  sodium  atoms  and  heavy  rare-gas 
atoms,  the  hard-sphere  kernel  is  superior  to  the 
Keilson-Storer  kernel.  It  gives  a  better  descrip¬ 
tion  of  the  effects  of  large-angle  scattering,  al¬ 
though  neither  kernel  provides  a  fully  adequate 
description  over  the  entire  profile.  The  two 
kernels  give  essentially  the  same  line  shape  for 
low  active  atom  to  perturber  atom  mass  ratio. 
They  also  agree  at  high  pressures  independent  of 
the  mass  ratio.  Our  data  indicate  that  improved 
models  are  required  to  accurately  describe  so- 
dium-rare-gas  collisions.  By  fitting  our  data 
we  extract  effective  hard-sphere  collision  cross 
sections  for  collisions  between  sodium  3PJ/2 
atoms  and  helium,  neon,  and  krypton  perturbers. 
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APPENDIX 

In  this  appendix,  collision  kernels  and  rates  for 
classical  hard-sphere  scattering  are  derived. 

The  collision  kernel  W(v',v)  gives  the  probability 
density  per  unit  time  for  a  collision  with  the  per¬ 
turber  bath  to  change  the  velocity  of  an  “active 
atom”  particle  from  v'  to  v  and  is  given  by7 


B'(v',v)=A’^L^  J  rfVjdv.H^v')!’;1 

x  fi(v  +-a-v'  -  — V  +  vA 

V  >»f  M  7 

X6(tv-tv)|/(v;,vr)|2  (Al) 


with 


where  ma  is  the  active  atom  mass,  mp  is  the  per¬ 
turber  mass,  p  is  the  reduced  mass,  v  (or  v')  is 
the  active  atom  velocity,  v„  (or  vp)  is  the  perturber 
velocity,  |/,(v',vr)  | 2  is  the  differential  scattering 
cross  section,  N  is  the  perturber  density,  and 
W^Vj)  the  perturber  velocity  distribution  assumed 
to  be  of  the  form 


=  (im£)‘3/2exp(-r2/«£) ,  (A2a) 

ul=2kTp/m„,  (A2b) 


where  Tp  is  the  temperature  associated  with  the 
perturbers.  The  delta  functions  in  Eq.  (Al) 
guarantee  conservation  of  momentum  and  energy 
in  the  collisions. 

For  classical  hard-sphere  scattering, 

|/i(Vr>vr)|2  =  ro/4,  (A3) 


where  r0  is  the  sum  of  active  atom  and  perturber 
hard-sphere  radii.  Substituting  Eq.  (A3)  into 
Eq.  (Al)  and  performing  the  integrations  over 
v'p  and  vr,  one  can  obtain  the  kernel 


^(v'.v) 


Nirrlu* 

?Ws 


(A4) 

where 

S  =  v-v',  (A5) 

u  =  2kTjma,  (A6) 

a  =  2(  \x/m^uju) ,  (A7) 

and  Ta  is  the  temperature  characterizing  the  ac¬ 
tive  atoms.  The  rate  associated  with  this  kernel 
is 


r(v)  =  j dv’W(v,v’) 

,A8’ 

where  <f>  is  the  error  function.  Note  that,  as  ex¬ 
pected,  for  v  •>«,,  T{v)  ~  h'irriv  and,  for 
r(v)~Ni,rl(2/v''hup. 

In  the  text,  we  use  a  one-dimensional  kernel 


21 


K  F  F  K  C  T  S  ()  F  V  F.  I.  0  ('.  IT  V  C  II  \  N  G  I  N  (;  C  ()  I.  1. 1  S  I  O  \  S  ON... 


1937 


obtained  from  Eq.  (Al)  by  averaging  over  an  ini¬ 
tial  transverse  velocity  distribution 

w'((vi)  =  (ttkV1  exp[-(?','V«2)l ,  (A9) 

with 

v,'  =  v'-t'^2  (A10) 

and  summing  over  all  final  transverse  velocities 


v(  =  v-/yz.  iAll) 

Thus,  the  one-dimensional  kernel  is  defined  by 

«(!'>,)=/ rf!'(dr;H',(v;)H(v',v).  (A12) 

Substituting  Eqs.  (Al)  and  (A9)  into  (A12)  and 
carrying  out  the  tedious  but  straightforward  in¬ 
tegrations,  one  may  obtain 


w(v'„v,)  =  ii ir\S 


(1+/32) 


tIx) +exphs'(rS'+ 


where 

0  =  u/ut, 

r  =  032  +  T„/7'>)/O2  +  l)  . 

If  Ta  =  Tp,  then  r=  1  and  one  arrives  at  Eq.  (12)  of  the  text. 
The  rate  V(v„)  defined  by 

r  (»,)  =  /  dv',w(v,y,) 


(A13) 


may  be  calculated  as 


r(v.)  =»rlN«p^)  *(^)  +  *-,/2exp[-(^)2] 

x{i +*tni  exp(‘  aw) C0Sh{«M1+1T)'7T) t1 "  *(rV)H)- 


(A  14) 


Equations  (A4),  (A8),  and  (A13)  have  been  derived  previously  by  Kol’chenko.15  As  noted  in  the  text,"  the 
use  of  one-dimensional  kernels  in  the  theory  of  saturation  spectroscopy  is  not  strictly  valid  when  the  col¬ 
lision  rates  are  speed  dependent. 
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Abstract.  The  related  problems  of  optical  and  radiative  collisions  are  examined  theoretic¬ 
ally.  The  actual  R  "  potentials  found  in  nature  are  simulated  by  powers  of  the  hyperbc  lie 
secant,  which  enables  one  to  obtain  closed-form  solutions  for  the  transition  probabilities  in 
the  weak-field  regime. 


Recently  much  attention  has  been  given  to  the  related  problems  of  'optical'  and 
‘radiative’  collisions  (Cahuzac  and  Toschek  1978,  Brechignac  et  al  1979,  Falcone  et  at 
1976a,  b,  Gallagher  and  Holstein  1977,  Geltman  1976,  Gudzenko  and  Yakovlenko 
1972,  Harris  and  Lidow  1974,  1975,  Harris  and  White  1977,  Knight  1977,  Lisitsa  and 
Yakovlenko  1974,  Payne  etal  1977,  Payne  and  Nayfeh  1976,  Robinson  1979,  Yehand 
Berman  1979).  In  the  optical  case,  foreign-gas  collisions  enhance  the  probability  of 
photoabsorption  by  an  atom  interacting  with  a  radiation  field  detuned  from  resonance 
by  more  than  the  Doppler  width.  (For  strong  fields,  the  detuning  is  presumed  to  be  in 
excess  of  the  power-broadened  homogeneous  width.)  Thus,  without  the  collision,  the 
transition  probability  is  negligible. 

A  radiative  collision  is  one  in  which  excitation  is  transferred  between  two  unlike 
atomic  species  due  to  the  simultaneous  effect  of  the  collision  between  the  atoms  and 
their  interaction  with  the  radiation  field.  The  photon  is  nearly  resonant  with  the 
difference  in  excitation  energy  between  the  two  atoms.  Since  the  transition  involves  a 
change  in  state  of  both  of  the  atoms,  it  is  rigorously  forbidden  without  the  collision. 

In  this  paper,  we  present  solutions  for  a  model  version  of  these  problems  in  the 
weak-field  limit.  The  models  replace  the  true  potentials  that  characterise  the  dynamics 
with  powers  of  the  hyperbolic  secant.  These  retain  the  essential  physics  but  enable  one 
to  obtain  closed-form  expressions  for  transition  probabilities. 

The  theoretical  treatments  are  similar  for  the  two  problems.  The  relative  nuclear 
motion  is  taken  to  be  a  classical  straight-line  path,  so  that  the  atom-atom  interaction 
generates  a  time-dependent  potential  for  the  electrons,  whose  motion  is  then  described 
via  the  Schrodinger  equation.  Making  the  dipole  approximation  for  the  electron-field 
interaction,  the  electronic  Hamiltonian  for  either  problem  is 

H  =  H.  +•  V, .  +  eE .  I  rA  +  r„>  cos  Ilf  ( 1 ) 

where  H,  is  the  separated  atom  Hamiltonian,  V,  the  atom-atom  interaction,  E  the 
amplitude  of  the  electric  field  >we  assume  linearly  polarised  light),  and  rB  the  sum  of 
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the  coordinates  of  the  electrons  in  each  atom  with  respect  to  its  respective  nucleus,  and 
fl  the  frequency  of  the  field. 

For  optical  collisions,  if  one  makes  the  further  simplification  that  the  effect  of  Vc 
may  be  adequately  represented  by  its  asymptotic  van  der  Waals’  R~6  energy,  and  that 
only  two  levels,  the  initial  and  final  states  of  active  atom  A,  designated  |1)  and  |2),  need 
be  included  in  the  expansion  for  the  wavefunction,  the  Schrodinger  equation  becomes  a 
pair  of  coupled  equations  for  a  two-level  system.  Making  the  rotating-wave  approxi¬ 
mation,  the  effective  two-level  Hamiltonian  is,  in  the  ‘dressed  atom’  representation 
(Yeh  and  Berman  1979) 

H=i  t/K/|+(JrC(l//?6)[!l)<2lexp(ii'r)+|2><l|exp(-ii'r)]  (2) 

where  Cfl,  is  the  van  der  Waals'  constant  of  |/>,  Cb  -  C6X  -  C62,  v  the  Rabi  frequency,  x 
the  field  strength  in  frequency  units,  and  A  the  detuning  from  exact  resonance. 

One  may  approximately  reduce  the  radiative  collision  problem  to  a  two-level  system 
as  well.  Here  states  |l)  and  |2)  are  composites — in  state  |l)  atom  A  is  excited  to  A*  and  B 
in  ground  state  B0,  while  in  |2),  A  is  in  ground  state  A0  and  B  excited  to  B**.  The 
transition  proceeds  via  virtual  intermediate  states  of  the  composite  system.  If  one  sums 
over  these  and  assumes  that  the  relevant  frequency  range  is  sufficiently  small  to  treat  the 
summations  as  essentially  frequency  independent,  we  obtain,  after  angle  averaging,  the 
effective  two-level  Hamiltonian 

H=  i  (^  +  Q,£:)  |/)(/|  +  p[ll>(2jexp(iAr)  +  |2)(l|exp(-iA/)]  (3) 

where  we  have  again  represented  the  atom-atom  interaction  by  its  leading  term  at  large 
separations.  Here  Cbj,  Oj  are  the  van  der  Waals  and  ac  Stark  coefficients  for  state  |/>,  K 
is  the  indicated  intermediate-state  factor,  and  A  the  detuning.  The  time-dependent 
Schrodinger  equation  for  state  amplitudes  a i  and  a2  become,  in  an  interaction 


representation,  for  optical  collisions 

iai  =  ^  jexp  J^i^C*  J  dr'  R  _V)  +  w)  j ]a2 

(4a) 

id2  =  ^|exp  [-‘(Cfi  |  dr'  /?'*(/')  +  ^jja, 

(46) 

where  A  =  (x/p)  C«  and  C;  =  (A/2^)  C6. 

The  corresponding  equations  for  the  radiative  collision  problem  are 

<di  =  a2^f  jexpJ^Ccj  dr'  R“V)  +  Agr)jJ  (5a) 

«tf2  =  ni  ^pr{exp [_i(c<)  }  dr'R  V)  +  A,r)j}  (5 b) 

where  A„  is  a  ‘generalised’  central  detuning,  defined  to  incorporate  the  ac  Stark  effect, 
i.e..  A,  =  A -O2)  E 2.  These  equations  are  to  be  solved  subject  to  the  initial 
conditions  ot  =  1,  a 2  =  0  for  t  -» -00.  In  the  weak-field  limit,  ax  =  1  for  all  r,  and  the 
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transition  amplitude,  a2(+ °o),  becomes 

<j2(oo)  = -LfJ  R”3m(r)  exp  £-i^A  J  R  v  jdf'  +  sf^Jdf  (6) 

where  m  =  1,  A  =  C6,  s  =  A,  F  =  K  in  the  radiative  problem,  and  m  =  2,  A  =  C'6,  s  =  i>, 
F  =  A,  in  optical  collisions.  (In  this  low-power  limit,  the  ac  Stark  effect  is  naturally 
neglected.) 

Thus,  for  weak  fields,  the  problem  reduces  to  the  evaluation  of  the  integral  in 
equation  (6).  For  the  actual  R  "  potentials  found  in  nature,  exact  analytic  expressions 
for  this  integral  are  not  known,  although  various  approximations  have  been  tried  which 
do  yield  closed  forms  for  radiative  collisions.  Geltman  (1976)  and  Knight  (1977)  use  a 
method  that  is  equivalent  to  neglecting  the  level-shifting  term  in  the  exponential  of 
equation  (6),  and  obtain  a  result  proportional  to  the  modified  Bessel  function  K\. 
Robinson  extended  their  results  by  approximating  the  R  ~6  level-shifting  potential  by  a 
delta  function  in  time,  obtaining,  in  addition  to  a  term  that  behaves  like  the  R,  function, 
a  term  dependent  on  modified  Bessel  and  Struve  functions  F  and  L-y.  In  the  present 
work,  we  replace  the  R  ~3  and  R  6  interactions  by  model  potentials  which  closely 
resemble  their  time  dependence  but  for  which  the  integrals  may  be  exactly  evaluated  in 
terms  of  special  functions. 

We  begin  with  the  case  of  radiative  collisions.  R'3  is  replaced  by  (sech  -n-r/D/p3, 
R  *  by  (B/p1')  (sech2  r rtf  7"),  where  p  is  the  impact  parameter,  T  =  2 pi  v,  where  v  is  the 
relative  velocity. 

B  is  chosen  so  that  the  phase  induced  by  the  model  and  true  potentials  are  the  same. 
In  tables  1  and  2  we  present  values  for  the  model  and  true  coupling  and  level -shifting 
potentials  for  values  of  t  expected  to  make  the  dominant  contribution  to  the  transition 
probability,  and  note  that  the  correspondence  is  close  except  where  the  potential  drops 
to  less  than  1 0%  of  its  peak  value.  Our  choice  of  parameters  has  the  property  that  when 
0*6  0  and  A  =  0,  the  model  and  exact  problems  predict  the  same  transition  prob¬ 

abilities. 


Table  1.  A  comparison  of  the  true  and  model  coupling  potentials,  V't  =  R  3  and  VM  = 
p1  sech(Trt/7*|.  The  time  ( is  expressed  in  units  of  T  =  2p/t>.  The  potentials  are  normalised 
to  be  equal  at  t  ~  0  and  to  have  the  value  8. 


t 

Vr 

vM 

Vt/Vm 

0 

8  00 

800 

I  00 

01 

7-54 

7-62 

0-99 

0-2 

6-40 

6  64 

0-96 

0-3 

5  04 

541 

0-93 

0  4 

3-81 

4  21 

0-90 

OS 

2-83 

319 

0-89 

0-6 

210 

2-37 

0-88 

0-7 

1-57 

1  75 

0-90 

0-8 

1  19 

1  29 

0-93 

0  9 

0-92 

0-94 

0-97 

10 

0-72 

0-69 

1  03 

II 

0-57 

0-50 

1  12 

12 

0-46 

0  37 

1-23 

13 

0-37 

0-27 

1  37 
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Table  2.  A  comparison  of  rhe  true  and  model  lesel-shifting  potentials,  l',  =  R  °  and 
I'm  =  (3rr2/32p<’l  sech2[nt/T).  The  potentials  are  normalised  so  that  VT  =  64  at  t  =  0  and 
so  that  the  integrated  phase  is  the  same  for  each  The  time  t  is  expressed  in  units  of 
T=2p/v. 


/ 

VT 

I'm 

V  V  V'M 

0-0 

64-0 

59-2 

1  08 

01 

56-9 

53-7 

1-06 

0-2 

410 

40-8 

1-00 

0-3 

25-4 

27  1 

0-94 

0-4 

14  5 

16-4 

0-88 

0-5 

3-0 

9  4 

0-85 

0-6 

4-4 

5-2 

0-84 

0-7 

2-5 

2-8 

g-s7 

0-8 

1-4 

1-5 

0  92 

0-9 

0-84 

0-82 

1-02 

10 

0-51 

0-44 

116 

M 

0-32 

0-24 

1  36 

For  the  model  potentials,  equation  (6)  becomes 

Urt-)-*}  sech(^  expjij^  tanh  (y)  +  A/j  J  df 
KT 

=  — j  sech  x  exp[i(/*  tanh  a-  +(ix)}dx  (7) 

TTp  J — ao 


where  x  =  irt/T  and  p  =  \T/n.  The  author  was  unable  to  locate  this  integral  in  the 
general  tables  available  to  him,  although  once  he  had  succeeded  in  evaluating  it,  did  find 
it  in  the  more  specialised  literature  (Buchholz  1969).  There  is  some  epistomological 
value  in  presenting  the  evaluation  of  the  integral  in  equation  (6),  so  we  do  so,  rather 
than  merely  presenting  the  formula  of  Buchholz.  We  write 

£=[  sech  x  exp[i(^i  tanh  x  +  j3x)]  dx.  (8a) 


If  we  differentiate  F  with  respect  to  n,  we  have 
d  F  f* 

—  =  i  I  sech  x  tanh  x  exp[i(/z  tanh  x  +  /3x)]  dx 
da  J  ® 


and 


d  2F 


=  -  j  sech  x  tanh1  x  exp[i{/x  tanhx  +0x)]dx. 

*'--00 


(86) 


(8c) 


Performing  parts  integrations  of  equations  (86)  and  (8c),  and  rearranging  terms,  we 
obtain  the  differential  equation 

nF"  +  F'  +  (n+B)F  =  0  (9) 


where  a  prime  denotes  differentiation  with  respect  to  #x.  This  equation  is  to  be  solved 


S 'uli  ahU-  "uul i  !  'ii r  1’i’fi, a!  ami  rmtuun  c  i  ■illtsnms 
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♦ 


suh|t\t  in  i he  boundarv  condition  that  at  p  =  t) 

F  --  |  sech  i  e  ‘  dt  -  T7  sechi  rr/i  2  c 

It  equation  i9l  is  reduced  to  normal  form,  we  have,  with  d>  =  p  ‘  F 

+  l -i -/in  }<t>  =  o  iiiii 

which  has  the  same  form  as  the  radial  Schrodinger  equation  for  a  charged  particle  in  a 
Coulomb  held  of  coupling  constant  -\[i  and  angular  momentum'  /.  -  t.  The  lack  of 
symmetry  that  prevails  in  the  radiative  collision  problem  according  to  the  sign  of  the 
detuning  may  be  inferred  directly  fro  i  the  great  difference  between  the  wavefunctions 
in  the  Coulomb  problem  for  attractive  and  repulsive  potentials  If  we  consider  the 
radiative  collision  problem  where  the  final  state  has  a  van  der  Waals  potential  that  is 
more  attractive  than  that  of  the  initial  state,  negative  detuning  corresponds  to  a 
repulsive  Coulomb  potential,  and  positive  detuning  to  an  attractive  Coulomb  potential. 

With  the  given  boundary  condition,  we  thus  find  the  transition  amplitude  propor¬ 
tional  to  a  confluent  hypergeometric  function 


ia2(x) 


sech 


(yWh 


,  l,i 


TttOA 

8  p\) 


This  reduces  at  exact  reson  nee  to  the  Bessel  function  J„, 


111! 


ier  2<  oc ) 


1 1 2 1 


Equation  (12)  could  be  obtained  directly  by  noting  that  the  change  of  variable 
tanh  ,t  =  sin  y  casts  equation  (8a )  into  the  form  of  a  well  known  representation  of  the 
Bessel  function  ( Abramowitz  and  Stegun  1964). 

The  total  cross  section  may  be  calculated  by  integrating  the  transition  probability 
over  impact  parameter,  yielding 

0  =  2ni  |a;(ao)|~  p  dp.  (131 

Ju 


Off  resonance,  this  requires  numerical  integration  or  other  approximate  methods.  The 
resonant  case  may  be  evaluated  exactly,  however  (Gradshteyn  and  Rvzhik  1965).  Thus, 
for  zero  detuning,  we  have 


2 k:e2  /3t rc<,\  2,<  n?ircl) 

U  2’  Vt-K/5 1  16  /  (Tit))’ 


(14) 


For  small  impact  parameters,  gt  becomes  large,  and  one  may  use  the  asymptotic 
form  of  the  confluent  hypergeometric  function.  We  find  that  the  transition  probability 
goes  to  zero  as  p-*0,  oscillating  with  increasing  rapidity  as  p  diminishes.  These 
oscillations  are  a  well  k.iown  characteristic  of  this  problem  (Harris  and  White  1977). 
However,  our  observation  that  the  envelope  of  the  transition  probability  vanishes 
linearlv  near  the  origin  is  in  disagreement  with  the  extrapolated  curve  of  Harris  and 
White.  Those  authors  present  a  curve  whose  envelope  approaches  a  constant  non-zero 
value  as  p  decreases.  This  is  hard  to  understand,  since  a  steepest  descent  evaluation  of 
the  integral  in  equation  ifil,  with  the  true  potentials  in  the  integrand,  yields  a  result 


t 
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qualitatively  similar  to  our  own.  (One  does  obtain  a  constant  envelope  factor  at  small 
impact  parameter  in  the  optical  collision  case.) 

The  discussion  of  the  previous  paragraph  refers  only  to  the  puzzle  of  differing 
mathematical  results,  and  should  not  be  taken  to  mean  that  we  claim  our  solution  to  be 
valid  for  small  values  of  p.  The  original  formulation  of  the  problem  in  terms  of  R 
potentials  and  straight-line  paths  is  invalid  in  this  region,  and  our  model,  which  does  not 
correct  for  these  simplifications,  cannot  be  expected  to  hold  there  either. 

That  the  formulation  is  truly  applicable  only  for  large  is  not  a  serious  defect,  since 
the  major  portion  of  the  total  cross  section  is  contributed  by  impact  parameters  where 
the  approximations  are  good.  It  may  also  be  possible,  by  modifying  the  scheme  used  for 
parametrising  the  hyperbolic  secants,  to  incorporate  some  small  separation  effects  into 
a  generalisation  of  the  model  presented  here.  We  are  examining  recent  experimental 
results  for  clues  as  to  how  this  might  be  accomplished. 

Sample  numerical  values  of  total  cross  sections  are  close  to  the  'universal'  curve  of 
Payne  el  al  (1977),  who  evaluated  equations  (6)  and  (13)  numerically,  in  terms  of 
dimensionless  variables. 

As  we  have  indicated,  an  entirely  analogous  procedure  can  be  applied  to  theoptica! 
collision  case,  with  seclT  tti/T  replacing  R  f'(t)  in  both  the  exponential  and  the 
prefactor.  For  this  problem,  we  wish  to  evaluate 

F  =  sech2  x  expfi(/u  tanh  x  +  fix ) ]  d.v.  (15) 

J  X 

A  differential  equation  in  p  is  again  obtained,  this  time 

pF"  +  2F'  +  (p  +  (3  )F  =  0  (16) 

which,  to  within  a  trivial  transformation,  is  the  same  as  the  confluent  hypergeometric 
equation.  The  relevant  solution  this  time  is 

F  -  nfi  cosech  (lrr/3)  e  iFt(l  +  |i(8,  2,  2i^t ).  117) 

In  normal  form,  this  becomes  a  Coulomb  radial  equation  for  angular  momentum  L  =  0. 
Equation  (16)  is  solved  subject  to  the  boundary  condition  at  p  =  0 

F  =  nfi  cosech  (Wfi). 

For  the  impact  limit  v  =  0  and  the  solution  once  more  reduces  to  a  Bessel  function, 
this  time  /|,2</u).  We  note  that  this  impact  limit  is  exact,  i.e.,  it  is  identical  to  the 
weak-field  impact  limit  of  the  original  R  problem.  That  the  model  gives  the  same 
result  as  the  true  potential  in  this  case  is  not  surprising,  since  the  impact  limit  assumes 
that  nothing  happens'  during  the  collision,  i.e.,  that  the  result  depends  only  upon  the 
phase  induced  by  the  collision,  not  upon  the  shape  in  time  of  the  potential  function. 
Since  the  true  and  model  potentials  induce  the  same  phase  by  construction,  there  can  be 
no  difference  between  their  results. 

In  future  work,  we  shall  apply  the  model  developed  here  to  specific  systems  of 
experimental  interest.  We  also  note  that  this  model  may  be  solved  analytically  for  fields 
of  arbitrary  strength.  The  solutions  one  obtains  are  not  among  those  special  functions 
familiar  to  physicists.  We  shall  report  on  this  work  also  in  a  subsequent  article. 
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Abstract.  A  theory  of  resonant  multiphoton  ionisation  by  smooth  pulses  is  developed.  It  is 
shown  that  the  spectrum  of  the  effect  may  exhibit  structure  associated  with  time  domain 
correlations. 


Among  the  effects  of  non-linear  optics,  multiphoton  ionisation  and  detachment  were 
among  the  earliest  to  be  investigated  after  the  invention  of  the  laser  (Geltman  1963, 
1965,  Hall  et  al  1965,  Hall  1966,  Robinson  and  Geltman  1967,  Zemik  1964,  Zernik 
and  Klopfenstein  1965,  Bebb  1966, 1967,  Bebband  Gold  1966,  Chin  and  Isenor  1967, 
Chin  et  al  1969,  Young  el  al  1969,  Fox  et  al  1971,  Kogan  et  al  1971,  Agostini  et  a! 
1971,  Luger  and  Robinson  1970,  Luvain  and  Mainfray  1972).  These  are  bound-free 
electronic  transitions  in  atomic  systems  generated  by  the  smultaneous  absorption  of 
more  than  one  quantum.  The  calculation  of  rates  for  these  processes  typically  requires 
the  evaluation  of  summations  over  intermediate  states.  In  the  crudest  approximation, 
the  theory  assumes  that  the  radiation  field  is  monochromatic  and  is  switched  on 
adiabatically.  If  the  intensity  is  low  and  there  are  no  nearly  resonant  intermediate 
states,  the  transition  rate  is  given  by  the  lowest  order  of  time-dependent  perturbation 
theory  consistent  with  the  number  of  photons  of  energy  hr  needed  to  compensate  for 
the  binding  energy.  Much  work  has  been  done  on  this  problem,  and  it  remains  an  active 
area  of  research  (Flank  et  al  1976,  Flank  and  Rachman  1975,  Teague  et  al  1976). 

In  recent  times,  with  the  availability  of  tunable  lasers,  the  study  of  multiphoton 
ionisation  where  one  or  more  intermediate  states  are  close  to  resonance  has  come  to  the 
fore  (Beers  and  Armstrong  1975,  Geltman  1979,  Dixit  and  Lambropoulous  1979, 
Gontier  and  Trahin  1979,  Granneman  and  van  der  Wiel  1975,  Eberly  and  ONeil  1979). 
(Negative  ions  have  few,  if  any,  bound  excited  states,  so  that  these  systems  are 
excluded.)  The  simple  perturbation  theory,  acceptable  in  the  non-resonant  case, 
becomes  invalid  when  the  population  of  the  initial  level  is  depleted  and/or  its  phase  is 
significantly  affected  by  coupling  to  the  intermediate  states.  Theories  which  take  this 
into  account  have  been  developed  and  predict  interesting  effects  such  as  structure  in  the 
photoionisation  spectrum  due  to  the  ac  Stark  effect,  the  departure  of  the  transition 
probability  from  a  simple  linear  function  of  time  and  bandwidth  effects.  The  richness  of 
this  field  has  stimulated  great  activity. 
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The  purpose  of  the  present  paper  is  to  point  out  that  under  special,  but  potentially 
achievable  circumstances,  the  combined  temporal  behaviour  of  a  pulsed  laser  and  an 
atomic  system  undergoing  population  oscillations  can  conspire  to  produce  a  spectrum 
(transition  probability  versus  frequency)  in  multiple  photon  ionisation  which  has  a 
minimum  at  exact  intermediate  state  resonance  (isr),  exhibits  maxima  as  the  laser  is 
detuned  above  and  below,  and  then  falls  off  rapidly.  This  superficially  resembles  the  a c 
Stark  effect  in  experiments  where  there  are  three  resonantly  coupled  bound  levels,  but 
has  a  very  different  origin.  It  involves  the  radiation  from  only  one  pulsed  laser,  not  two. 
In  addition,  the  power  dependence  of  the  effect  differs  markedly  from  that  associated 
with  Stark  structure,  being  present  only  for  pulses  whose  areas  are  close  to  2vn,  n 
integral.  (Our  ‘pulse  area'  is  twice  the  area  used  in  the  sense  of  photon  echoes.)  In 
principle,  n  may  be  any  integer,  but  it  is  unlikely  that  the  effect  could  readily  be  seen  for 
any  value  but  n  =  1.  This  is  discussed  in  detail  below.  We  designate  this  splitting  as 
'mock  structure’  because  of  its  misleading  resemblance  to  Stark  structure. 

This  structure  occurs  because  the  probability  of  inducing  the  final  state  is  a  function 
of  the  product  of  the  pulse  envelope  and  the  intermediate  state  population.  The  latter 
oscillates  in  time,  and  if  it  should  pass  through  a  minimum  coincidentally  with  the 
maximum  in  the  envelope  function  of  the  field  strength,  the  transition  probability  will 
be  lower  than  at  neighbouring  frequencies  where  this  anticorrelation  is  absent  or  less 
pronounced. 

We  consider  an  isolated  atom  interacting  with  a  pulsed  laser,  undergoing  multiple 
photon  ionisation  from  the  ground  state  via  a  single  resonant  intermediate  state.  For 
simplicity,  effects  due  to  the  other,  non-resonant,  intermediate  states  are  ignored  in  this 
article.  The  ground  and  intermediate  states  are  strongly  coupled,  with  the  latter  also 
connected  to  the  final  states  in  the  continuum.  The  coupling  to  the  continuum  is  weak, 
and  is  treated  perturbatively,  with  the  effect  of  the  continuum  on  the  populations  and 
phases  of  the  intermediate  and  ground  states  ignored.  Final-state  amplitudes  are  to  be 
computed  via  a  quadrature  over  the  intermediate-state  amplitude. 

Let  the  pulse  coupling  the  two-level  bound  complex  have  the  form  f(t)  cos  fit,  where 
/(f)  is  a  smooth  function  of  time,  vanishing  at  /  =  ±oo.  No  assumption  about  the 
•adiabaticity’  of  ‘suddenness’  is  made.  The  time-dependent  Schrodinger  equation  for 
the  amplitudes  of  this  pair  of  states  becomes,  in  the  rotating-wave  approximation, 


id,  =  V,2(f)a2 

:  exp(iAr) 

(la) 

id2  =  VI2(f)a, 

exp(-iAf) 

(Id) 

where  A  is  the  detuning  of  the  central  frequency  of  the  pulse  from  exact  isr.  The 
amplitude  of  a  particular  continuum  state  is  given  perturbatively  by 

cu(f)  =  -if  fl2(/')V24(f')exp(-iA*f')  df'  (2a) 


so  that  the  probability  of  finding  the  system  is  state  \k)  as  f  -»  +oo  becomes 
Pk  =  \ak(t  =  +oo)j2 


V’2*(f')exp(iA*r')a?(r')dr'. 


(2b) 
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The  total  probability  of  ionisation  is  then  obtained  by  integrating  over  the  continuum 
P={  Pk  d Ek 

Jo 


V2k(t)  exp(-i/±kt)a2(t)  dt 


V2klt‘)  exp(\Cs.kt')a*  (t')dt' 


(3) 


where  we  have  incorporated  the  density  of  continuum  states  into  the  definition  of  V2k.  If 
the  overall  process  is  a  two-quantum  effect,  V2k  has  the  same  time  dependence  as  V12. 
If  states  |l)  and  |2)  differ  by  one  photon,  and  states  |2)  and  | k)  by  N  —  1  photons  (for  a 
total  absorption  of  N  photons  in  ionising  the  ground  state),  is  an  effective  operator 
whose  time  dependence  is  fN  l)(t).  Making  the  usual  mild  approximations  of  neglec¬ 
ting  the  variation  of  V2k  =  VlfN~\t)  with  final-state  energy  and  extending  the  lower 
limit  of  the  energy  integration  to  -00  (Geltman  1979),  the  integrated  transition 
probability  becomes 

P=[  dA,(VS)2f  fN  '(t)exp(-iAkt)a2(t)dt 

J  -oc  J- 00 

xf  /N-y)exp(iA*r')«?(f')df'  (4) 

J-co 

or,  since  the  detuning  integral  is  proportional  to  S(t  -  r')> 

P  =  2tt(VI)2\  f2N-2U)\a2(t)\2  dt.  (5) 

*  —00 

We  note  that  while  a2(t)  is  a  function  of  the  detuning  between  states  1 1 )  and  |2),  the 
integral  in  equation  (5)  is  independent  of  A*,  the  detuning  between  the  intermediate  and 
final  states.  The  population  |a2(f)|2  undergoes  Rabi-type  oscillations,  whose  amplitude 
in  the  strong-field  region  is  roughly  independent  of  detuning,  but  where  the  positions  of 
extrema  do  depend  on  A,  the  first  detuning.  Hence,  if  the  time  duration  of  ft2N  2) (t)  is 
short,  one  may  expect  to  see  an  oscillatory  variation  of  P  with  laser  frequency.  This  is 
most  clearly  demonstrated  in  the  limiting  case  of  large  N,  where  f2N  2  is  approximated 
by  the  delta  function  C8(t),  C  constant,  so  that 

P  =  2nC2\a2(0)\2.  (6) 


We  see  that  in  this  extreme  situation,  the  photoionisation  spectrum  is  simply  the 
population  variations  of  level  |2)  transformed  into  the  frequency  domain. 

We  now  examine  the  question  of  where  and  whether  one  may  find  a  sufficiently 
narrow  f2N  2  to  be  possibly  observable  in  actual  systems  with  realistic  pulses.  We 
require  the  coupling  between  levels  |l)  and  |2>  to  be  sufficiently  strong  to  render  the 
amplitude  of  the  population  oscillations  at  least  roughly  independent  of  detuning, 
without  causing  the  oscillation  frequency  to  be  rapid  enough  to  wash  out  the  effect.  The 
details  will,  of  course,  depend  upon  the  pulse  shape .  To  simplify  the  work,  we  resort  to  a 
model  in  which  fit)  is  a  hyperbolic  secant  in  time.  This  provides  a  smooth  envelope 
which  might  well  resemble  true  pulses.  It  also  enables  one  to  solve  the  two-level  part  of 
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the  problem  analytically  (Rosen  and  Zener  1932,  Robiscoe  1978).  Equations  (1) 
become 


id!  =  V0sech(7Tf/r)  exp(iAf)a2 
id2=  V0sech(7rt/T)  exp(-iAf)«i- 
In  terms  of  the  parameters  a,  b,  c,  Z,  given  by 

a  =  V0T/  n  b  =  -V0T/w  c=\  +  \b,T/2iT 
Z=5[tanh(jrf/T)  +  1] 


(la) 

(lb) 


with  the  initial  conditions  <a  i  =  1  and  a2  =  0  at  t  =  -oo,  equation  (5)  becomes 

P  =  4T{Vl)2  \  [4Z(l-Z)]N"2|a2(Z)|2dZ  (8) 

Jo 

with  a2  given  in  terms  of  the  variable  Z  by  (Robiscoe  1978,  Rosen  and  Zener  1932) 
V0  T 


a2  = 


rr(|l  ~c\)J 


2Fi(c-a  +  \,c-b  + 1, 2  — c,  Z) 


(9) 


where  2Fi  is  a  hypergeometric  function. 

The  appropriate  parameters  to  characterise  the  problem  in  this  regime  of  small  Vo 
are  T,  (V  and  V0T,  where  the  pulse  area  V0T  determines  whether  the  transition  from 
level  1 1 )  to  level  |2)  is  saturated,  and,  if  so,  the  number  of  oscillations  that  the  population 
of  the  intermediate  state  undergoes  for  all  times. 

To  gain  a  quantitative  understanding  of  how  the  frequency  spectrum  for  multi¬ 
photon  ionisation  varies  with  the  parameters  of  the  problem,  we  integrated  equation  (8) 
numerically,  varying  N  between  3  and  13,  and  let  V0jT  assume  values  in  the  vicinity  of 
Itrn,  with  n  =  1,2,  3.  (At  exact  resonance,  this  condition  assures  that  the  amplitude  a2 
passes  through  zero  at  t  =  0.)  We  also  explored  the  regions  where  the  pulse  area  was 
very  different  from  an  integral  multiple  of  2tt.  We  found  the  following  results.  For 
V0T  <  5,  the  spectra  peaked  at  A  =  0  and  diminished  monotonically  with  increasing 
detuning  for  all  values  of  N  in  the  range  investigated,  i.e.,  no  structure  is  predicted.  For 
V0T  =  2 it,  and  Af=s4,  no  structure  was  perceived,  but  for  N>  4,  we  found  that  the 
calculated  ionisation  probability  had  a  local  minimum  at  A  =  0,  rose  to  a  maximum  for 
small  but  finite  detuning,  and  then  decreased  monotonically  with  still  greater  detuning. 
As  (V  increased,  the  value  of  A  for  which  the  maximum  occurred  tended  to  increase 
slowly.  The  ratio,  1  +  R,  of  the  maximum  ionisation  probability  to  the  value  at  A  =  0, 
increased  more  rapidly  with  increasing  N.  The  excess  probability  R  varied  from  a  few 
per  cent  at  N  =  5  to  nearly  unity  at  N  =  13,  i.e.,  for  high-order  processes,  as  one  might 
expect,  the  effect  is  more  pronounced.  It  was  not  necessary  that  the  pulse  area  be 
exactly  2tt  to  see  the  mock  structure.  We  found  that  the  splitting  was  perceivable  in  the 
range  from  about  V0T  =  5-5  to  V0T  =  7,  peaking,  of  course,  at  2n.  For  V0T>  7,  the 
effect  washes  out.  It  reappears  in  the  limit  of  large  N  for  pulse  areas  near  4ir  (see 
below).  Table  1  shows,  for  V0T  =  2n,  the  position  of  the  maximum  and  the  ratio  1  +  R 
of  the  maximum  ionisation  probability  to  the  resonant  probability,  for  increasing  N. 
Figure  1  represents  a  photoionisation  spectrum  for  the  case  of  (V  =  13. 

For  N  =  1 3,  we  found  that  some  small  structure  (R  is  a  few  per  cent)  could  be  seen  in 
the  vicinity  of  V<>T  =  4rr.  It  appears  that  this  ‘second  harmonic’  will  be  obtainable 
experimentally  only  with  great  difficulty. 


Pulse  area  effects  in  resonant  multiphoton  ionisation 
Table  1.  Position  and  amplitude  of  mock  structure  maxima. 
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# 


N 

(4T)ra„ 

1  +R 

5 

20 

102 

6 

30 

110 

7 

3-5 

1-20 

8 

40 

1-31 

9 

40 

1  43 

10 

4-3 

1-55 

11 

4-3 

1-66 

12 

4-5 

1-79 

13 

4'5 

1-91 

N  is  the  number  of  photons  needed  to  ionise  the  ground  state.  (AT)max  is  the  position  of  the 
mock  structure  maximum  in  dimensionless  units.  T  is  the  characteristic  time  that  appears  in 
the  hyperbolic  secant  envelope  function.  1  +  R  is  the  ratio  of  transition  probability  at 
maximum  to  probability  at  exact  resonance. 


OS 
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-300  -200  -10  0  0  100  20  0 

Detuning 


Figure  1.  Mock  structure  for  a  pulse  area  of  27r  and  N  =  13.  The  ordinate  is  the  transition 
probability  for  ionisation,  in  arbitrary  units,  the  abscissa  is  the  detuning  in  units  of  T~'. 


While  our  quantitative  predictions  are  strictly  valid  only  for  the  hyperbolic  secant 
pulse,  we  believe  that  qualitatively  similar  results  should  obtain  for  general  pulse  shapes 
and  be  observable  with  mode-locked  lasers. 

The  present  treatment  assumes  that  the  coupling  between  the  intermediate  state  (is) 
and  the  continuum  is  weak,  implying  that  Nhft  is  above,  and  (N  -  l)ftn,  below  the 
threshold  for  ionisation.  Thus,  since  the  calculated  results  indicate  that  N  must  be  at 
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least  5  before  mock  structure  can  be  observed,  we  require  that  the  is  excitation  energy 
be  less  than  one  quarter  of  the  ionisation  potential  of  the  initial  state.  This  condition 
cannot  be  satisfied  for  the  ground  states  of  most  atomic  systems  if  the  bound-bound 
transition  is  constrained  to  be  allowed  by  El  selection  rules. 

Nevertheless,  it  is  possible  to  find  systems  which  are  realistic  candidates  for 
experimental  studies  of  the  theory  presented  here.  The  simplest  of  these  are  the 
metastable  ls2s  'Sc,  levels  of  the  He  isoelectronic  series.  Table  2  presents  the  ionisation 
potentials  and  2s-2p  excitation  energies  for  the  first  three  members  of  this  sequence 
(Wiese  et  al  1966).  Taking  the  photon  energy  to  be  nearly  resonant  with  the  indicated 
transition,  the  photoionisation  of  metastable  He,  Li*  and  Be2*  requires  7,  12  and  19 
quanta,  respectively.  A  will  increase  as  one  proceeds  to  more  highly  ionised  members 
of  the  group,  since,  to  lowest  order  in  the  nuclear  charge  Z,  the  ionisation  potential 
scales  as  Z2  while  the  2s-2p  separation  is  only  linear  in  Z. 


Table  2.  Ionisation  and  minimum  excitation  energies  of  the  1  s2s  ‘S0  metastable  states  of  the 
first  three  members  of  the  He  isoelectronic  series. 


System 

Ionisation  energy  (cm"'1) 

2p  excitation  energy  (cm  1 ) 

He 

32  027 

4  857 

Li* 

118718 

10  445 

Be2* 

260  068 

16  279 

Source:  Wiese  et  al  (1966). 


A  further  useful  property  of  the  He  series  is  that  accurate  ab  initio  calculations  of 
matrix  elements  are  possible.  In  addition,  the  2p  levels  are  well  separated  from  the 
L  =  1  states  of  greater  n,  with  the  matrix  elements  also  possessing  much  greater 
magnitude  than  those  that  are  neglected.  Consequently,  the  approximation  of 
considering  only  a  single  intermediate  state  should  be  an  excellent  one  for  these 
systems. 

If  one  were  to  relax  the  condition  that  only  El  -allowed  nearly  resonant  is  should  be 
considered,  one  would  be  able  to  use  ground  states  for  the  initial  levels,  since  the 
periodic  table  abounds  in  atoms  which  have  low-lying  excited  states  in  the  ground 
configuration.  The  relative  contribution  of  such  states  to  the  total  ionisation,  as 
compared  with  El -allowed  non-resonant  is,  is  of  order  (A/fAa/MaAf)2,  where  AfF,  MA 
are  the  forbidden  and  allowed  matrix  elements,  and  AF,  Aa  the  forbidden  and  allowed 
detunings.  (The  respective  contributions  of  the  forbidden  and  allowed  intermediate 
states  to  the  total  ionisation  do  not  interfere.)  Taking  published  numbers  for  Cl  as 
typical  (Wiese  et  al  1969),  the  forbidden  2P3/2-2Pi/2  transition  within  the  3ps 
configuration  dominates  strongly  over  absorption  to  3p4ns  and  3p4nd,  as  long  as  one  is 
within  ±10  cm  1  of  resonance.  Furthermore,  as  Wiese  et  al  (1969)  point  out,  the 
theoretical  value  of  the  matrix  element  for  this  transition  is  expected  to  be  accurate, 
since  its  value  is  affected  by  errors  in  the  wavefunction  to  a  much  lower  degree  than  are 
calculated  allowed  transition  probabilities. 

The  influence  of  pulse  areas  on  the  spectrum  of  multiphoton  ionisation  has 
previously  been  considered  by  Crance  and  Feneuille  (1977a,  b).  These  authors  also 
include  the  effect  of  non-resonant  (nr)  intermediate  states  via  an  effective  operator 
approach.  Interference  between  the  nr  amplitude  and  that  of  the  isr  has  the  effect  of 
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shifting  the  maximum  of  the  spectrum,  and  removing  its  symmetry  with  respect  to 
detuning.  It  should  also  distort,  but  not  eliminate,  any  mock  structure  effects  that  might 
be  present.  Crance  and  Feneuille  analysed  not  only  rectangular  pulses,  for  which  they 
solved  the  two-level  part  of  the  problem  in  closed  form,  and  where  the  doubling 
predicted  in  the  present  article  cannot  occur,  but  also  several  different  smooth  pulses 
(not  hyperbolic  secants),  for  which  they  used  numerical  methods  in  the  two-level 
portion.  Their  results  for  smoothly  varying  pulses  do  not  predict  mock  structure, 
apparently  because  the  N  values  chosen  were  below  the  required  minimum,  according 
to  the  present  calculation. 

That  the  effect  is  appreciable  only  for  pulses  whose  area  is  near  2n  suggests  that  it 
may  be  useful  in  measuring  the  integrated  intensity  of  focused  short  pulses,  provided 
the  resonant  matrix  element  is  accurately  known.  The  presence  of  this  doublet  would 
then  establish  the  product  V0T  to  within  rather  narrow  limits.  One  could  determine 
whether  the  effect  was  indeed  mock  structure  by  observing  if  the  splitting  disappeared 
with  increased  and  decreased  intensity. 

For  the  hyperbolic  secant  pulse,  one  may  also  solve  for  the  amplitude  a  i  of  the  initial 
state  (Robiscoe  1978).  In  terms  of  the  parameters  given  after  equations  (la)  and  (lb), 
this  amplitude  is  simply  the  hypergeometric  function  iFy(a,  b,c*,Z),  so  that  an  obvious 
alternative  expression  for  |rt2|2  is  1  -\2Fi(a,  b ,  c,  Z) |2.  The  advantage  of  this  form  is  that 
for  pulse  areas  that  are  integral  multiples  of  n,  the  series  for  the  function  2F,(<j,  b,c,Z) 
reduces  to  a  polynomial  in  Z,  enabling  one  to  evaluate  the  integral  appearing  in 
equation  (8)  in  closed  form.  This  procedure  would  not  have  been  especially  useful  in 
the  present  work,  since  we  explored  non-integral  as  well  as  integral  pulse  areas.  We 
mention  this  point  only  on  the  chance  that  it  may  prove  to  be  of  value  to  some  readers. 

To  summarise,  we  have  formulated  a  theory  of  resonant  multiphoton  ionisation  by 
pulses  which  predicts  a  spectrum  whose  maximum  is  split  into  a  doublet  by  purely 
temporal  factors.  It  appears  similar  to  the  ac  Stark  effect,  but  occurs  under  conditions 
where  the  latter  does  not  cause  structure  to  appear,  and  exhibits  a  totally  different 
intensity  dependence. 
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experimental  data  on  Na(3S  , 3P , - ‘•D ,/,)  perturbed  by  He 
Is  shown  in  Fig.  1.  the  effects  of  collisions  for  this  large 
detuning  case  U-  -4.0  ku,  k  7k  -  1  .0375.  c  --I)  are  clearly 
seen  (the  second  narrow  resonance  centered  at  t'  ■  5.77ku  arises 
from  ground  state  hyperflne  structure). 
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methods  is  that  two-photon  processes  do  not  occur  in  the  time- 

resolved  experiment  since  the  fields  are  applied  at  different  interesting  possibility  for  future  collisions!  investigations. 
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A  ndiativety  assisted  inelastic  collision  (RAIC)  is  one  in  which  two  atoms  collide  in  the  presence  of  a  radiation 
field  to  produce  a  reaction  of  the  form  A*  +  B  -f  BO  —A  +B*.  In  this  paper,  a  general  theory  of  RAIC  is 
developed  with  special  attention  given  to  the  final-state  coherences  produced  ty  RAIC.  These  final-state  coherences 
CM  be  monitored  by  standard  experimental  techniques  (polarization  of  fluorescence,  quantum  beats),  enabling  one 
to  use  such  studies  to  gain  information  on  the  interatomic  potentials  that  are  relevant  to  the  RAIC  under 
consideration. 


PACS  numbers:  32.90.  +  a.  34.90.  +  q,  34.30.  -  s.  32.70. 

I,  INTRODUCTION  '  J 

r 

'There  has  been  considerable  recent  interest  in 
reactions  of  the  form 

At+A'..  +  xn-A,+Ai.  (1) 

in  which  two  atoms  (A  and  A')  undergo  a  collision  i 
while  simultaneously  absorbing  a  photon  of  energy 
Kfl  from  an  external  radiation  field  to  take  the  ! 

atoms  from  some  initial  state  At  At.  to  a  final  state 

In  many  cases,  the  direct  transition  At  l 

+Aj«  —  A/ArA'f.  is  energetically  forbidden;  consc-  j 
quently,  the  transition  can  take  place  only  in  the 
presence  of  the  radiation  field,  with  the  photon 
providing  the  energy  mismatch  ( Ef  +  Er)  -  ( B , 

+  Such  processes  have  been  referred  to  as 

radiative  collisions2  (RC),  laser- induced  colli- 
sional  energy  transfer*  (LICET),  or  radiatively 
assisted  inelastic  collisions4  (RAIC)  and  have  been 
the  subject  of  a  large  number  of  theoretical5  and  a  j 
lesser  number  of  experimental*’5  investigations. 

By  studying  the  RAIC  cross  section  as  a  function  I 
of  frequency  Q,  one  can  gain  important  informa-  j 
tion  about  the  initial-  and  final- state  AA'  inter-  ! 
atomic  potentials. 

Typically,  the'RAIC  cross  section  can  be  mea¬ 
sured  by  monitoring  the  fluorescence  from  one  of 
the  final  states  (AJ-,  tor  example)  since  the  total 
RAIC  cross  section  can  be  simply  related  to  the 
total  fluorescence  rate.  It  is  apparent,  however,  1 
that  additional  information  is  contained  in  the  I 
polarization  of  the  fluorescence,  i.e.,  in  the  co-  j 
hcrcnce  properties  of  the  final  slates.  It  is  the 
purpose  of  this  paper  to  present  a  general  theory/ 
of  RAIC  which  allows  one  to  calculate  the  final- 
state  coherence  properties  as  well  as  the  total 
BAIC  cross  section.  Experimentally,  the  final- 
state  coherence  can  bo  probed  by  standard  methods  ! 
(absorption,  emission,  or  quantum  beats  origi-  J 
nating  from  one  of  Ihe  final  states). 

-  A  few  calculations’’ ‘  lave  already  appeared 


n 

which  include  magnetic  degeneracy  effects  in  RAIC 
and  in  the  related  problem  of  collisionally  assisted 
radiative  excitation  (CARE),  ffowever,  these  cal¬ 
culations  were  restricted  to  specific  <7  values  for 
the  various  levels  and  to  specific  forms  for  the 
Interatomic  potentials;  moreover,  only  total  cross 
'sections  were  obtained. 

A  more  global  picture  of  the  collisional  process 
is  achieved  if  levels  of  arbitrary  J  and  interatomic 
-  potentials  of  a  quite  general  nature  are  considered. 
The  calculations,  including  an  averaging  over  dif¬ 
ferent  collisions'orientations,  arc  conveniently 
carried  out  using  techniques  involving  irreducible 
tensor  operators.  The  final-state  coherence  re¬ 
sulting  from  RAIC  can  then  be  interpreted  in  terms 
of  the  symmetry  properties  of’the  interatomic  po¬ 
tential  and  the  characteristic  properties  (polariza¬ 
tion,  frequency,  intensity)  of  the  external  light 
field  participating  in  the  RAIC  reaction. 

A  general  formalism  for  RAIC  is  given  in  this 
paper.  The  physical  system  is  described  in  Sec. 

II,  the  equations  of  motion  are  given  in  Sec.  ni 
(and  derived  in  Appendix  A),  and  a  formal  solution 
is  obtained  in  Sec.  IV.  A  discussion  of  the  results 
is  given  in  See.  V.  In  Appendix  D,  I  present  a 
diagrammatic  interpretation  of  the  operators  that 
appear  in  the  equations  of  motion. 

Solutions  of  the  RAIC  equations  in  the  limit 
whore  the  external  field  is  weak  and  the  collision- 
induced  level  shifts  of  the  atomic  energy  levels 
can  be  neglected  will  be  presented  in  a  following 
paper.  In  future  work,  solutions  of  the  RAIC  equa¬ 
tions  will  be  sought  that  are  valid  for  arbitrary 
field  strengths  and  include  level-shifting  effects. 

II.  PHYSICAL  SYSTEM 

The  physical  system  consists  of  a  low  density 
(•-several  hundred  Tori)  atomic  vapor  containing 
two  types  of  atoms,  A  and  A',  to  which  a  light 
pulse  is  applied.  The  atomic  energy  levels  for 
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atoms  A  and  A'  arc  shown  in  Fig.  1.  Levels  of 
atom  arc  designated  by  unprinted  variables  and 
those  of  atom  A'  by  primed  ones.  It  is  assumed 
that  the  levels  of  each  atom  can  be  separated  into 
subgroups  of  levels  (see  Fig.  1),  with  the  energy 
separation  between  sublevels  in  a  given  group 
having  some  upper  bound  tiu)e  (to  be  established 
below).  Specifically,  the  sublevels  within  a  group 
are  generally  different  fine  structure,  hyperfine 
structure,  or  Zeeman  sublevels  of  a  given  elec¬ 
tronic  state.  The  atoms  arc  prepared  in  a  linear 
superposition  of  states  |ii'),  where  i  and  i'  repre¬ 
sent  any  of  the  sublevels  in  the  i  and  groups,  re¬ 
spectively. 

The  light  pulse  is  taken  to  be  of  the  form 

E(R,f)  =  |[S(F1Oc-'°‘  +  S(R,f)V0'],  (2) 

where  the  envelope  function  |<5(R,  /)  |  is  charactcr- 
•*'*i5ti«v>-by  a  duration  T  and  a  maximum  amplitude 
Kl  (Fig.  2).  It  is  assumed  that  the  pulse  envelope 
varies  very  slowly  in  an  optical  period  (QT»1) 
and  that  the  frequency  f2  is  very  far  detuned Jfrom 
any  transition  frequency  in  atom  A  or  in  atom  A'. 
On  the  other  hand,  the  field  is  assumed  to  be  in 
near  resonance  with  the  transition  in  the  composite 
AA'  system  from  some  initial  state  |ii')  to  a  final 
state  | ff).  In  other  words 

K  +  £,.-(£,+£,.),  .  (3) 

where  Ea  is  the  energy  of  a  given  level  a. 

Thus,  the  field  can  induce  transitions  only  in 
the  composite  system  AA' ,  implying  that  excita¬ 
tion  can  occur  only  if  there  is  an  A  -  A’  collision 
during  the  on-time  of  the  light  pulse.  Let  us  sup¬ 
pose  that  such  a  collision  occurs,  centered  at  time 
f=fc,  position  R=  Rc,  and  is  characterized  by  a 
collision  duration  r{  =  6/y,  where  b  is  the  impact 

l 

TIC.  1 .  Fucrgy  W/iij  fnr  the  atonic  A  and  A'  under 
consideration.  The  group:;  of  levels  represented  by  a 
•Ingle  letter  arc  degenerate  or  near  degenerate,  with  a 
maximum  frequency  .•■•■p  iruUon  ~!t  sueh  that  u)Ere  «  1 
duration  of  a  collision).  The  field  frequency  II  Is 
such  that  Alt  ~  Kf  +  I  f  •  —  </•;,  +  /•',<). 


FIG.  2.  Field-pulse  envelope  as  a  function  of  time.  A 
collision  occurs,  centered  in  time  at  t  =  tc,  with  a  dura¬ 
tion  Te  «  r. 

parameter  and  vr  the  relative  atomic  speed  as¬ 
sociated  with  the  collision.  Collision  durations 
are  on  the  order  of  10'ls  sec  so  that  is  is  rea¬ 
sonable  to  assume  that 

t.«t,  (4) 

••  since  pulse  durations  Tsl.O  nsec  are  typical. 
Thus,  excitation  occurs  on  the  time  scale  rc;  on 
this  time  scale,  the  field  amplitude  S(K,t)  is  es¬ 
sentially  constant  and  may  be  evaluated  as  u(He,  tc) 
(Fig.  2).  In  calculating  excitation  probabilities, 
it  is  generally  necessary  to  average  over  all  pos¬ 
sible  tc  and  Rc  during  the  light  pulse  and  to  aver¬ 
age  over  all  collision  impact  parameters,  orienta¬ 
tions,  and  relative  speeds.  The  average  over  Rc 
is  equivalent  to  an  average  over  the  spatial  pro¬ 
file  of  the  light  pulse. 

The  following  assumptions  are  adopted:  (1) 

|  Collisionnl  excitation  exchange  between  atoms  A 
•  and  A'  docs  not  occur  in  the  absence  of  the  light 
field  (i.e.,  all  such  exchange  processes  are  as¬ 
sumed  to  be  nonresonant).  (2)  The  frequency  cuE 
is  chosen  such  that 

W,Te«l,  (5) 

ensuring  that  all  sublevels  in  a  given  group  are, 
in  effect,  degenerate  during  a  collision.  (3)  There 
is  no  population  decay  or  buildup  of  Doppler  phase 
during  a  collision;  that  is, 

YTt  «  1 1  (6) 

•  where  y  is  a  decay  rate  associated  with  the  initial 
or  final  states,  k  is  a  wave  vector  associated  with 
the  field,  and  it  is  an  atomic  speed.  (<1)  Each  atom 
undergoes,  at  most,  one  collision,  on  average, 

.  during  t'-.n  pulse  time  T,  enabling  one  to  ignore 
'  multiple-collision  effects  [valid  for  densities 
« 10u  atonis/cm5  T  (nscc)j.  (5)  The  collision 
trajectory  is  treated  classically,  which  implies 
that  the  Change  in  kinetic,  energy  resulting  from 


RAIC  is  small,  i.e.,  that 

lvfl+Uff  -  n|Ttil ,  (7) 

where 

umt=um  -«a,  <*>„  =  £«/>!.  (7a) 

If  condition  (7)  were  not  satisfied,  one  could  not 
assign  a  unique  classical  trajectory  to  the  colli- 

•lon. 

To  summarize,  I  am  considering  the  radiatively 
assisted  collisional  reaction 

At+A\.  +  nCl  -A,+A'r 

from  initial  states  |*7'>  to  final  states  Iff),  in 
which  the  photon  is  provided  by  an  electromag¬ 
netic  pulse.  Several  assumptions  relating  to  the 
time  scales  in  the  problem  have  been  made  which 
are  valid  for  many  systems  of  practical  interest. 

‘  All  information  on  final-state  coherence  is  con¬ 
tained  in  the  density  matrix  following  the  RAIC. 

The  final-state  density  matrix  for  one  of  the  atoms 
can  be  obtained  by  taking  the  trace  of  the  final-state 
density  matrix  for  the  composite  system  over  the 
final-state  variables  of  the  other  atom.  Experi¬ 
mentally,  it  is  generally  such  a  single-particle 
density  matrix  that  is  monitored  (o.g.,  by  fluo¬ 
rescence  from  the  final  state  of  one  of  the  atoms). 

III.  EQUATIONS  OF  MOTION  j 

By  assumption,  the  collision  trajectory  is  treated 
classically.  That  is,  relative  to  a  fixed  laboratory 


frame,  a  collision  is  characterized  by  an  jmpact 
parameter  b,  relative  speed  er=  |v  -  v'  |  (v  and  v' 
being,  respectively,  the  velocities  of  atoms  .-t  and 
*),  and  orientation  O  relative  to  the  fixed  frame. 
The  Hamiltonian  for  the  RAIC  can  be  written 

v„  O,  Re,  te)  =  H,(7)  +  It’, (7') 

-  i(ir+^')-[£(Rc,gc-<n‘+c.e.] 

+*U(?,?,R(/)),  .  (8) 

where  II,  and  II',  are  the  free-atom  Hamiltonians 
for  atoms  A  and  A',  respectively,  p  and  p'  are 
the  dipole- moment  operators  for  atoms  A  and  A', 
respectively  (the  atom- field  interaction  is  treated 
in  the  dipole  approximation),  audit  is  the  A- A’ 
interaction  Hamiltonian.  The  collision  is  centered 
in  time  at  t  —  tc  and  Rc  is  the  position  of  the  center 
of  mass  of  the  atoms  when  t—tc.  All  effects  of 
atomic  motion  are  contained  implicitly  in  the  inter¬ 
atomic  separation  R(f),  calculated  for  a  classical 
trajectory.  In  writing  the  approximate  Hamiltonian 
(8),  conditions  (4),  (6),  and  (7)  were  used. 

According  to  the  assumptions  of  See.  II,  states 
■  In')  can  be  coupled  only  to  states  |f,f()  (i,  is 
another  state  in  the  i  group)  or  to  states  | //').  The 
corresponding  equations  of  motion  for  the  probabil¬ 
ity  amplitudes  «i;.  (t),  aff.  (t)  (in  the  interaction 
'  representation),  as  derived  in  Appendix  A  starting 
from  the  Scluodingcr  equation  with  the  Hamiltonian 
(8),  are  given  by 


iHat |.  =  Z  («:'  1 5(11';  t,b,  vr,  G,  Re,  tc)\ixi[)at  .. 

Ml 

+  Z <»'  |T(//',  t,b,  vrlO,nc,  te) I , 

tr 

inn,,.  =Z  Of  I  S(//';t,  b,  v„  O,  Re,  tc)  \fJOa,x,\ 

/|/| 

+  XJ  <.ff,\T(u',//,;t,b,vr,0,nc,tc)\ii')e-t&latr,  (9t 

where  the  detuning  a  is  defined  by 

A  =  H-  (gj/(  +W,-,-),  UC 

# 

and  the  operators  $  and  t  are  defined  below. 

The  operator  5(oo'; /,  b,  i'r,0,  Re,  te)  is  an  operator  (lint  acts  only  in  the  aa’  subspacc  (aa'ssii’  or  ff')\ 
it  shifts  and  couples  levels  within  that  subspace.  Explicitly  (see  Appendix  A), 

Jiao';  t,  b,  v„0,  Rc,  te)  =--  St  +  ,  (11 

$  ..zl  T  (  g x: wlmw £ r-  6WC, ij  JiT ■  vlKn<M'U~r:  >X\  .... 

t~Ah  \  +  +  n  )’  u  ‘ 

s  m  _  y  n(H(/))  I  /:i<*)(  W  |*u(H(/)) 

*  *  V  w#.  "* w*'.' 
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where 


jir=»»  +  p'.  (12) 

The  operator  S  may  appear  to  be  complicated,  but  it  has  a  well-known  physical  interpretation.  The  term 
§t  involves  only  field  variables  and  gives  rise  to  the  shifting  (light  shifts)  and  coupling  of  'oa'  levels  pro¬ 
duced  by  an  off-resonmit  external  electromagnetic  field.  The  summation  over  intermediate  states 
represents  the  virtual  excitation  of  these  levels  by  the  field.  The  term  Sc  [Eq.  (llb)j  involves  only  colli¬ 
sion  variables  and  gives  rise  to  jcollisionally  induced  shifting  and  coupling  of  levels  in  the  aa'  group.  The 
Shift  of  the  levels  is  the  origin  of  the  pressure  broadening  and  shifting  of  spectral  lines,  while  the  coupling 
within  the  aa'  group  leads  to  collisionally  induced  relaxation  of  any  alignment,  orientation,  etc.,  that  may 
be  present  in  that  group  of  levels.  Again  one  finds  a  summation  over  an  infinite  number  of  virtual  excita¬ 
tions 

The  transition  operator  T  that  couples  groups  of  states  J £i*>  to  \ff)  is  given  by  (see  Appendix  A) 

and  represents  the  combined  effect  of  the  (field  +  collision)  in  producing  the  transition  from  initial  to  final 
.  -states.  The  corresponding  transition  operator  which  couples  states  \ff)  to' In')  is  given  by3 


n//;. u'-.t, b,v„ g, rc, g E(- 


Mr  ')(/3/3'hi<n«)t 


Note  that  the  matrix  elements  of  T  appearing  in 
Eq.  (9)  are  related  by 

<i«'  |  ?(//',  I//1)  =  <//<  |  Ttfi’Jf ■  t)\ii ')*  •  I 

(15) 

A  diagrammatic  interpretation  of  S  and  T  is  given 
in  Appendix  15. 

To  obtaimthe  RAIC  excilation  probability,  one 
must  solve  Fqs.  (9)  for  subject  to  the  ini¬ 

tial  conditions 

«//•(/;>=<>,  (16) 

where  (/’)  are  times  before  (after)  the  collision. 
Since  rc<«. T  (  Eq.  (4)  or  Fig.  2],  the  times  fe*  can 
be  set  equal  to  ±<«  when  integrating  Eqs.  (9)  with¬ 
out  introducing  significant  error. 

The  validity  conditions  for  Eqs.  (9)  are  discussed 
in  detail  in  Appendix  A.  If 

wrc»l,  (17) 

where  a>  is  any  of  the  frequency  denominators  ap¬ 
pearing  in  ttic  operators  t  and  S,  and  if  Eqs.  (3)- 
(7)  arc  satisfied,  then  Eqs.  (9)  are  valid  over  a 
Wide  range  of  field  strengths.1'1  Condition  (17) 
ensures  that  the  intermediate  states  act  only  as 
virtual  levels  in  the  RAIC  problem.  The  virtual 
excitalions  are  represented  by  tire  summations 
Over  /land  /('  in  the  S  and  T  operators,  and  the 
problem  is  reduced  to  an  effective  two  groups  of 
levels  problem  for  the  slates  |/i')  and  | //').  It 
should  be  noted  that  Eqs.  (9)  reduce  to  the  corre¬ 
sponding  equations  derived  by  other  authors  in 
various  limiting  cases.4 


IV.  FORMAL  SOLUTION 

It  is  useful  to  make  use  of  Eq.  (15)  and  to  re¬ 
write  Eqs.  (9)  in  matrix  form  as 

itik(  =  S(1, 1)1,  +  [  T{IF,  f)]*  c'4'a„,  (18a) 

iti a,  =  S(F,  t) ar  +  T(IF,  t)e~*%  ,  (18b) 

a7{/;)#0,  af(fe')  =  0,  (18c) 

where  a,  (af)  is  a  vector  containing  all  possible 
states  |ii')  (| //'))  in  the  initial  (final)  group  of 
levels  and  S(I,  /),  S(F,  t),  and  T(IF,l)  are  matrix 
representations  of  the  corresponding  operators  ap¬ 
pearing  in  Eqs.  (9).  A  solution  of  the  form 

ZK(t)  =  CK(t,t;)AK(l),  K  =  l,F  (19) 

is  sought,  where  the  matrix  G *•(/,/')  is  chosen  to 
satisfy  the  equations 


dGj^n 

3 1 


:S(l<,l)CK(l,n, 


GK(t,t)  =  1,  K~/,F  (20b) 

and  the  symbols  I  and  F  represent  the  entire  ii' 
and  //'  subspaces,  respectively.  Substituting  Eqs. 
(19)  and  (20)  into  Eqs.  (18)  and  making  use  of  the 
relations 

<C,(f,  /'))-• -C, (/',/), 

f()f»A-(/|,  fj) -CjfO ,  f2) , 

which  follow  directly  from  Eqs.  (19)  and  (20),  one 
obtains 

Hi  a,  -  (;,(/;,  0(7  (/E,  /»’<;,(/,  f  ;k'4,a,  ,  (22.-0 


m  A, =c,(/;,/)T(/f,  /)<;,(/, (22b) 

Af(/;)  =  a,(/;).  A,(/;)  =  0.  (22c) 

In  this  form,  all  effects  of  shifting  and  coupling 
within  the  it'  and //'  subspaces  arc  contained  in 
the  matrices  G,(t,t')  and  CF (/,/'),  respectively. 

Once  a  solution  to  Eqs.  (22)  is  found,  final-state 
density  matrix  elements  of  the  fbrm 

l6.  *Vf  O,  Re>  fe) 

=«/r(VK  «/,/•,«;)]*  1 

t;)AF(t;n„  •(  c,  </;,  /;  )Af  (i;)];^ . 

(23) 


may  be  constructed  (the  tilde  is  a  reminder  that 
results  arc  expressed  in  the  interaction  representa¬ 
tion).  The  (complex)  rate  at  which  RAIC  create 
density  matrix  elements  {l‘c  lc)  at  time 

/e  during  the  light  pulse  for  atoms  A  and  A '  having 
relative  speed  vr  starting  from  an  initial  density 
matrix  element  pti- . g j4.  (/ ~)  is  given  by 


I 

I  . 


r/;,(ttr,  te)  =31a3Ix.  vt  f  2nb  db  f  (8#V  *</o/ (lRe 


where  3ta  is  the  o-atom  density  (assumed  to  be 
Independent  of  position)  and  the  shorthand  notation 


yd[pFFt(t;-,b,vr,e,iir,  y] 


/=«»',  /■=//',  /,=*,*{.  Fx=fj{, 


(25) 


etc.,  has  been  adopted.  The  integral  over  II e  in 
Eq.  (24)  is  limited  to  the  interaction  region  of  the 
atoms  and  light  field;  it  is  essentially  an  integra¬ 
tion  over  the  spatial  profile  of  the  light  beam. 

Thus,  during  the  light  pulse,  the  density  matrix 
evolves  as 


r»,o„ 


+  (*(/c)R(v.vVj  1 


(20) 


where  vr  =  v-  v'.  The  assumption  that  an  atom 
undergoes  at  most  one  collision  during  the  light 
pulse  is  contained  implicitly  in  Eq.  (26),  other¬ 
wise,  terms  such  as 


rr?'3o 

1  Ff ,  p 


FjFj 


.  T  -  >  '-  ’ 

would  be  present;  the  term  in  brackets  represents 

changes  produced  by  processes  other  than  RAIC 
(i.e.,  level  decay,  other  external  fields,  etc.).11 
It  is  an  equation  of  the  form  (26)  plus  a  corre¬ 
sponding  equation  for  times  when  the  light  pulse  is 
off  which  must  be  solved  in  order  to  make  connec¬ 
tion  with  a  given  experimental  situation  (of  course, 
there  are  no  RAIC  terms  in  llie  equations  with  the 
field  olf).  For  example,  if  the  pulse  time  T  is 
short  enough  so  that  the  bracketed  term  in  J\q. 

(2G)  may  be  neglected,  then  the  final-state  density 
matrix  following  the  light  pulse  is  simply 

Pw,(^,n=-Jj  (fT[ 


T-), 


(27) 


(24) 


i - : - : - - - 

‘where  T~(T*)  indicates  a  time  just  before  (after) 
the  pulse.  One  can  then  monitor  the  final-state 
density  matrix  via  absorption  or  emission  experi- 
-  ments  to  obtain  values  for  the  various  rates  r/^. 
For  longer  pulse  times  T,  it  may  be  necessary  to 
integrate  Eq.  (26)  to  obtain  the  net  effect  of  the 
light  pulse. 

To  be  consistent  with  other  authors,  I  define  a 
RAIC  transfer  rale  per  pulse  from  sonic  initial 
State  described  by  ptI  to  a  fiUal  state  describc-d 
by  pFrj  as  1 


FFf\  (^r)  —  1  '  _  T  ~  jj.-  ^FF\ 
and  a  RAIC  transfer  cross  section  per  pulse  by 


(28) 


(vT)  —  G FFi(u,)//r^JA/3lA‘Vr  J 


dn) , 


(29) 


where  the  Rc  integration  is  over  the  interaction 
volume.13  The  rate  and  cross  section  for  transfer 
of  population  from  some  initial  state  j/}  to  a  final 
state  j  /•)  is  obtained  by  setting  /j  •—  /,  F,  —  /•'  in 
Eqs.  (28)  and  (29).  Finally,  one  can  define  an 
average  RAIC  rale  and  cross  section  by 


r(»r>--=~-  £  r'V(or), 


o(vr)----Tr 


I  IF 


(30a) 


(30b) 


where  N,  is  the  number  of  initial  stales.  Equation 
(30b)  defines  a  quantity  that  has  been  typically 
referred  to  as  the  RAIC  cross  section.5 


V.  DISCUSSION 

In  general,  it  is  difficult  to  obtain  solutions  ti> 
Eqs,  (22)  and  perform  the  necessary  averaging 


over  collision  orientations.  However,  certain  gen¬ 
eral  features  o(  the  solutions  may  be  understood  by 
examining  some  of  the  limiting  forms  of  these 
equations. 

A.  Nondcgencrate  levels  ! 

In  this  limit,  the  matrices  S  and  T  in  Eqs.  (18) 
become  scalars.-  Equation  (20)  is  easily  integrated 
and  one  finds  that  Eqs.  (22)  take  the  form 

iKA,=  T(!F,  /)’  cxp(i[  A/  -  ?.(0]}A, ,  (31a) 

itlA,  =  T(1F,  t )  exp {-  «[  A/  -  *,(/)]  }At ,  (31b) 

where 

9,(1)  =  f*  l  S(F,  t')  -  S(I,  /')]  dr  .  (32) 

*« 

mna'i  and  fare  nondegenoratc  states.  The  phase 
9t(t)  contains  the  effects  of  the  level  shifts  pro¬ 
duced  by  the  off-resonant  light  field  and  the  colli-  - 
sional  interaction.  Equations  (31)  have  been 
studied  by  many  authors  using  a  variety  of  ana¬ 
lytical  and  numerical  techniques. Sl  13  The  resulting 
RAIC  profile  exhibits  a  marked  asymmetry  for 
large  |a|,  resulting  from  the  action  of  the  level- 
shifting  term.  For  one  sign  of  A,  the  1-F  transi¬ 
tion  can  be  brought  into  instantaneous  resonance 
with  the-field  during  a  collision,  leading  to  en¬ 
hanced  excitation;  for  the  other  sign  of  A,  no  such 
instantaneous  resonance  is  possible.  Equations 
(31)  also  contains  saturation  effects  which  can  ap-  i 
pear  for  lahge  field  strengths  or  small  impact  pa-  J 
rameters.  I 

D.  Perturbation  theory  limit 

By  neglecting  the  level-shifting  terms  in  Eqs. 

(22)  and  taking  A^O,  one  can  estimate  that  a 
perturbation  solution  is  valid  provided 


where  "U(f  =  te)  is  the  interatomic  potential  at  the  . 
time  of  closest  approach,  re  =  b/vr  is  the  collision  ! 
time,  x  >s  a  Habi  frequency  (e.g.,  %-(&'  ll1'  l/')l‘S|/ 
2h),  and  w  is  some  characteristic  frequency  dc-  | 
nominator  appearing  in  (he  transition  operator  T  i 
[Eq.  (13)].  For  nonzero  A,  Eq.  (33)  is  replaced 
by  a  less  severe  condition.  Since  |*U(/s=  fc)|  Te/h  j 
«1  in  the  range  of  impact  parameters  that  con-  ; 
tributes  to  excitation,"  the  perturbation  theory  j 

fails  for  field  strengths  Regardless  of  field 

Strength.,  inequality  (33)  always  fails  to  hold  for  1 
sufficiently  small  impact  parameters  [ 01  (/  --  /e) 
varies  typically  as  b~n  | ;  lliis  domain  can  bo 
treated  by  using  a  cutoff  procedure.5  i 

In  the  perturbation- theory  limit,  Eq.  (22l>)  can 


bo  integrated  directly  after  setting  A,(/)  =  »,(/*). 
Using  Eqs.  (22),  (19),  and  (21),  one  may  obtain 

z,(t; ) = ('«)-*  f*  ov(/;,  t’)T(iF,  n 

(34) 

I 

To  be  consistent  with  the  perturbation-theory 
limit,  the  contributions  to  Or  and  C,  arising  from 
the  light-shift  operator  should  be  neglected.  Equa¬ 
tion  (34)  may  be  given  a  simple  interpretation. 
Starting  in  the  state  represented  by.  a,(/J),  one  has 
a  mixing  and  shifting  of  the  initial  levels  from  time 
t  =  t~  to  time  /  =  t’  [  represented  by  G,(t',  t  “)] ,  a 
transition  from  initial  to  final  state  at  time  /  =  /' 
(represented  by  T(IF,  /')]  and  a  mixing  and  shifting 
of  final-state  levels  from  time  t=t'  to  time  /  =  /' 
[represented  by  CF(l  ’,/')] ;  an  integration  over  all 
possible  /'  is  included.  Thus,  it  appears  that  rc- 
'Oricntation  effects  in  the  initial  and  final  states 
are  correlated  with  both  the  shifting  of  these 
levels  and  the  changes  that  occur  in  the  I—  F  tran- 
.  sition.  In  particular,  if  there  are  times  at  which 
instantaneous  resonances  occur  for  a  given  de¬ 
tuning  |a|tc2:1(  the  T  matrix  can  be  evaluated  at 
such  times  and  the  integral  (34)  evaluated  by  a 
stationary-phase  method.  This  condition  can  help 
to  simplify  the  calculations,  although  the  average 
over  collision  orientations  can  still  pose  con¬ 
siderable  problems.  Experimentally,  one  should 
expect  to  find  a  variation-of  final-slate  coherence 
as  a  function  of  detuning. 

C.  Perturbation  theory  neglecting  level  shifts 

Additional  simplifications  of  Eq.  (34)  are  pos¬ 
sible  for  a  range  of  impact  parameters  if  one 
limits  the  detuning  to  the  impact  core  of  the  ItAlC 
profile  ([a  |tc<s  1).  If  |a|tc«1,  the  effects  of 
instantaneous  resonances  are  not  important,  since 
the  phase  factor  cxp(rAf)  is  slowly  varying;  all 
times  f'  in  the  range  (/ ~, /J)  contribute  to  the  in¬ 
tegral  in  Eq.  (34).  Since  the  S  matrix  is  quadratic 
in  the  collision  interaction  potential  while  the  T 
matrix  is  linear  in  it,  there  exists  a  range  of 
impact  parameters  where  one  can  neglect  the 
collisional  contributions  to  S.  Contributions  to  S 
from  the  light  field  have  already  been  neglected 
owing  to  the  perturbation- theory  limit.  Thus,  in 
this  limit  where  all  level  shifting  and  mixing  in 
the  initial  and  final  states  are  ignored,  .*>(/,  1) 

—  S(F,  t)  ~  0  and,  <.',(/,/')  =  £,(/,  <')=--- 1.  Equation 
(34)  reduces  to 

-  f*  c 

M'/> « (» )■ 1 1  J  _  T(IF,  r )r  - f  a, (/ ; ) .  (39) 


This  expression  is  evaluated  explicitly  in  the 
following  paper,  where  the  appropriate  averaging 
over  collision  orientations  and  impact  parameters 
is  carried  out.  Since  the  interatomic  potential 
appears  linearly  in  Eq.  (35)  and,  consequently, 
bilincarly  in  Eqs.  (23)  and  (24),  the  averaging  over 
collision  orientations  is  easily  performed  using 
techniques  involving  irreducible,  tensor  operators. 
One  can  show  that  the  collsion  produces  the  same 
type  of  final- state  coherence  properties  that  would 
be  produced  by  replacing  the  collision  by  an  un¬ 
polarized  field  having  the  same  multipolar  proper¬ 
ties  as  the  collision  operator  (e.g.,  a  dipole  colli¬ 
sion  operator  is  replaced  by  .an  unpolarizcd  elec¬ 
tric  field).  This  result  is  not  difficult  to  under¬ 
stand.  Excitation  is  produced  in  a  single  collision; 
when  averaged  over  all  collision  orientations,  the 
effect  is  similar  to  that  produced  by  an  un- 
.  polarized  field  of  the  corresponding  multipolarity. 

It  is  relatively  easy  in  this  case  to  predict  the 
final-state  coherence  properties  for  various  polar¬ 
izations  of  the  external  field.  The  final-state  co¬ 
herence  may  be  observed  by  monitoring  the  po¬ 
larization  of  fluorescence  or  the  quantum  beats 
originating  from  one  of  the  final  states. 

D.  General  ease  | 

If  perturbation  theory  fails  (power  densities 
ilO10  W/cms),  the  solutions  of  Eqs.  (22)  exhibit 
saturation  effects.  Unless  a  way  can  be  found  to 
perform  the  averaging  over  collision  orientations 
and  beam  intensity  profiles,  one  is  faced  with  the 
costly  task  of  integrating  Eqs.  (22)  numerically  as 
a  function  of  collision  orientation  O  and  field  am¬ 
plitude  6(RC,  tc).  There  has  been  limited  work  in 
this  area,  although  a  few  related  calculations  have 
appeared.7 

A  general  formalism  for  calculating  the  final- 
state  coherences  produced  by  radiativcly-assisted 
inelastic  collisions  has  been  given.  In  the  following 
paper,  the  RAIC  transfer  cross  section  is  cal¬ 
culated  in  the  perturbation- theory  limit,  neglecting 
level-shifting  effects.  In  future  work,  it  is  hoped 
that  the  more  general  problem  will  be  addressed. 
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.  APPENDIX  A 

In  this  appendix,  starting  from  the  Hamiltonian 
(8)  and  using  the  assumptions  of  Sec.  II,  I  derive 
Eqs.  (9).  The  wave  vector  is  written  as 

|*(/)>  =52  MOe-'-v'I'V),  (Al) 

u 

where 

a>ll=wm+um. ,  ^ 

-and  (£um  and  wm.)  and  (|mi)  and  Ini')')  are  eigen- 
frequencies  and  eigenkets  of  free  atoms  A  and  A' , 
respectively  [i.e.,  eigenfrequencies  and  eigenkets 
.  of  the  Hamiltonians  /f0(r)  and  //J(r'),  respectively, 
appearing  in  Eq.  (8)].  I  adopt  the  notation  that  a 
captial  Roman  letter  represents  a  composite  state 
of  the  Aj  1'  system  [e.g.,  |/>  =  |iV),  ujF)=£u/i  +  w/., 
etc.].  Using  Schrodingers  Equation  with  the 
Hamiltonian  (8),  one  can  derive  the  following  equa¬ 
tion  for  the  probability  amplitude  (in  the  interac¬ 
tion  representation)  o„(/): 

«7»a„={-  i<A/|,7T|B>.[5e-‘n*  +  5*ein‘] 

+  (A/|'u(0|ft>}c‘“«flfafi',  (A2) 

where  v  T=  4  +  p',  u>VB  =  -  uia,  and  the  summa¬ 

tion  convention  is  used. 

According  to  the  assumptions  of  Sec.  II,  the 
only  states  tliat  are  significnatly  coupled  are 
|  />  and  |  /•').  However,  this  coupling  does  not  yet 
appear  directly  in  Eq.  (A2)  since  the  l-F  coupling 
is  via  virtual  intermediate  slates.  To  see  the 
coupling  directly,  one  writes  Eq.  (A2)  for  aF,  re¬ 
placing  the  nn  which  appears  on  the  right-hand  side 
of  this  equation  by  the  value  obtained  by  formally 
integrating  Eq.  (A2)  for  aD.  In  this  way,  one  finds 


iKar  =  c,ufo'[-  i<A|»7r|R)- (Sc*'71' +  <S*ci0') +<7‘'|m(/)|Z3>] 

x(flB 0 ,)  +  {'W'  ft_  dl'c1"  •»•'[-  i</i  | (i r| A/) •  (Sc~ia,‘  +  S*e,nr)  4  {ll  |'U((')|  A/)]n1,(f')^  .  (A3) 


The  term  proportional  to  n0(t  ~)  can  be  neglected 
using  the  assumption  that  the  field  and  collision 
must  act  simitt hnii'onsly  lo  produce  a  transition. 
The  validity  conditions  for  the  neglect  of  this  term 


w,r»l,  w#r,»  1,  (A4) 

whore  w,  and  ut  arc  some  appropriate  frequency 


mismatches  for  the  atom-field  and  atom-atom  in¬ 
teractions,  respectively.1* 

The  integral  term  in  Eq.  (A3)  is  treated  as  fol¬ 
lows:  (1)  The  only  terms  «„(/')  of  importance  are 
assumed  to  be  ari(t')  and  «,(/'),  where  |F,)  is  in 
the  final-state  group  of  levels.  This  assumption  is 
equivalent  to  asserting  that  there  is  negligible 
population  in  all  states  outside  the  /  and  F  groups 
(I.C.,  that  there  arc  only  virtual  excitations  of  the 
intermediate  states).  For  this  approximation  to 
be  valid  one  must  again  require  conditions  (A4)  to 
hold.  In  addition,  one  must  require  that  the  cross 
Section  for  transfer  within  a  given  atom  from 
either  its  initial  or  final  state  to  some  intermedi¬ 
ate  state  be  negligible.  This  cross  section  is  pre¬ 
cisely  that  associated  with  collisionally-aidcd 
xadiative  excitation  (CARE).4  For  w,re»l  and 
X«w,,  CARE  is  unimportant.  However,  CARE 
may  become  significant  in  the  strong-field  regime 
X^w,;  in  that  case,  one  would  have  to  expand  the 


basis  to  include  those  states  coupled  to  cither 
|/>  or  |F)  by  CARE.  (2)  Antircsonancc  terms  in 
Eq.  (A3)  varying  as  oxp[± <(<or,a  +  R)/|  or 
exp(t2itlt)  are  neglected.  (3)  The  functions 
(U  l*u (/')  | .!/>  and  «„(/')  are  assumed  to  be  slowly 
varying  with  respect  to  the  exponential  factors  and 
are  evaluated  at  time  /'  =  /.  For  this  assumption 
to  be  valid,  one  must  have 

WeTe»l,  W,Te  »  1 .  (A5) 

There  is  a  supplementary  condition  which  must 
also  be  satisfied  related  to  the  time  variation  of 
<*/(!')  (see  below).  (4)  Frequency  differences 
<i>rFi,wr/t  are  neglected  with  respect  to  <uc  or  w, 
and  factors  such  as  exp (iu>nxt)  or  exp(/a',flf)  are 
set  equal  to  unity.  These  approximations  are 
valid  owing  to  Eqs.'  (5)  and  (A5). 

With  these  assumptions,  one  can  easily  carry 
out  the  integration  in  Eq.  (A3)  and  obtain 


'(Fit.  J/0  blrlZl)  •  5  .(FlpjBWtBlujF.WN  1  (f|n  (f)  |B)(B  |m(f)  I  F, 


,  1  (  (F|  Ht|F)(B  ItlR)  1 1 )  +  <Fh(f)|B) 
2 H\  ca0/ .  u>Br 


w.»  +  n 


/I'  t 

and  there  is  no  sum  on  F- where  A  is  defined  by 
Eq.  (10).  The  quantity  A  appearing  in  the  fre¬ 
quency  denominator  can  be  neglected  in  compari¬ 
son  with  u>or  and  it  should  be  dropped  for  con¬ 
sistency  (see  below).  Equation  (A6)  is  then  identi¬ 
cal  to  Eqs.  (9b),  (11),  and  (13),  using  the  notation 
/  =  »«',  F=//',  II  -  fill ' ,  andF,=/,/5.  Similarly, 
Eq.  (9a)  can  be  verified. 

•Finally,  one  can  check  to  sec  if  «,(/)  is  slowly- 
varying  compared  with  cxp(is-f)  as  has  been  as¬ 
sumed  (w-u>,  or  £>c).  By  examining  Eqs.  (9),  one- 
can  deduce  that  is  given  by  the  largest 

Of  cither  |a|,  we  =  l/Tc,  or/;-u(f:  te)\/0,  where 
X  Is  a  Rabi  frequency  in  the  problem.  Thus,  in 
Order  to  neglect  all  but  the  groups  /  and  F,  one 
must  have 

0/  | A  |»  1,  i3tc»  i, 


appendix  n 

A  simple  diagrammatic  interpretation  of  the 
operators  T  and  S  appearing  in  Eqs.  (9)  can  be 
given.  The  interaction  between  the  field  and  the 
atoms  is  represented  by 


The  field  takes  the  atom  from  the  composite  state 
A  —  a  o'  to  II  —  PP'.  Actually  this  diagram  may  be 
thought  of  as  the  sum  of  two  diagrams, 


In  which  the  field  acts  on  each  atom  separately. 
The  collisionul  interaction  is  represented  by 


Note  tlcn  one  may  retain  a  consistent  solution  oven 
In  Ihc  strong-field  limit  (J^q.-(33)|,  /i',|'U(< 

*b  t,)  1 1,  x/w  1,  provided  that  uMt  is  large  enough 
to  assure  the  validity  of  the  last  inequality  in  con¬ 
ditions  (A7). 


taking  Ihc-  atoms  from  states  A  to  II, 

With  llms  ;’ definitions,  it  is  relatively  easy  to 
draw  the  diagrams  corresponding  to  the-  operators 
SL,  S,  and  */'(//■)  appearing  in  Eqs.  (11)  and  (13), 
and  these  arc  shown  in  Fig.  3.  I-'igurc  3(a)  corre¬ 
sponds  lo  ihc  light-shift  operator  .Vfc(F)  which  acts 
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FIG.  3.  Diagrammatic  interpretation  of  the  operators 
I*)  $x<F),  (b)  St(fl,  and  (c)  i'(tF).  in  each  diagram  a 
wary-line  vertex  refers  to  an  atom-field  interaction  and 
a  straight-line  vertex  to  a  eollisional  interaction.  _  j 

In  the  final-state  subspace  [a  similar  diagram  can 
be  drawn  for  St(l) J.  The  field  excites  either  of  the 
atoms  to  some  intermediate  virtual  state  and  then 
de-excitcs  the  atom  back  to  the  final -state  mani¬ 
fold.  Figure  3(b)  corresponds  to  the  eollisional 
operator  Sc(F)-t  the  collision  excites  the  atoms  to 
Borne  intermediate  state  B  =  and  then  de-ex- 
cites  them  to  the  final-state  manifold.  Finally,  j 
Fig.  3(c)  corresponds  to  the  operator  f(lF).  The  j 
field  and  collision  combine  to  excite  the  atoms  from 
initial  stata  /  to  final  state  F  via  the  virtual  inter-  ; 
mediate  state  B.  These  diagrams  immediately  il-  ! 
lustratc  the  nature  of  the  operators  appearing  in 
the  RA1C  equations  (i.e.,  SL  varies  as  | <S  | '■*,  Se 
as  'll*,  and  f  as  TiS). 

It  Is  also  possible  to  directly  construct  the 
operators  from  the  diagrams.  More  precisely,  the  , 
following  rules  enable  one  to  calculate  the  matrix  j 
representation  of  the  operators  in  the  interaction 
representation. 

(1)  Assign  a  factor  (-  1)"_1  (Ar=  number  of  ver¬ 
tices)  and  a  factor  e,ucn‘  (G-^  final  state,  //  —  initial 
state)  to  each  diagrarii. 

(2)  Each  vertex  of  the  form  (131)  is  assigned  the 
value  -(//  |/i  j.  •  E(/)|/l),  where  K (/)  is  given  by 
Eq.  (2).  Each  vertex  of  the  form  (132)  is  assigned 
the  value  </>  |‘U(()|/t>. 

(3)  In  the  resulting  expression,  reject  all  rapidly 
varying  terms  (c.g.,  terms  varying  as  cxp(±2/fi/) 
or  cxp(±?(ft  +<*>„)/]). 


(4)  For  a  vertex  of  the  form  (Dl)  assign  an  energy 
denominator// (cvBI  *  (1),  with  the  (+)  sign  used  if 

S  appeajs  in  thcB-/l  matrix  element  and  the  (-) 
Sign  if  S*  appears  in  the  B-/1  matrix  element.  For 
a  vertex  of  the  form  (D2)  assign  an  energy  de¬ 
nominator  tiwaa-  Energy  denominators  are  as¬ 
signed  for  all  but  the  last  vertex  in  any  diagram. 

(5)  Sum  over  all  intermediate  states. 

As  an  example,  I  calculate  Fig.  3(a)  and  the 
second  diagram  in  Fig.  3(c).  Following  rules  (1) 
and  (2)  for  Fig.  3(a)  gives 

-  ie,u"t  \D  |  HT  ■  +  £'eia‘)  |Ft) 

x  <F( •  (Sc- tn>  +  S'  e,n ')  | B> . 

Keeping  only  the  slowly  varying  terms  [rule  (3)] 
yields 

-  i  [<f]jlr-  S'  1 B)<B  \?T-i \F{) 

'  (B3) 

An  energy  denominator  is  assigned  only  to  the 
first  vertex  and  is  ff(cuBF-  12)  Cor  the  first  term 
in  (133)  (since  S  appears  in  the  B-F,  matrix  cle¬ 
ment)  and  is  /f(wB/.  + 12)  for  the  second  term  in 
(B3)  (since  S'  appears  in  the  B-Ft  matrix  element). 


■Therefore, 


in  agreement  with  the  first  two  terms  of  Eq.  (A 6) 

[  recall  that  I  set  cxp(/(i/^  /)  -  1  and  u>BF  *  <eBFl  in 
that  equation]. 

Similarly,  applying  rules  (1)  and  (2)  to  the  second 
diagram  of  Fig.  3(c)  yields 

ie,Ufr'  '(IS  j  jir  •  (Sc-‘nl  +  6*el0,)\l)(F\<U  IB). 

Keeping  the  slowly  varying  term  which  varies  as 
S  cxp[ i(oJr/-  n)t]  7=Se~it“  and  applying  rules  (3)— 
(5)  gives 


which  agrees  with  the  last  term  of  Eq.  (AO)  since 
wB/  -  n=w0B  -  a. 
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Is  the  so-called  Weiss kopf  radius  and  represents  a 
_  characteristic  length  in  the  problem. 
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a  change  in  the  atom’s  translational  motion,  the  con- 
!  dition  uicTc  » i  can  be  replaced  by  the  somewhat 
|  _  stronger  condition  hZic  >  (thermal  energy). 
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A  theoretical  calculation  of  the  fin>l-»uie  coherences  produced  by  a  radiativcly  assisted  inelastic  collision  (RAtC) 
t»  presented.  Two  atoms,  A  and  A',  collide  in  the  presence  of  an  externa!  radiation  field  to  produce  the  RAtC 
y  inaction  A,+Ai  +  hl 2  —Af+Ar.  where  |ii*>  is  the  initial  state.  |  ff">  is  the  final  state,  and  {l  is  the  frequency  of 

the  catcrnal  field.  It  is  assumed  that  the  final  states  consist  of  a  number  of  nearly  degenerate  levels  and  the 
coherences  produced  in  these  levels  by  the  RAIC  reaction  is  calculated.  These  final  state  coherences  can  be 
monitored  by  standard  techniques  (polarization  of  fluorescence,  quantum  beats)  enabling  one  to  use  the  final-state 
coherences  as  a  probe  of  the  RAIC  reaction.  The  calculation  is  limited  to  the  weak-field  (perturbation-theory)  limit 
and  is  valid  only  in  the  impact  core  of  the  RAIC  profile. 

FACS  numbers:  32.90.  +  a.  34.90.  +  &  34.3a  -  s.  32.70  -  n 


L  INTRODUCTION 

*  .  I 

In  A  previous  paper1  (to  be  referred  to  as  RAIC 
0,  a  general  theory  or  radiativcly  assisted  inelas¬ 
tic  collisions  (RAIC)  was  developed.  These  colli¬ 
sion*  represent  processes  of  the  form 

at  |  ♦  Aj  Ay+Ay* 

tn  which  two  atoms  ( A  and  A‘ )  arc  excited  from 
Initial  states  «  i’  to  final  states  //'  by  the  com¬ 
bined  aotion  of  the  collision  and  the  absorption  of  a 
photon  from  an  external  pulsed  radiation  field. 
Whereas  most  previous  theories  of  UAIC  consid¬ 
ered  only  one  passible  excitation  channel  (from 
non  degenerate  state  i.»'  to  nondegenerate  state 
//').  the  theory  presented  in  RAIC  I  allowed  for 
the  more  general  UAIC  excitation  from  a  group  of 
Initial  levels  characterized  by  some  appropriate 
density  matrix  to  a  group  of  final  levels.  An  ex¬ 
pression  was  obtained  for  the  final-state  density 
matrix  which  completely  described  both  the  popu¬ 
lation  and  coherence  properties  of  the  excitation 
process.  The  final -state  coherences  can  be  mon¬ 
itored  by  standard  experimental  techniques  (e.g., 
measurement  of  tl  polarization  of  fluorescence 
or  quantum  beats  originating  from  the  final  states 
of  one  of  the  atoms);  alternatively,  one  can  moni¬ 
tor  the  final-state  populations  (e.g.,  by  measuring 
the  total  fluorescence  rate  from  one  of  the  final 
states).  II  turns  out.  however,  that  measurements 
of  final -state  coherences  provide  a  more  sensi¬ 
tive  probe  of  the  RAIC  interatomic  potentials  than 
do  measurements  o(  final-state  populations.  Thus, 
it  appears  useful  to  develop  a  theory  of  RAIC 
which  permits  one  Vo  calculate  tire  induced-final - 
Mate  coherences. 

In  this  paper,  a  perlurbaiivc  solution  of  the 
RAIC  equations  is  obtained  which  is  valid  provided 
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(1)  the  external  field  «b  sufficiently  weak  and  (2) 
ih*  detuning*  are  restricted  to  the  impact  core 
of  the  RAIC  profile.  Starting  with  some  arbitrary 
"•initial  density  matrix  and  assuming  interatomic 
potentials  and  external-field  polarizations  of  a 
quite  arbitrary  nature,  the  final -state  density 
matrix  for  the  system  is  calculated.  The  most 
t  general  case  leads  to  rather  lengthy  expressions 
I  which  are  presented  in  the  Appendices.  Specific 
results  are  given  in  the  body  of  the  paper  for  the 
reduced  density  matrix  of  atom  A’  in  the  Limits 
of  (i)  dipole-dipole  interatomic  potential,  (2) 

!  straight-line  collisional  trajectory,  (3)  linearly 
polarized  external  field,  (4)  central  tuning,  (5) 
j  unpolarized  initial  state,  (6)  final  states  of  a  given 
!  atom  characterized  by  the  same  J  quantum  num¬ 
ber,  and  (7)  a  summation  over  intermediate  vir¬ 
tual  states  that  reduces  to  one  term,  owing  to  a 
|  nearly  satisfied  resonance  condition.  It  is  shown 
I  that  the  fluorescence  emitted  from  the  final  states 
of  one  of  the  atoms  directly  reflects  the  nature  of 
the  interatomic  potential.  Thus,  in  contrast  with 
normal  RAIC  experiments  where  one  must  record 
an  entire  RAIC  profile  as  a  function  of  detuning  to 
i  test  interatomic  poten'ialmodets,  a  polarization 
measurement  at  central  tuning  (where  the  signal 
is  largest)  serves  to  probe  the  interatomic  poten¬ 
tial. 

It  may  seem  strange  that  collisions  induce  co¬ 
herence,  since  it  is  generally  thought  that  colli- 
i  sions  destroy  coherence.  In  fact,  it  will  be  seen 
i  that  the  collisional  interaction  may  be  viewed  as 
two  unpolarizcd  (but  possibly  correlated)  "fields” 
incident  on  the  atoms  from  all  directions.  The 
fields  arc  chosen  Vo  have  the  saute  multipolar 
properties  as  the  collisional  interactions  they 
represent  (e.g.,  a  dipole  operator  is  replaced  by 
a  dipolo  field),  in  this  way  the  final-slate  cohcr-. 
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me*  can  be  understood  as  the  combined  action  of 
tkr$«  fields;  two  unpolarizcd  fields  plus  the  ex¬ 
ternal  field.  It  is  the  external  field  which  may  be 
polarized  and  possesses  a  well-defined  direction¬ 
ality  in  any  case,  that  is  the  origin  of  the  final- 
atate  coherence.  The  cotlisional  interaction  re- 
aponsible  for  the  RAIC  reaction  will,  in  general, 
modify  the  final -state  coherency. 

bi  Sec.  11,  the  physical  system  is  described  and 
an  expression  for  the  final -state  amplitude  given. 
An  outline  of  the  calculation  is  presented  in  Sec. 
m,  with  the  details  given  in  the  Appendices.  The 
final-state  density  matrix  is  given  in  Sec.  IV 
for  the  case  outlined  above.  -In  Sec.  V  the  RAIC 
excitation  cross  sections  and  the  polarization  of 
the  fluoresencc  emitted  from  the  final  state  of 
•“■tom  A'  are  calculated  using  a  cutoff  procedure 
to  treat  collisions  with  small  impact  parameters. 

A  discussion  and  physical  interpretation  of  the 
results  are  given  in  Sec.  VI.  j 

B  should  be  noted  that  this  paper  is  essentially  i 
■rtf-contained.  However,  the  reader  is  referred 
to  RAIC  I  for  a  general  overview  of  the  problem, 
for  a  detailed  derivation  of  the  RAIC  equations  in¬ 
cluding  validity  conditions,  and  lor  references  to 
previous  work. 

a  PHYSICAL  SYSTEM  AND  TRANSITION 
AMPLITUDE 

The  physical  system  consists  of  two  atoms, 

A  and  A',  undergoing  a  collision  in  the  presence 
of  a  pulsed 'radiation  field.  The  time  of  closest 
approach  during  the  collision  is  1  =  fe  and  the 
center-of-mass  position  of  the  atoms  at  this  time 
la  R»R..  The  amplitude  of  the  pulscdficld  is  as¬ 
sumed  to  vary  slowly  during  the  collision  and  is 
evaluated  at  (R, ,  lc );  the  field  is  taken  to  be  of 
the  form 

where  13, |  is  the  field  amplitude  at  (Rg  ,  lc  ).  i 

The  energy  levels  ot  atoms  A  and  A'  are  shown 
in  Fig.  1.  Each  label  in  the  figure  represents  a  | 
group  of  levels  having  a  maximum  frequency  sep¬ 
aration  w,  «  r*1 ,  where  t,  is  the  duration  of  a 
collision.  Since 

W 

levels  within  a  given  group  may  be  considered  as  > 
degenerate  during  the  RAIC.  The  levels  associated 
with  atom  A  arc  represented  by  lower-case  un¬ 
primed  variables  and  those  associated  with  atom 
A'  by  primed  ones.  A  capital  letter  refers  to  a 
■talc  of  the  composite  system  (/  -i  i' ,  K  *cc' , 
f|  etc.)  and  the  convention 

Wj  »  w,  t  uy  ,  ur  *  w/  ♦  ay  , 


etc.,  is  adopted,  where  u>a*Ea/tl  and  £„  is  the 
energy  associated  with  state  a. 

Before  the  collision,  the  atoms  arc  in  an  ar¬ 
bitrary  linear  superposition  of  the  states  |  /) 

■  |  it')  *  |«)  | «'),  where!  and*'  represent  any  of 
the  levels  in  the  t  and  *'  groups,  respectively. 

The  field  is  assumed  to  be  nearly  resonant  with 
the  /  —  F  transition  in  the  composite  system, 
i.e.,  n*uif-w/.  More  precisely,  the  detuning  A 
defined  by 

A-n-w„  ,  (4) 

(<*) 

is  limited,  in  this  work,  to  the  impact  core  of  the 
RAIC  profile 

U|  t,  <*1  .  (5) 

All  other  atom-atom  or  atom-field  interactions 
»re  assumed  to  be  nonresonant;  in  other  words, 
“All  levels  outside  the  I  and  F  groups  enter  the 
problem  only  as  virtual  levels.  The  contribution"' 
of  these  virtual  levels  can  be  included  in  effective 
operators  that  act  in  the  IF  subspace  only.  The 
problem  is  to  determine  the  final-state  density 
matrix  following  the  collision  since  it  provides  a 
complete  description  of  the  final -state  coherences 
and  populations  produced  by  RAIC. 

The  RAIC  can  be  characterized  by  three  opera¬ 
tors  which  have  been  discussed  in  RAIC  I.  First, 
there  is  the  "light-shift"  operator  SL  which  cou¬ 
ples  and  shifts  the  levels  within  boi*  the  initial 
and  final  groups  of  levels.  This  light -shift  opera¬ 
tor  represents  the  virtual  excitation  and  de-ex¬ 
citation  of  either  of  the  atoms  by  the  external  field. 
The  effects  produced  by  St,  which  are  second  or¬ 
der  in  the  field,  are  neglected  in  this  work,  since 
the  field  is  treated  in  a  perturbation-theory  limit. 


A  A' 


FIO.  I.  Energy-level  diagram  of  atoms  A  and  A’. 

Each  group  of  levels  labeled  by  a  single  letter  Is  nearly 
degenerate  with  a  maximum  frequency  sparing  between 
levels  within  a  group  less  than  an  Inverse  eollision  time. 
The  external-field  frequency  O  la  sue  It  that  AU*  (E. 

*  Er) K,J. 
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Second,  there  is  the  collisional  operator  3, 

Which  also  couples  and  shifts  the  levels  within  the 
Initial  and  final  croups  of  levels.  This  operator 
Is  second  order  in  the  collisional  interaction, 
representing  the  collision-induced  virtual  excita¬ 
tion  and  de-excitation  of  the  composite  AA'  sys¬ 
tem  in  either  its  initial  or  final  state.  The  opera¬ 
tor  S,  is  the  origin  of  the  pressure  broadening 
and  shifting  of  spectral  profiles.  The  relative  im¬ 
portance  of  Sc  is  dependent  on  (i)  the  detuning  A 
and  (ii)  the  impact  parameter  associated  with  a 
given  collision.  Owing  to  condition  (5),  the  colli¬ 
sion  possesses  sufficient  frequency  components 
to  effectively  compensate  for.  the  detuning  A. 

Thus,  in  contrast  to  the  case  |  A|  tc  >-l,  where 
collisional  shifts  can  significantly  enhance  excita¬ 
tion  cross  sections  by  bringing  the  atomic  transi-  j 
-  wiion -frequency  into  instantaneous  resonance  with  j 
the  field,  all  effects  produced  by  the  operator  Se 
related  to  the  detuning  may  be  neglected.  The 
dependence  of  Se  on  the  impact  parameter  is  dis¬ 
cussed  following  the  description  of  the  transition 
operator. 

The  transition  operator  f(IF)  represents  the 
combined  action  of  the  (field  +  collision)  in  coupling 
the  initial  state  \l )  to  final  state  i  F)  via  a  virtual 
excitation  of  intermediate  states.  This  operator 
can  be  represented  diagrammatically  by  the  four 
terms  shown  in  either  Fig.  2  or  Fig.  3.  In  Figs. 

•  2(a)  and  3(a),  the  collision  (represented  by  non- 
wavy  line?)  acts  to  virtually  excite  the  atoms  from 
state  |«*')  to  state  |  ef)  and  the  field  (represented 
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FIO.  2.  Diagrams' representing  matrix  elements  of  the 
transition  0|>ernttnn  from  Initial  state  |ii")  to  [Inal  state 
\ff).  A  straight-line  vertex  corresponds  to  a  collision 
Interaction  ami  wavy-line  vertex  to  an  atom-UeUI  inter¬ 
action.  The  stales  e  and  c'  represent  some  arbitrary 
Intermediate  (virtual)  states  In  atoms  A  and  A',  respec¬ 
tively. 


by  wavy  lines)  then  acts  on  atom  A  to  complete 
the  excitation  to  the  final  state  I//'),  in  Figs. 

2(b)  and  3(b)  the  collision  excites  the  virtual  state 
|/c'>  and  the  field  acts  on  atom  A'  to  complete 
the  excitation.  In  Figs.  2(c)  and  3(c)  the  field  acts 
on  atom  A  to  excite  the  virtual  state  lei')  and  the 
collision  completes  the  excitation  to  the  final 
state  |//').  Finally,  in  Figs.  2(d)  and  3(d),  the 
field  acts  on  atom  A'  to  excite  the  virtual  state 
1  tc'}  and  the  collision  completes  the  excitation. 

It  may  be  seen  from  Fig.  2  that  the  transition 
operator  is  linear  in  both  the  field  and  collisional 
interaction.  Explicitly,1  one  finds  matrix  ele¬ 
ments  of  T(IF)  to  be 


<F|f(/F;f,6,ur,e,R«,0|f> 

J.  /(jlgrUXElUCRd))!/) 

"  2/1  \ 


4  (F|‘U(R(f»|E)(E|pT</)j  ,r 
where  t  la  the  time  during  the  collision;  b ,  vT , 


FIO.  3.  A  schematic  representation  ot  the  contribu¬ 
tions  to  the  final-slate  RAIC  amplitude  complementary 
to  that  sitown  In  Fig.  2.  Kacb  diagram  corresponds  to 
the  similarly  labeled  diagram  in  Fig.  2.  Solid  lines  with 
arrows  represent  the  collisional  Interaction  and  wavy 
lines  represent  the  atom-field  Interaction.  States  e  and 
e'  nrc  virtual  stales  excited  In  the  IIAIC  reaction.  Knch 
level  netually  corresponds  to  a  group  of  nearly  degen¬ 
erate  levels. 


and  6  are  the  impact  parameter,  relative  speed, 
and  collision  orientation,  respectively,  associated 
With  the  collision 

5  r  -  S  ♦  £'  (7) 

A  J 

where  |i  and  ji'  are  the  electric-dipole  operators 
for  atoms  A  and  A',  respectively;  and  *U(  R(l  ))  is 
the  collision  interaction  Hamiltonian  calculated  i 
assuming  a  classical  interatomic  collision  tra¬ 
jectory  R(/ ).  In  writing  Eq.  (G),  1  have  used  the 
fact  that  w,  «<•>;, ,  utr  (recall  that  w,  is  the 
Maximum  frequency  separation  within  a  group  of 
levels)  and  have  adopted  a  summation  convention 
in  which  any  repeated  state  label  ( not  including 
Its  appearance  in  a  phase  factor  or  frequency  de¬ 
nominator)  is  summed  over  (e.g.,  in  Eq.  (6), 
there  Is  a  sum  over  E  but  not  over  /  or  F ).* 

—  Clare  pr  is  the  sum  of  two  terms,  one  can  readily  1 
■  Identify  Eq.  (G)  with  the  four  figures  of  Fig.  2. 

Aa  analogous  calculation  for  the  operator  T(Fl) 
yields 

(/|f(F/;/)|F)-</lf(/F;f)|i>*  .  .  (8) 

Since  T(IF)  varies  linearly  inti  and  Se  varies  ' 
«■<*)*,  and  since  ti  varies  typically  as  h"* 

(s>0),  one  can  conclude  that,  for  collisions  with 
“large"  impact  parameters,  the  effects  produced 
by  5,  may  be  neglected  in  comparison  with  those 
produced  by  T (IF).  For  "smaller"  impact  parame¬ 
ters,  the  contribution  of  can  no  longer  be  ignored. 
For  the  present,  I  consider  only  those  collisions  with 
h>6„  where  60  is  the  .minimum  impact  parameter 
for  which  the  contribution  from  Sc  can  be  neglect-  ( 


ed.  In  See.  V  a  simple  model  is  developed  for 
treating  collisions  with  0<  ba. 

Thus,  during  collisions  with  b>bn,  the  proba¬ 
bility  amplitudes  (in  the  interaction  representa¬ 
tion)  for  the  initial  and  final  states  obey  the 
equations  of  motion 

»/ra,-<F|T(/F,f)|f>e-,A,«1  ,  (9a) 

i»a/-(F|f(/F,/)|/)  ,  (9b) 

where  it  has  been  assumed  that  changes  in  a,  or 
ar  resulting  from  level  decay  and  atomic  motion 
(Doppler  effect)  are  negligible  on  the  time  scale 
of  a  collision.  Furthermore,  it  is  now  assumed 
that  the  field  strength  is  weak  enough  so  that  Eqs. 
(9)  can  be  solved  by  perturbation  theory  with  init¬ 
ial  conditions  u,(l~)*0,  ar(t~)  =  0,  where  t~  is  a 
time  Just  before  the  collision.  Integrating  Eqs. 

(9)  in  the  perturbation-theory  limit,  one  finds  a 
final-state  amplitude  at  time  t  *  just  following  *he 
'Collision  given  by 


«,«;)=(*//) 


TtfF,  f)|  I)e~ 


“dfja/(fj)  . 


Perturbation  theory  is  valid  provided  that  |af(f  )|* 
«1  for  all  t  during  a  collision  having  b  =  bQ.  Un¬ 
der  typical  experimental  conditions,  perturbation 
theory  is  valid  for  power  densities  £  10low/cm*. 

It  remains  to  carry  out  the  integration  in  Eq, 
(10),  to  form  final-state  density-matrix  elements, 
and  to  average  over  all  appropriate  collision 
parameters. 


ID.  OUTLINE  OF  CALCULATION  \ 

Forming  final -state  density-matrix  elements  from  the  amplitude  (10)  and  carrying  out  the  average  over 
collision  orientations  O,  one  obtains1 

Prr.O;  A",. R.. '.)**£  (M,,K,,f>, ^(fj),  (Hal 


where 


aofJt{F\fUF,t)\I)e',li,iIl  J1’  ( F,|  T(J  F,  t'  )|  <lt ' .  (lib) 
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e  dependence  of  T  on  (b,  vr ,  0,  R.  ,  f, )  has  been  \  *U</  -  f ,  ,  b,  v  r ,  O)  *=  A"!  (/-/,,  b,  v,  ,  6 )T*  T'V, , 
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The  dependence  of  T  on  (f»,  ut ,  6,  R.  ,  ft )  has  been  \ 
suppressed  in  Eqs.  (10)  and  (11).  In  this  section, 
a  method  for  evaluating  Eqs.  (11)  is  outlined;  de¬ 
tails  of  the  calculation  arc  given  in  the  Appendices. 
The  averaging  over  b  and  it,  is  deferred  to  Sec. 

V.4 

The  matrix  elements  of  T  needed  in  Eq.  (lib) 
may  be  calculated  using  Eq.  (G)  once  the  inter¬ 
atomic  potential'll  .uul  the  field  6rc  arc  specified. 

An  arbitrary  potential  can  be  written  in  the  form 


where  T*  and  T'V  arc  components  of  Irreducible 
tensor  operators  of  rank  k  and  k'  (assumed  into- 
gral),  respectively,  which  act  on  states  of  atoms 
A  and  A',  respectively.  In  the  form  (12),  the  po¬ 
tential  can  be  viewed  as  the  sum  of  correlated 
multipolar  fields  acting  on  each  of  the  atoms,  the 
correlation  provided  by  the  coupling  constants 


A"',:  The  average  over  all  collision  orientations 
needed  in  Eq.  (lib)  is  equivalent  to  including  all 
possible  directions  of  incidence  and  polarizations 
for  these  multipolar  fields.  In  jite'sjfntc  sense, 
therefore,  the  collisions  can  be  viewed  as  produc¬ 
ing  the  same  effect  as  a  sum  of  unpolarized,  but 
correlated,  multipolar  fields  acting  on  atoms  A 
and  A'.  This  picture  of  the  col(isional  process 
can  be  useful  in -understanding  the  coherences 
produced  by  RAIC  and  is  used  in  Sec.  VI  to  help 
explain  the  results  obtained  for  the  various  RAIC 
cross  sections. 

In  order  to  carry  out  the  average  over  6,  it  is 
convenient  to  rewrite  Eq.  (12)  in  the  form 


[k  k •  xl 
9  <?JTl  T'‘  ' 

[k  V  K] 

9  «'  QJA ’ 


and  the  quantity  in  brackets  is  a  Clebsch-Gordon 
coefficient.  Since  the  V'£  transform  as  the  com¬ 
ponents  of  an  irreducible  tensor  operator  under 
rotation,  the  expansion  coefficients  Aq  transform 


-t€  ;b,'vr,  e)  (©) **  ‘A*. 

*<t-t€,b,vT,  0),  ;  (15) 

where  the  dljfj#  are  matrix  elements  of  the  Irre¬ 
ducible  representation  of  order  ( K )  of  the  rotation 
group  and  6  =  0  is  some  arbitrary  collision  geo¬ 
metry.  The  Q  dependence  is  now  contained  totally 
in  the  ,  enabling  one  to  easily  perform  the 
©  integration  required  in  Eq.  (lib)  (see  below). 

In  anticipation  of  the  time  integrals  also  required 
in  Eq.  (lib),  I  define  the  quantities 

i*_i 

*!!•  (M,, ©; a) «(<>,/&)  f  e  ‘ A;;'.(T,6,ur,©) 

x«H4l,,,e'(/T  jftCa) 

and 

**  -*5(6, 1/,,©; a)  =  (or/<>)  f  *  *  A%(i,b,ur,Q) 

,  (10b) 


It  remains  to  specify  the  atom-field  interaction 
pr-  t .  The  field  amplitude  may  be  written 

1*1=1  .  (17) 

where  e  is  a  complex  polarization  vector.  One 
then  finds  k  t .  /  * 

Pr-S.=>r>V’<-.-Se  ,  t-ljS'  (18) 


where 


€l  =  (e,+ie,)/f2, 

A 

«-»  =  /(*,  -*«,)// 2  , 


*os*i  » 


(m  A*1*  =  -  [(m  A  +  *  (m  A 1  /VS" , 

(p AV=Um A-«'(mAJ/V2  ,  (nr)i"  =  (nr). 


The  quantities  (|i  A1’  are  the  components  of  an 
irreducible  tensor  operator  of  rank  1. 

Since  all  the  operators  appearing  in  Eq.  (6)  have 
now  been  expressed  in  terms  of  the  components  of 
irreducible  tensor  operators,  the  matrix  elements 
appearing  in  Eq.  (6)  are  easily  calculated  using  the 
Wigner-Eckart  theorem5  (see  Appendix  A).  The 
resulting  expressions  for  (.F|  1(1 1',  t  )|f)  and 
(fjl  T(IF,t) 1 1 1)  *  are  then  inserted  into  Eq.  (lib) 
and  the  integration  over  ©  is  performed  using  the 
fact  that® 

(8 *2)-1/  db<Si^g.(&)(<Si~.[Q))*y^ 

*(2K+l)_16Jtj6(,56(J,5.  (21) 

I 

to  arrive  at  a  value  for  (b,vr,Rc,te)  [Eq. 
(lib)]  and  pffi  (/;;(.,  vr,  %,  fe)[Eq.  (11a)].  The 
final  expressions  are  rather  lengthy  and  are  given 
in  Appendix  A  along  with  the  details  of  the  calcu¬ 
lation. 

Experimentally,  one  often  observes  the  final - 
state  properties  of  only  one  of  the  atoms.  Imag¬ 
ine,  for  example,  that  one  monitors  the  final- 
state  coherence  of  atom  A’ .  Mathematically,  this 
coherence  is  described  by  the  reduced  density 
matrix  obtained  by  tracing  p Fr  over  the  final- 
state  variables  of  atom  A.  Explicitly,  these  re¬ 
duced  density-matrix  elements  P/</|  arc  given  by 
setting  /'’=//',  t\  =JJ[  and  summing  over  /,  i.e., 


^•ch  arc  also  related  via  Eq.  (14b).  Equation  (15)  P,'fl  ;  b,V' '  ’ lf  ,  =  p"'  «//i  (/« •  b>vr  >  ^  • l* ) 


remains  valid  for  A%{f>9v9 (0;  A). 


/ 


A  calculation  of  these  reduced  matrix  elements, 
ttese  of  atom  A,  and  the  connection  between  the 
two  Is  also  given  in  Appendix  A. 

The  coherence  properties  of  a  system  are  con¬ 
veniently  expressed  in  terms  of  the  irreducible 
tensor  components  of  the  density  matrix.  The 
transformation  between  matrix  elements  is  given 
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along  with  the  inverse  transform 
I  p  "«/;> 


I  (23a) 


where  it  has  been  assumed  that  a  state  |a)  may 
be  labeled  by  laJa»ia)and  that  states  within  a 
given  group  of  levels  differ  only  in  their  J  and  | 
ntj  quantum  numbers.7  The  p£  are  matrix  ele¬ 
ments  of  the  density  matrix  expanded  in  irreduc¬ 
ible  tensor  basis.  When  expressed  in  this  fashion, 
one  can  see  directly  if  there  is  any  final-state 
coherence.  The  quantity  p  J  is  given  by 

#,/V;  =  (Ur ♦  l »y Ip '| fJ,. >v>8,  , 7 . 

1  /1 

(24) 


and  is  proportional  to  the  total  final-state  popula¬ 
tion.  Any  nonzero  value  of  p'QK  for  A  >0  indicates 
that  final-stale  coherence  exists,  since  a  totally 
nnpolarized  final  state  leads  to  p  '£  =  0  for  K  *  0. 

In  Appendix  A,  general  expressions  for  p',-f  • 
and  ff£  are  obtained,  assuming  an  arbitrary  in¬ 
itial  state.  These  expressions  arc  evaluated  in 
detail  in  Appendix  B  for  the  case  of  an  unpolarized 
Initial  state.  In  the  following  section,  certain 
limiting  cases  of  these  calculations  arc  discussed. 

I 

IV.  RESULTS  FOR  A  SPECIFIC  MODEL 

In  order  to  illustrate  the  physical  principles  in¬ 
volved  in  the  RA1C  process,  I  consider  a  limiting 
case  of  the  general  results  presented  in  Append¬ 
ices  A  and  B.  The  following  model  is  adopted:  (1)  | 
Each  group  of  levels  a  can  be  represented  by  a 
•ingle  angular  momentum  quantum  number  «/„  1 

(valid  for  fine-structure  splittings  >t*').  (2)  The 
Irtitinl  state  is  unpolarizcd.  (3)  Owing  to  a  nearly  j 
satisfied  resonance  condition,  only  one  group  of  | 


levels  enters  in  the  summation  over  intermediate 
virtual  states.  In  this  limit,  the  reduced  density 
matrix  for  atom  A'  is  calculated.  Since  the  final 
state  of  atom  A'  is  characterized  by  a  single  J 
value  J,>  =Jf>,  the  calculation  of  is  es¬ 

sentially  one  in  which  the  Zeeman  coherences  of 
level/'  arc  determined. 

In  order  for  condition  (3)  to  be  satisfied  one  of 
the  virtual  levels  shown  in  Fig.  3  must  be  nearly 
coincident  with  a  real  atomic  level.  This  condi¬ 
tion  can  be  achieved  with  any  of  the  level  schemes 
shown  in  Fig.  4.  For  example,  if  the  level 
scheme  is  as  shown  in  Fig.  4(a),  then  the  domi¬ 
nant  contribution  to  the  final -state  amplitude 
comes  from  the  diagram  of  Fig.  2(a)  with  the  sum 
over  intermediate  states  e  restricted  to  the  single 
group  of  states  c  =  r ;  contributions  from  states 
e*r  as  well  as  from  the  other  diagrams  of  Figs. 
2(b)-2(d)  are  relatively  unimportant  in  this  case 
In  comparison  with  this  nearly  resonant  contrir 
'-bution.  Similarly,  if  the  level  scheme  is  as 
shown  in  Figs.  4(b)-4(d),  the  dominant  contribu¬ 
tion  comes  from  the  diagrams  of  Figs.  2(b)-2(d) 
with  the  summation  over  intermediate  states  re¬ 
stricted  to  e  =  r  or  r' . 


A  A’ 


FIG.  4.  Four  different  cases  of  energy-level  schemes 
that  lead  to  a  single  term  dominating  the  sum  over  Inter¬ 
mediate  virtual  states.  Each  level  corresponds  to  a 
group  of  nearly  degenerate  levels. 
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In  terms  of  Fig.  4(c),  one  interprets  this  result  as  afield  excitation  from  if'  to  ri'  foltowed  by  a  collisional 
excitation  to  ((’. 

Finally,  for  the  level  scheme  of  Fig.  4(d),  one  finds  from  Eqs.  (B3),  (B13),  and  (25d) 
rr  SZh,  b,  v„  Rc,  fe)<  =  Q(k,  It’,  K,  A",  <?;  A)a;’(-1  )*e  -*-V. /,./»■£  (2k  + 1)(2*'  +- 1)]’1  4> 
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In  terms  of  Fig.  4(d),  this  result  corresponds  to 
a  field  excitation  from  if'  to  ir'  followed  by  a  col¬ 
lisional  excitation  to  state  ff. 

Equations  (26)— (31)  characterize  the  final-state 
coherence  of  atom /I '  for  the. level  schemes  of 
Fig.  4.  This  coherence  can  be  monitored  by  mea¬ 
suring  the  polarization  of  the  fluorescence  emitted 
by  atom  A’  from  state  {'  (see  Sec.  V). 

.  '  - .  . ! 

A.  Dipole-dipole  interaction  : 

As  a  somewhat  more  specific  example,  I  now 
consider  the  case  where  the  collisional  inter¬ 
action  is  of  a  dipole-dipole  nature.  For  such  an 
interaction,  't-V  =p-t>’  =  \,  T=m,  andT'=p.\ 

The  corresponding  nA^(b,  vr,  0;  A)  are  calculated 
in  Appendix  C,  assuming  straight-line  collision 
trajectories. 

The  results  for  the  dipole-dipole  limit  are  con¬ 
veniently  expressed  in  terms  of  the  Rnbi  fre¬ 


quencies 

X*.,  =  5<«IU,,>ll0>Se//t, 

=l(ot'  II  p'm  ||  fi')S c/li, 
and  a  characteristic  length  b°’/'  defined  by 

=  j2(a  II  n("  ||/J)<a'4l  4'«1’  \\(i')/nvty'* 


(32a) 

(32b) 


J 


(33) 

The  quantity  b°'sB'  is  a  radius  that  typically  appears 
ip  theories  of  resonance  broadening  (“Weisskopf 
radius’’  for  resonant  broadening)  and  usually  has 
a  value  in  the  10  to  40  A  range.  Moreover,  it  is 
useful  to  define  the  dimensionless  quantity 

DK(Ab/vr)  =  bBJ^  | llAq(b,  vr,  0;  A)|*.  (34) 

Q 

For  the  level  scheme  of  Fig.  4(a),  the  dipole- 
dipole  limit  of  Eq.  (20)  is 
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where 

For  the  level  scheme  of  Fig.  4(b),  the  dipole-dipole  limit  of  Eq.  (28)  is 

r,'rfK:  f>,  <v»  <<)> = N,1  (-O'*  |  x;fr.  /\  I  /i>n  o  (2  j + 1  )]'- 

'i  1  /f) 


(35a) 


(35b) 
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one  In  which  the  lower  limit  of  the  b  integral  in 
Eq.  (39)  is  replaced  by  h„.  This  procedure  under¬ 
estimates  o'!]  by  10  to  20  o  and  provides  a  good 
approximation  for  o'J  (K> 0).  The  perturbation 
theory  results  are  valid  it  rrp’ /<„,  vr,  Rf,  t) 

«t  (i.e.,  the  final-state  population  is  much  less 
than  unity).  From  Eqs.  (32 )—  (38),  and  (C14),  one 
can  derive  the  validity  condition 

|XVA.|,(V*0)<«1.  (41) 

where  x*  is  a  Rabi  frequency  defined  by  Eq.  (32), 


bn  is  one  of  the  characteristic  resonant  Weisskopf 
radii  defined  by  Eq.  (33),  and  Aa  is  a  frequency 
mismatch  defined  by  Eq.  (25).  Since  /),/!(,•;  4 
and  |  Aa  |  »  10”  sec'1,  Eq.  (41)  is  easily  satisfied 
for  a  large  range  of  field  strengths. 

The  RAIC  excitation  cross  sections  may  now  be 
easily  obtained  for  the  limiting  cases  of  Fig.  4. 

For  the  case  of  central  tuning,  the  RAIC  cross 
section  In  the  dipole-dipole  limit  for  the  level 
scheme  corresponding  to  Fig.  4(a)  may  be  obtained 
from  Eqs.  (39),  (35a),  and  (C14)  as 


■a^0-M0).  =  8rh'-/(-l)*'.(<|y-p|*}/^)(6j;'76o)*(-l)^£;€i 
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where 

and 


j  f  d%. 

Similarly,  for  the  level  scheme  of  Fig.  4(b),  from  Eqs.  (39),  (3Ca),  and  (C14)  one  may  obtain 
''V£K,  0)t  =  8jr.v;1(-l)^[9(2./,.+l)]'l«|x;fr.  |S)/A  IW/f/bf  n  .. 
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<|yr-.-i*>- (41 

.For  the  level  scheme  of  Fig.  4(c),  the  RAIC  cross  section  calculated  from  Eqs.  (39),  (37a),  and  (C14)  is 

rro’Q*(v„  o)e= a^M-ir* « 1x5,  V)/b?cW;s  /b0n-\)°s 

fl  1  /(\(l  1  ffljl  1  /c)(i  1  /c)  ( 1  1  k) 

W.-«.  Jr  4 \Jr  Jr  J,\\'  1  2)|/r  Jr  4**-  (4’ 

Finally,  for  the  level  scheme  of  Fig.  4(d),  one  may  use  Eqs.  (39),  (38a),  and  (C14)  to  obtain 
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Equations  (42),  (45),  (47),  and  (48)  give  the 
RAIC  excitation  cross  sections  for  level  schemes 
corresponding  to  Fig.  4  in  the  limit  of  a  dipolc- 


ics  (>=1, 0,-1)  specify  the  polarization  of  the 
external  field.  As  defined  by  Eqs.  (33)  and  (40), 
the  characteristic  radii  and  l>0  arc  functions 


dipole  colli.  ion.il  interaction.  It  should  be  recalled  of  nr;  li^”'  is  proportional  to  e;,/J  and  b0  is  pro- 
tliat  these  are  the  RAIC  cross  sections  for  cxcita-  portional  to  v'r'  for  a  level-shifting  operator 

tion  from  an  iw/H/lariml  initial  state,  the  quanlit-  which  varies  as  ff"  («>3). 


The  physical  significance  of  the  various  RAIC 
cross  sections  is  discussed  in  Sec.  VI.  It  may  be 
noted  at  this  point,  however,  that  the  RAIC  cross 
sections  vary  as 

(49) 

where  ^  is  a  constant  of  order  unity.  Combining 
Eqs.  (41)  and  (49),  one  finds  that,  if  the  pertur¬ 
bation  theory  is  valid,  then 

o’«bl.  (50) 

Since  £>o=10  A,  the  maximum  RAIC  cross  sections 
obtainable  with  fields  satisfying  the  perturbation- 
theory  requirement  (41)  are  of  the  order  of  100 
A*.  For  larger  field  strengths,  where  Eq.  (41) 
no  longer  holds,  a  strong-field  (nonperturbative) 
theory  is  needed. 

""Corresponding  results  for  noncentral  tuning 
(A*0)  may  be  obtained  from  Eqs.  (39),  (35)— (38), 
and  (C13).  ' 

I 

B.  Fluorescence 

The  final-state  coherence  of  atom  A'  is  conven¬ 
iently  monitored  by  measuring  the  polarization  or 
quantum  beats  in  the  fluorescence  emitted  from 
state/'..  In  this  paper,  the  polarization  of  the 
fluorescence  is  calculated  assuming  that  the  ex¬ 
ternal  field  participating  in  the  RAIC  excitation 
is  linearly  polarized  in  the  z  direction, 

and  propagates  in  the  y  direction. 

The  fluorescence  signal  emitted  from  state/* 
to  some  lower  state  g'  (characterized  by  an  angu¬ 
lar  momentum  quantum  number  Jf.)  in  atom  A'  is 
given  by8 

**  fl  IK 

U>„  -Q,  Q 


('•V0r(!^>  V/('r) 

*K(r-n/y,.],  (53) 

where  is  the  A-atom  density  and  4V,  is  the  num¬ 
ber  of  pulses  per  second,  each  of  duration 
(T‘-  T').  Thus,  from  Eqs.  (52)  and  (53),  one  finds 


For  an  external  field  polarized  according  to  (51), 
it  is  convenient  to  measure  the  fluorescence  also 
propagating  in  the  y  direction  and  polarized  in 
either  the  x  or  z  direction  (Fig.  5).  That  is,  one 
measures  a  signal  SI  characterized  by 

«»=1»  i»=0,  (55a) 
a  signal  St  characterized  by 

cx  =  e,  =  0,  e,  =  l;  ctl  =  0,  c 0  =  1 ,  (55b) 

and  forms  the  ratio 

P  =  (S€-St)/(S,+S,).  (56) 

Before  explicitly  calculating  this  ratio,  it  is 
useful  to  note  that  the  general  expression  for 
and,  consequently,  for  a’^is  proportional 

to 


so  that,  for  the  excitation  scheme  of  Eq.  (51)  with 
the  <?,  defined  by  Eq.  (27b),  one  has 

PKQm  ~  0/^3)  +  (2//5)fila60, .  (57) 

Thus  only  o'°  and  o'*  enter  the  summation  in  Eq. 
(54).  Using  this  fact  that  Eqs.  (54)-(5G),  one  can 
derive  a  polarization  ratio 


X(1  1  /  (52) 

V,.  Jr  J.S  ! 

where  the  e,  (i  =  -1,0,1)  specify  the  polarization 
of  the  fluorescence  according  to  Eq.  (19)  (replac¬ 
ing  the  external-field  polarization  vector  <  by  the 
vacuum-field  polarization  vector  l)  and  i1'1'  p’^) 
is  the  average  value  of  the  reduced  density-matrix 
element  rr  p'K  of  atom  A'.  Adopting  a  simple  mo¬ 
del,  I  assume  that  the  lifetimes  of  the  various 
p'£',  once  created  by  RAIC,  arc  determined  only 
by  flic  natural  decay  rate  yr  of  level/'  (i.c.,  the 
natural  decay  rate  is  much  greater  than  the  col¬ 
lision  rate  and  the  frequency  separation  of  t lie  fin¬ 
al  states).  In  that  limit 


FIG.  5.  Excitation-detection  scheme.  The  external 
field  Is  linearly  polarized  in  llie  z  direction  and  Is  inci¬ 
dent  In  the  v  direction.  The  fluorescence  from  the  /' 

— transition  o(  atom  A',  propagating,  ill  the  y  direction 
and  polarized  In  either  the  x  direction  IS,)  or  z  direction 
iSt),  In  monitored. 
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Within  the  confines  of  the  adopted  model,  the  ratio  P  depends  only  on  relative  RAIC  cross  sections  and  not 
on  absolute  cross  sections.  Consequently,  it  is  a  useful  parameter  in  comparing  theory  with  experiment. 

The  ratio  P  is  now  calculated  for  the  level  schemes  of  Fig.  4.  For  the  level  scheme  of  Fig.  4(a),  it  fol¬ 
lows  from  Eqs.  (58),  (42),  and  (51)  that,  for  central  tuning,  A  =  0, 


p  ,0l  =3  / _  20(-l)'/-',-^C _  .V* 

l9(2J/.-H)(2,/r  +  l){  1  ~2U1  1  2UX  1  Hi1  1  H  ) 

\  Wr  «V  «V  Vr  Jr  Jt)  w,  Jr  J)  W  Jr  / 


(59) 


For  the  specific  case, 

=  0;  Jt.  =Jr  =  1;  P.(0)  =  *•  ,  (60) 

while,  for  higher  J  values,  Pa( 0)  is  smaller.  For  the  level  scheme  of  Fig.  4(b),  one  may  derive  from  Eqs. 
(58),  (45),  and  (51) 


“•w>  * 1  ( 

Wf*ll  j  \  / 

\  'If  J i- J  W/-  Jf  Jf)  / 


Some  specific  cases  are 

•V-V-l.  Jr=2>  ^(0)  =  5f» 

~‘Jr  =0,  J,.-l.  P,(0)=1. 

For  the  level  scheme  of  Fig.  4(c),  it  follows  from  Eqs.  (58),  (47),  and  (51)  that 
P  =P  . 

«  .  «  .  .  . 

This  result  is  unique  to  the  dipole-dipole  interaction. 

For  the  level  scheme  of  Fig.  4(d),  one  may  derive  from  Eqs.  (58),  (48),  and  (51)  that 


P«(0)=3, 


2(-l)V-ri' 


+1)(2./,, +1)(  1  1  2lf*V  Jr  2)  (  1  1  2) 

\  V/<  Jf  jJ)\j f  f)Vr>  Jf  'll-) 


+  1  ’ 


Some  specific  cases  are 

=  1,  Jf.=  2,  /’,(0)=£, 

Jf=Jf.=  l,  Jf=Jr.  =  0,  PJt 0)-0. 

The  physical  significance  of  these  results  is  discussed  in  the  following  section. 


(61) 


(62a) 

(62b) 

(63) 


(64) 


(65a) 

(65b) 


VI.  DISCUSSION 

A  RAIC  is  one  of  the  most  basic  forms  of  photo¬ 
chemistry.  It  is,  therefore,  of  fundamental  inter¬ 
est  to  understand  the  collisions!  interactions  tak¬ 
ing  part  in  these  reactions.  The  nature  of  the  col- 
lisional  interaction  is  reflected  in  (1)  the  total 
RAIC  cross  sections,  (2)  the  dependence  of  ItAlC 
cross  sections  on  detuning  A,  and  (3)  the  final- 
statc  coherences  produced  by  RAIC.  Total  cross¬ 


section  measurements  are  not  very  useful  in  dis¬ 
tinguishing  between  various  collisional  interac¬ 
tions  since  accurate  theoretical  expressions  arc 
not  available  for  comparison  with  experiment  (i.e., 
there  do  not  exist  theoretical  calculations  in  which 
matrix  elements  arc  accurately  calculated  along 
with  a  proper  treatment  of  small -impact-para¬ 
meter  collisions).  The  dependence  df  RAIC  total 
cross  sections  on  A  docs  provide  a  signature  for 
the  collisional  interaction,  provided  one  uses  dc-  - 


V 


tunings  outside  the  impact  core  of  the  line  |  A|re 
>1.  A  limited  number  of  experiments  of  this  type 
have  performed,11’  but  no  definite  conclusion  on  the 
interaction  potential  was  reached.  It  should  be 
noted  that,  for  |a|tc>1,  the  RAIC  excitation  cross 
sections  are  relatively  small.  The  study  of  final- 
state  coherences  produced  by  RAIC  offers  an  ad¬ 
ditional  method  for  probing  the  Qollisional  interac¬ 
tion.  In  many  cases  (see  below),  measurements 
of  RAIC-induccd  final-state  coherences  at  central 
tuning  A  =  0  (where  signal  is  the  largest)  are  suf¬ 
ficient  to  provide  information  concerning  the  col- 
lisional  interaction. 

Perhaps  the  most  important  aspect  connected 
with  the  study  of  RAIC-induccd  coherences  is  the 
additional  insight  one  can  gain  into  the  RAIC  pro¬ 
cess.  The  calculation  of  final-state  coherences 
introduces  features  into  the  problem  that  need  not 
be  considered  when  one  calculates  total  RAIC  cross 
sections.  A  particularly  interesting  feature  can 
be  already  seen  in  the  calculation  presented  in  this 
paper,  valid  in  the  impact  core  of  the  RAIC  profile 
and  in  the  perturbation-theory  limit.  The  collis- 
ional  interaction  can  be  viewed  as  the  interaction  \ 
Of  two  unpolarized  multipolar  fields  with  atoms  A  . 
and  A'}  the  fields  are  incident  from  all  directions 
and  lead  to  the  simultaneous  (virtual)  excitation  of 
atoms  A  and  A'.  Although  the  fields  are  unpolar- 
ixed,  they  are,  in  general,  correlated  to  one  an¬ 
other  by  the  coupling  coefficients  of  the  collisional 
interaction  (see  the  discussion  of  Fig.  4(a)  below]. 

The  unpolarized  nature  of  the  fields  arises  from 
the  average  over  all  possible  collision  orientations. 
This  result  may  be  seen  mathematically  in  Eqs.  : 
(A20)  and  (B2).  In  Eq.  (A20),  starting  from  initial  ; 
density  matrix  elements  p£,  one  excites  final- 
state  density-matrix  elements  with  \lC-K'\ 

*2.  This  type  .of  selection  rule  is  precisely  that 
produced  by  the  external  field  acting  alone.  In 
other  words,  the  averaged  collisional  interaction  ' 
does  not  modify  the  sc-lcction  rule  determined  by  ! 
the  external  field  alone — an  average  collision  acts  I 
as  a  scalar,  i.c.,  as  an  unpolarized  field.  Simil-  [ 
arly,  in  Eq.  (B2),  one  sees  that,  starting  from  an 
unpolarized  initial  state,  one  excites  reduced  den¬ 
sity-matrix  elements  with  K «  2;  the  selection 
rule  is  that  associated  with  the  external  field  only. 

In  contrast  to  these  results,  one  finds  that,  for  a 
collision  with  a  specific  orientation,  one  could  ex¬ 
cite  density-matrix  elements  p£  from  initial  den¬ 
sity-matrix  elements  p£,'  such  that  j/C-A''|>2.  It 
is  only  the  arc  raided  collisional  interaction  that 
acts  as  a  scalar. 

Thus  the  total  RAIC  reaction  can  be  viewed  as 
two  unpolarized  (but  correlated)  multipolar  fields 
plus  the  external  radiation  field  acting  on  atoms 
A  and  A'  to  produce  the  ii'  —))'  transition.  To 


simulate  the  collisional  interaction,  the  unpo- 
larizod  fields  arc  taken  to  act  simultaneously  on 
atornsA  andA';  one  field  acts  only  on  atom. 4  while 
the  other  acts  only  on  atom  A'  (in  analogy  with  the 
fact  that  the  collision  operators  act  on  either  atom 
A  or  A',  but  not  both).  The  external  field  acts  on 
either  atom  A  or  A'.  Using  this  model  it  is  rela¬ 
tively  easy  to  give  a  physical  interpretation  to  the 
results  obtained  in  Secs.  IV  and  V  lor  the  level 
schemes  of  Fig.  4. 

Figure  4(b).  For  the  level  scheme  of  Fig.  4(b), 
the  collision  first  acts  to  produce  the  virtual  state 
\fr‘).  II  the  collision  is  now  replaced  by  two  un¬ 
polarized  multipolar  fields  incident  from  all  direc¬ 
tions,  the  coherence  properties  of  this  intermed¬ 
iate  state  are  immediately  determined.  Since  the 
initial  state  was  unpolarized  and  the  average  col¬ 
lision  operator  now  acts  as  a  scalar,  the  inter¬ 
mediate  state  must  also  be  unpolarized.  Thus, 
when  the  external  field  completes  the  RAIC  reac¬ 
tion  by  acting  on  atom  A',  the  coherence  proper¬ 
ties  of  the  final  state/’  of  atom  A'  are  the  same 
as  those  produced  by  a  radiation  field  exciting  the 
r"  —  f  transition  in  atom  A'  for  an  initially  unpo¬ 
larized  state  r' .  The  factor 


appearing  in  Eq.  (45)  for  the  excitation  cross  sec¬ 
tion  is  precisely  that  associated  with  the  one-pho¬ 
ton  r1  —  s'  transition,  assuming  state  r'  to  be  un¬ 
polarized. 

The  collisional  interaction  affects  the  magnitude 
of  the  RAIC  cross  sections  through  a  multiplicative 
factor.  Consequently,  the  polarization  ratio  Pt(0) 
discussed  in  Sec.  VB  is  independent  of  the  col¬ 
lisional  interaction;  it  depends  only  on  the  values 
reflecting  the  field  excitation  from  r' 

— /'  followed  by  spontaneous  emission  from/'  to 
S' ■  Thus,  the  level  scheme  [lrig.  4(b)]  is  not  par¬ 
ticularly  well  suited  for  probing  the  collisional 
interaction  via  polarization  studies  at  line  center; 
RAIC  cross  sections  as  a  function  of  frequency  are 
needed. 

Figure  4(d).  For  the  level  scheme  of  Fig.  4(d), 
the  field  produces  a  polarized  virtual  state  jiV) 
and  the  two  unpolarized  fields  (collision)  complete 
the  transition  to  state  \fj’) .  The  final-state  coher¬ 
ence  of  atom  A'  can  then  be  thought  to  be  produced 
by  the  external  field  acting  on  the  i'  -  r'  transition 
and  an  unpolarized  multipolar  field  incident  from 
all  directions  acting  on  flic  transition  r' ~ f .  The 
transition  amplitude  for  the  r'  -/'  transition  de¬ 
pends  on  the  multipolarity  of  the  collision  interac¬ 
tion;  this  dependence  is  given  by  the  weighting  fac¬ 
tor 


appearing  in  Eq.  (48).  Since  this  weighting  factor 
couples  K  and  k' ,  the  final- state  coherence  and  the 
polarization  ratio  1‘4  can  be  used  to  distinguish 
different  collisional  interactions.- 

For  the  dipole-dipole  interaction,  k'  =1,  and  the 
collision  interaction  on  atom  A'  can  be  replaced 
by  an  unpolarized  electric  field  incident  from  all 
directions  producing  the  r'  —  /'  transition.  Thus 
the  coherence  properties  of  state /'  of  atom  A' 
are  the  same  as  those  produced  by  Itvo-pltolon  ; 
excitation  of  atom  .-V',  the  first  photon  provided  ! 
by  the  external  field  producing  the  transition  i' 

—  r‘  and  the  second  by  an  unpolarized  electric 
-field  incident  from  all  directions  producing  the 
’  transition  r'  — /' .  The  polarization  ratio  Pt(0)  for 
the  excitation-detection  scheme  of  Fig.  5  is  then 
easily  calculated  to  be  the  simple  function  of 
6iven  by  Eq-  (04). 

Figure  4(a).  For  the  level  scheme  of  Fig.  4(a), 
the  two  unpolarized  multipolar  fields  incident  1 

from  all  directions  first  excite  the  virtual  state  1 
| rf)  and  the  external  field  acts  on  atom  A  to  com-  . 
plete  the  transition  to  state  | //').  One  might  think  i 
that  the -final  state /'  of  atom  A'  would  be  unpolar¬ 
ized  since  it  was  produced  by  an  unpolarized  field  I 
incident  from  all  directions.  However,  this  con¬ 
clusion  need  not  be  true  owing  to  correlation  ef¬ 
fects  between  the  unpolnrized  fields.  -  This  effect 
is  best  illustrated  by  the  case  of  Jj=J/=0,  J r=  1, 
and  an  external  field  polarized  linearly  in  the  z  1 
direction.  In  order  for  the  overall  A»/=0  selec¬ 
tion  rule  to  be  satisfied,  only  that  part  of  the  un-  j 
polarized  field  producing  a  Am  =0  transition  is  j 
utilized.  Thus,  only  a  kart  of  the  unpolarizcd  field 
acting  on  atom  A  is  used.  Owing  to  the  coupling 
coefficients  in  the  collisional  interaction,  this  , 
result  implies  that,  correspondingly,  only  a  part 
of  the  unpolarizcd  multipolar  field  acting  on  atom 
A’  contributes  in  the  i'—  f  excitation.  This  result,  ; 
in  turn,  implies  that  slate /'  can  be  polarized.  / 
For  the  conditions  of  Eq.  (CO),  a  polarization  ratio 
p.( o) =  V  was  found.  Since  the  polarization  ratio 
for  case  Fig.  4(a)  is  a  function  of  ttic  multipolarity  | 
of  the  collisional  interaction,  it  can  be  used  to-pro-| 
vide  an  indication  of  the  collisional  processes  par-  J 
ticipnling  in  RAIC. 

Figure  1(c).  The. analysis  of  the  level  scheme  of 
Fig.  4(c)  is  similar  to  that  for  Fig.  4(a),  except 
that  the  field  acts  on  atom  A'  rather  than  on  atom 
A.  For  the  dipole-dipole  interaction,  in  which  the 
external  field  and  the  collisional  operators  have 
the  same  multipolarit  -  (/.■-/.•'-/»-/>'  =1),  the  HAIC 
cross  sections  for  casus  Figs.  4(a)  and  4(d)  arc 


proportional  to  one  another;  for  other  collisional 
Interactions,  this  proportionality  is  lost. 

In  order  to  have  a  more  complete  picture  of  the 
final-state  coherences  produced  by  RAIC,  it  is 
desirable  to  extend  the  theory  to  include  the  cases 
of  large  detuning  ( |  A  j  tc>  1)  and  large  field 
strengths  (nonperturbative  solution).  Such  exten¬ 
sions  may  pose  some  interesting  problems  in  the 
average  over  collision  orientations,  since  the  col¬ 
lision  interaction  no  longer  enters  linearly  in  the 
final- state  amplitude.  Owing  to  tliis  nonlinearity, 
the  analog  between  an  average  collision  and  an  un¬ 
polarized  field  may  no  longer  be  useful. 

In  summary,  I  have  presented  a  calculation  of 
the  final- state  coherences  produced  by  RAIC  in  the 
weak-field  limit  that  is  valid  in  the  impact  core 
of  the  RAIC  excitation  profile.  The  resulting  final- 
state  coherences  can  be  monitored  by  standard 
techniques  (polarization  of  fluorescence,  quantum 
beats)  and  may  provide  information  on  the  coliis- 
"-ional  interactions  occurring  in  the  RAIC  reaction. 
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APPENDIX  A  | 

Appendix  A  is  divided  into  three  parts.  In  part 
A,  some  notation  is  introduced  and  the  relation¬ 
ship  between  the  direct  product  and  irreducible- 
tensor  subspaces  is  established.  In  part  D,  the 
relationship  between  the  two-particle  and  single¬ 
particle  (reduced)  density-matrix  elements  is 
given.  Finally,  in  part  C,  the  final-state  density- 
matrix  for  RAIC  is  calculated. 

A.  Relationship  between  bases 

\  A  state  of  the  composite  A  A'  system  is  repro¬ 
of  seated  by  a  capital  letter,  e.g., 

;  1-0  =  !//')=  |y)l/'>'  E  I/*// *«,)!/' J,' «!/»>',  . 

(Al) 

where  it  has  been  assumed  that  the  angular  mo¬ 
mentum  of  a  level  can  be  represented  by  a  J  quan¬ 
tum  number.  The  angular  momenta  appearing  in 
the  direct  product  basis  (Al)  can  be  coupled  in  the 
standard  fashion, 


\*)m  \JJ' Jrmr> 


{'/  Jr  J  f  *] 

mt  »y  ntr J 


(A2) 


where  the  bar  indicates  this  coupled  basis.  As  in 
the  main  text,  I  use  a  summation  convention  in 
which  all  repeated  indices  (not  including  their  ap¬ 
pearance  in  phase  factors  or  frequency  denomina¬ 
tors)  are  summed  over.5 

Matrix  elements  of  the  density-matrix  operator 
In  the  barred  basis  are  related  to  those  in  an  ir¬ 
reducible  tensor  basis,  rttp-Q,  via  the  transfor¬ 
mations 

f  Jr  “l- 

L»«jf  -”>rl  <?-) 


_  ki 

Lmp  -mji 

*<  TJymy\p\  F,  J  y^  my*  >  ,  (A3b 

where  the  total  J  and  m  t  values  of  the  barred 
basis  arc  explicitly  written  in  the  right-hand  side 
of  Eq.  (A3b). 

The  time  rate  of  change  of  density -matrix  ele¬ 
ments  produced  by  UAIC  can  be  expressed  as4 

Prrl^rtF\Pnl  '  tM*' 


'  ">#>5  =  T*'°'  (F,  T\,  T, Tt) "i  p*:  .  (A4b; 

The  relationship  between  the  F’s  may  be  obtained 
from  Eqs.  (Al)-(A4)  as 


, ,  •  _  _  _p/ 

T\,  J,  TJ  =  (- 1)'.-%  (_ 

L mt  mft  mf»  mjj 

J-” '  •"■  *¥•" J-  •"][•"•  •"'.IP'  \  K1 
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i  .  *  *  *  5 

along  with  the  corresponding  inverse  transformation. 

B.  Reduced  density-matrix  elements 
The  reduced  density-matrix  elements  for  atom  A'  are  defined  by 

phi  =(//'ipi//;>.  (a 

In  terms  of  the  matrix  elements  of  irreducible-tensor  operators  defined  by  Eq.  (23a),  one  can  use  Eqs. 
(A1)-(A3)  and  some  elementary  properties  of  the  Clebsch -Gordon  coefficient  to  derive 

( Jf  Jy  K) 

/'Vq'=(-i)^4/?w/-'[(2J?+i)(2JFi+i)]*/2<(/  (  j  1  { F^Pl(frJ,JrJr.ff[J,J,iJy >  •  (A 

(  h  f)  1 

Equation  (A7),  in  which  the  {  }  represents  a  6-J  symbol,  enables  one  to  calculate  the  reduced  density- 
matrix  elements  of  atom  A'  from  the  two-particle  density-matrix  elements.  Similarly,  reduced  matrix 
jlemcrtts  of  atom  A  arc  given  by 

P„l  =  <//'lp|/l/'>  (A 


\Jy  Jy  K  I 

,/«p5-(-l)/^VV-'rl(2^?4l)(2J?.i+l)]‘/ij^  ^  "tp*  --  <A9) 


C  Calculation  of aA  .V  * 

Starting  from  Eq.  (10),  I  now  derive  an  expression  for  Equation  (10)  may  be 

written 


«,(/;)=(*■!  tiomo  , 


where 


<F|f  |/>=(«/«)-‘  f'e  (F\f(lF,t)\J  )c~te“dt  . 

Ji~ 


(AlOa) 


(AlOb) 


Equation  (AlOa)  could  equally  well  be  given  in  the  coupled  (barred)  basis  as 

«?(f;MF|f  |7>«i-(f;)  ,  • 

so  that  the  final-state  density  matrix  is 

•  ■-tnfiU b.»r,Q, Rc,tc)=(T\t 1 7) <rjf | r1>*p77|(/;) . 


i  (A12) 


The  matrix  elements  of  X  are  expanded  as 


<P|f  |7)-(-i)< 
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fl  Z-C, 

'  V 


Equation  (A3a)  is  used,  and  some  identities  involving  the  angular  momentum  coupling  coefficients  are  em¬ 
ployed  to  transform  equation  (A12)  into 


"*P%0  l ;  b,  oT ,  Re ,  t e )  =  (_  l)*' J tc'4  ** 7  * *•  (_  l)*'*0'  [(2 G  +  1)(2G'  +  l)(2ff  +  l)(2fv"  + 1)] 
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g')uM>KQ'(t;) , 


where 


HIT,  Tlf  7,  7lt  G.C'.g.g’)*  (8ir3)”1  f  do"  f  f  (V  t  f  ej ). 


and  the  quantity  in  large  curly  brackets  is  a  9-J  symbol.  The  quantities  F,f  ®  may  be  calculated  by  (i) 
using  Eqs.  (A13),  (AlOb),  (6),  (13),  (18);  (ii)  expanding  all  intermediate  states  appearing  in  Eq.  (6)  in 
terms  of  the  barred  basis;  and  (iii)  using  the  Wigncr-Eckart  theorem  to  evaluate  matrix  elements  of  (pT)\ 
and  “  'Vq.  One  obtains 


”  ft  •  (-  l),/?  * '' *  ir~* * Ki " 1  <  T  U  (M  r)<l  1 '  ||  E>  <  E 1  ** '  V '* » ||  7)  (ww  )'1 

i  fff  i  c1(k  i  c  ) 

,  *(«.->(£)  •“*».  e,  J  \J?  Jf  ^y. 

♦  (-  i)J'  •« c  < Fii**'  k «' » u  e  )  <  eii  (p ,)“'  ||  7)  (w#<f)-> 

X(»f«)*'(— •)**'AS(4>,t<f,o;A)e;  p  1  C  1  Cj<s:t 

j?  j*) 


where  **/lS(fr,i>r,0;A)  is  defined  by  Eq.  (1Gb),  (||  •••)!)  ir.  a  rcxluccd  matrix  element,  c,  is  defined  by 
Eqs.  (17)-(10),  and 


The  product  of  the  CJ,  can  be  calculated  explicitly  and  the  final  expression  simplified  using  identities  in¬ 
volving  the  angular  momenta  coupling  coefficients. 1 

One  obtains  16  terms  corresponding  to  the  square  of  the  four  terms  contributing  to  the  amplitude  in  Fig. 
2.  The  result  may  be  written  in  the  form 

/*V5<f;;Mr>  iV.) «v.  ©;  *)K4$(ft,  «,„  o;  a)]\;<  ^i)°,p  1  *1 

r/  l<?,  -<?.  QJ 

x  £  \«(M^ />,/>',  A',  Ar',/\/0,  „(B3) 


« >  • 

where  ,,,  represents  the  contribution  from  diagram  jl  and  the  complex  conjugate  of  diagram  b  in  Fig.  2. 
Explicitly,  / 

—  wl)(w4+w/.  ******  J 

(n*j( k  )iv  P'  kK*’ p- k  1  (I 

{J.  J.  j)(p  k  ^  jr) 
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Equation  (A16)  and  its  complex  conjugate  are  now  inserted  into  Eq.  (A15),  and  Eqs.  (15)  and  (21)  are 
used  to  arrive  at 

ll(F,  F„  7 ,  7„  C,  G'.  (2A  ♦  l)'1  e^i  (b,  vT ,  0;  A)[ w  ‘a%.  (b,  uT ,  0;  A)]  • 


[A*  1  c]fA*  1  C'~ 

Q  Qj  JU'  Q.  if  C(F’  7,C*  *./t'.A'HC(F1,71,G',/.,/»',K)l*  ,  (A18) 


where 


C(F,7,  C,  k,  k’,  K)  =  (-  l)»^*^--^«,(«„)-,<f|  |  (M  r)<*»  1 1  £><  I|  | V**'  1 17> 


K  1  G 
J-r  Jj  J-K 


♦<- 1  1 1  ■ *»'  v<**  | 1  e><  e|  |  (m  r)(l  1 »  1 1 7) 


if  1  G 


Jf  J~r  Ji 


(A19) 
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The  quantity  C  is  easily  identified  with  the  four  diagrams  of  Figs.  2  and  3. 

»  .Combining  Eqs.  (A18)  and  (A19)  and  carrying  out  the  summations  over  magnetic  quantum  numbers,  one 

obtains 


‘  Jir  *1 

X<7<j[(2G+l)(2G'+l)(2A'H)(2/r'+l)]l/!! 

ilP  -Q'  mj 


n*  i  xl  pr  (  Ij  J  x 


F  Ft  Kj 

7  7,  K’> 

G  G’  X ) 


xc(f>/,c)il*'>A')[c(Fl,;11c',p1j>'4)F''<(i;).  '  (A20) 

It  is  clear  from  this  equation  that  \lC  - K\  <2,  i.e.,  that  the  collision  acts  in  some  way  as  a  scalar  op¬ 
erator  (sec  Sec.  VI).  Reduced  density -matrix  elements  may  be  obtained  from  Eq.  (A20)  by  use  of  Eqs. 

(A7)  and  (A9).  Density -matrix  elements  in  the  magnetic  sublevel  basis  are  related  to  those  in  the  ir¬ 
reducible  tensor  basis  by  Eqs.  (A3)  and  (A2)  or,  for  reduced  density-matrix  elements,  by  Eq.  (23b). 

APPENDIX  C 
Unpolarizcd  initial  state 

In  Appendix  B,  the  reduced  density-matrix  elements  for  atom  A'  are  calculated  for  an  unpolarizcd  in¬ 
itial  state.  An  unpolarizcd  initial  state  corresponds  to 

IhP%(‘<)  =  Wi +  Ij^’Woo  -  '  /£  (Bl) 

where  N,  is  the  total  number  of  initial  states.  Using  Eqs.  (A7),  (A20),  and  (Bl),  one  may  obtain  after  a 
little  algebra5  the  reduced  density-matrix  elements  for  atom  A', 
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Some  of  these  terms  may  vanish  owing  to  the  selection  rules  appropriate  to  the  level -coupling  scheme  and 
interatomic  potential  under  consideration. 


APPENDIX  C  ! 
Dipole-dipole  interaction 


to  Appendix  C,  the  quantities  Ajj.  and  **  a£  arc  evaluated,  assuming  a  dipole-dipole  collisional  interac¬ 
tion  between  atom  A  (dipole-moment  operator  (I)  and  atom  A'  (dipo.lc-momcnt  operator  p' )  of  the  form 


V  =  (p  * p'  Ai-3p  •  RjT'-R)/R'  , 


(Cl) 


where  U  is  the  separation  between  the  atoms.  For  a  given  collision  geometry,  R  is  a  function  of  t  =  t  -  tc 
(the  collision  is  centered  in  time  at  t  =  le),  b,  vr,  and  Q. 

Writing  p  and  |T'  in  the  form  of  Eq.  (20)  and  defining 


r  *  _  — i  ~  LlLxl  R  -  *  ULl  w  =  I? 

.  «  yjr  >  -* - Jrf  >  =  < 

one  may  rewrite  Eq.  (Cl)  as 

•U»iO(TA«'r,G)Mj(fi')J/  , 


(C2) 


(C3) 


;  / 
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where 


A". (r. b, €»* ( R’{b„  V. - «.»' V.-.-W,;-;)- 3*.*.'  ] /«’.  .  (c 

Equation  (C3)  has  exactly  the  same  form  as  Eq.  (12)  since  pj  and  (p')J  are  components  of  irreducible 
tensors  of  rank  1. 

The  quantities  of  interest  in  evaluating  RAIC  cross  sections  arc  the  Fourier  transform  of  the  Aji*  de¬ 
fined  by  Eq.  (16a).  Using  Eqs.  (C2),  (C4),  and  (ICa),  one  finds 


>U*(*,  v,t  ©;A)»(i/r  /b)e~iU*  f  *  '  A"-(T,b,  ur,e)e~itrdT 


where 


6,  v,  , e)  =  t  A'.\  ..(t;  6,  vr  ,0)1  •  *  -3 (R\ /R\  -  2iR,R,)/2R' 
*11  (T  e)  a  A  JJ(T,  6,  Vr,0)=>  ~[Al\0(7,  b,  V  , ,  e)  1  • 

»,  wr,e)i  =  3 R.{R,-iR,)/J2  R *  , 


I  (C6a) 


*11(t ,  f>,  v, ;  e)  -  (R 1  -  3 R\  )/R'  , 


•AIi,(T,<>,  Wr,e)-Vl!*M(T,  b,  VrtO)  =  jiAiJ)(T,b,  Vr,e)  . 

The  corresponding  equations  for  the  u/lJ  defined  by  Eq.  (14b)  >  < 

uAq-V>,  ur,Q;&.)=(ur/b)e~,Al*  f  *  *  £&(T,b,  vr,0)e~tATdT  , 


i  (C6d) 


U*S(M;  t'r.e^O  ,  j  (C8a) 

u*‘g(T ,  6,  v,  ,  ©)  =  0  (Q  =  1, 0,  - 1)  ,  |  (C8b) 

“it*(T,  *,wf,0)=lu/l!J(T,*l  ur,e)]*=3(/ij  -R\-2i  R,Ry)/2Ri  ,  —  (C8c) 

A 

uAUT,b,utfe)*-["All(T,b,vr,Q)]**6R.{R/-.iR,)/R*  ,  x  !  (C8d) 

"AW,  b,  vr,e)  =  3{R*-ZJil)/(i''*R'  .  (C8e) 

It  should  be  noted  that  lire  HAIC  cross  sections  depend  only  on  the  quantity 

2,'iAg-lb,  iir;A)***'ytS'«(f»,  «',,0;A)^'/l5'(6,  i/rf6;A)]*  .!  (09) 

***  I 

The  fact  thatytj->  is  independent  of  O  follows  directly  from  Eq.  (15)  and  the  orthogonality  properties  of  the 
rotation  matrices;  from  a  physical  viewpoint,  this  result  is  to  be  expected  since  the  calculated  cross  sec¬ 
tions  cannot  depend  on  ihc  choice  of  llic  reference  geometry  0*0. 


Sliaiglil-linr  trajectories  j 

Under  the  assumption  of  straight-line  collision 
trajectories,  the  various  A’s  are  easily  calcula¬ 
ted..  Taking  as  a  reference  geometry  II,  -ur, 

0,  R,=  b,  and  letling  (/,*  -I,)—*.”  in  Eq3. 


(C5)  and  (C7),  one  obtains 
yli!(6,i\.0;A)  =  -c-,/w«6-> 

xlaKl(a)-a'ha(a)|,  1  (ClOa) 

•Ali(f»,  v, ,  0;  a)  *—  'fl  e~,A  *c  b~,a*J\'l(tt),  (Cl Ob) 


2  tm,A,*b~* 


AiJ(6;  *»r,0;A)a- 

*  Xlo*A'J(a)  -aK'l(ar)J,  (ClOc)  , 

«  r  * 

“Aj(*,»r.O;AW"(l»,  vr,0;A),  (Clla)  ^ 

v,,0;A)  =  /2  AU(6.  ts.O-.A)  ,  (Cllb) 

uAZlb,  V„OiA)  =  3A"(b,  ur,0;A)/S6  ,  (Cllc) 
where 

a-A6/u,  (Cl  2) 


and  A, (a)  is  a  modified  Bessel  function.  The 
dimensionless  quantity 

vT ; AJt2 

is  given  by 

DKM^iziaK^-a'K'iaW  +  aa'iKJa)]* 

♦  elof^VaJ-aK^aJj^S^  .  (C13) 

*  ■  ~ 

The  central  tuning  being  a  =  0,  Eq.  (C13)  reduces 

to  ’ 

i),(0)  =  86o.  (C14) 


•  -^Permanent  address. 

*P.  R.  Berman,  Phys.  Rev.  A  23,  jooc  (1980).  I 

’Labels  appearing  on  both  sides  of  an  equation  are  not  to 
b«  summed  over.  ] 

*Tbe  final-state  density-matrix  elements  are  the  same 
whether  calculated  in  the  “normal”  or  the  interaction 
representation,  owing  to  condition  (21. 

*Id  RAJC  I,  a  quantity  rj.'^  <vr,  tc)  w  as  defined  giving  the 
„  (complex)  rate  at  which  UA1G  proccdure-yields  a  flnal- 
State  density-matrix  element  p>f-(  from  an  initial  one  l 

PfV  «f  »  ).  (11)  is  multipfixl  liy  the  number  of  colli-  I 

•ions  per  unit  time  with  the  impact  parameter  between  : 
♦  sod  b*  db  ami  relative  speed  v,,  and  if  an  average 
over  b  and  Ke  is  performed  one  finds 

btfi,riU>,'.tc)/?t)llAI,  =  V,£l<rr.tc)ptilbr.it), 

where 

r/;il<vr.l,)-XAnA.v,  f  2  rrb  db  f  dUcR'f'^(b.vT.nc,ltK 

3T,  is  the  Q-atom  density,  and  the  Uc  integral  is  over 
the  atom-field  interaction  volume. 

*A.  R.  Edmonds,  Angular  Momentum  Theory  in  Quantum  ' 
Mechanics  (Princeton  University  Press,  New  Jersey, 

1»57). 


*In  averaging  over  Q,  it  has  been  assumed  that  all  Q  are 
v  equally  likely,  which  is  equivalent  to  assuming  a  uni¬ 
form  distribution  of  relative  velocities.  If  one  or  both 
of  the  atoms  is  velocity  selected,  this  assumption  is 
no  longer  strictly  true.  One  can  Incorporate  the  effects 
of  *  nonuniform  relative  velocity  distribution  into  the 
average  over  Q,  but  the  results  take  on  a  much  more 
complicated  form. 

’The  symbol  as  a  superscript  on  p'q  is  a  shorthand 

notation  for  f‘JtXf'Jr. );  consequently,  there  is  no  sum¬ 
mation  on  Jr  or  Jf,  in  Eqs.  (-3). 

*M.  G.  Payne,  V.  E. 'Anderson,  and  .1.  E.  Turner,  Phys. 
Rev.  A  20,  1032  (1070);  E.  J.  Robinson,  J.  Phys.  B  _■  ? 
(in .press)-  .  -  •  (II  ) . 

*S-  Harocbe,  in  High  Resolution  Loser  Spectroscopy, 
edited  by  K.  Sliimoda  (Springer,  Berlin,  1970),  pp. 
275-279. 

**S.  E.  Harris,  J.  F.  Young,  W.  It.  Crccn,  R.  W.  Fal¬ 
cone,  J.  Lukasik,  J.  C.  White,  J.  II.  IVillison,  M.  ». 
Wright,  and  G.  A.  Zdasiuk,  in  Laser  Spectroscopy  IV, 
edited  by  11.  Walther  and  K.  W.  llotho  (Springer,  lier- 
lin,  1979),  p.  319  and  references  therein;  C.  JJrech- 
ignac,  l’li.  Caliuzac,  and  P.  E.  Toschek,  Phys.  Itev.  A 
21.  19G9  (1980). 


1 


/  I 


l*RA  1000)  I’LRAA.SUIOOOAQI  343.2 


!.'.(!  „r 


l.-'.u 

Of 


'theory  of  collisionally  aided  radiative  excitation  in  three-level  systems 

+ 

S.  Ych  and  I’.  R.  Berman 

Deporuntnt  of  Physics.  .Very  York  Unhenity.  4  IVaihington  I'hcc.  .Vew  York.  Aria  York  1000} 

(Received  18  March  19S0) 

A  theory  of  collisionally  aisled  radiative  excitation  (CARR)  for  three-level  systems  in  the  weaL-field  limit  is 
prevented-  Cross  sections  for  the  excitation  of  three-level  atoms  by  two  off-resonant  pulsed  ladution  fields  in  the 
presence  of  collisions  with  structureless  perturbets  ate  calculated.  Analytic  expiess-ons  for  tire  cioss  sections  as 
fuiwnons  of  jloni-ticld  ilctuamgs  are  obtained  under  usual  cltLssical-irajecloty  aiu  rotating- wave  appioxiinations 
using  perturbation  theory  for  s  a  nous  legions  of  deli,  rungs  li  samples  for  the  resulting  excitation  line  sIi.ijh-s  are  given 
mostly  for  van  dcr  Waals  |ioicntin)s.  A  diessed-atoni  picture  of  the  CARR  processes  is  tliscusscd.  emphasis  is  fail  on  '/  ,  g 
an  interesting  elVect  arising  from  the  ii.terfcreucc  between  the  "stepwise”  and  ."direct"  cli.tmu  I  c»f  excitation.  Such  an  .  w , 


interference  effect  manifests  itself  as  modulations  in 

interatomic  speed  in  some  eases. 

/ 

I  . I’ ACS  numtvrs:  32.70  —  n.  32. SO.  -  t,  34.10.  -f  x 
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I  IM  IIODI  CT  ION 

i 

In  this  paper,  we  prison!  a  theoi  y  of  collisional-  • 
ly  aidi'd  radiative  oxidation  (CARR)  for  three- 
level  systems  in  the  weah-field  lttr.it.  CARR  in 
two-level  systems  has  boon  ! lie  subje  ct  of  many 
recent  studies.1  Ap;n  nxiinntion  schemes,  valid 
in  diffi i  it.!  i  cgions  of  alum  field  detuni::;;;.,  have 
been  used  ami  verified  by  numerical  calculations.  ?  i 
In  three- level  system;;,  however,  calcnl.il ions  ! 
have  been  limilotl  lei  a  n.trto'.v  range  of  detunm",;;. 5  ! 

It  is  thus  desirable  In  have  a  theory  which  is  free 
from  such  1 1 rnit.it :m'.s.  | 

In  Sec.  II,  v.t  stale  the  problem  to  hr.  im.id.t  igat  - 
ed  and  define  (!;••  coadit  i.uts  nii'lt'r  whir  It  It,"  treat¬ 
ment  of  t h i  .  paper  ate  applicable.  The  complexity 
of  a  three  ■  level  C'.M’R  pio’dc.'it  over  its  tvo-lcvcl 
counter  pa:  I  is  die  partly  t  i  tin  fact  that  theri  arc 
two  detunm:;..  which  i.m  he  mriepemb.-n'ly  vat  ted.  I 
In  addition,  the  collision  i  i  1  i  .ecl  t  .shifts 

of  these  t In  ee  levr  1  .  can  he  ol  e tl  he  r  a  po  . it tve  j 
or  a  negative  si  ,n  (t'l.itivr  to  the  detunm;;'.),  lead-, 
in",  to  t'lflet  cut  physt.-al  situation;;.  It  become:;  j 
necessary,  for  the  i  cnV' nict.ie  of  prr  .enl.il  nn , 
to  classify  the  i'a:  t".  aeeorthn".  lo  the  st/.i.s  and 
SI!',  it-:  (t  flat  :vf  to  til  rise  of  the  ( dll  I'.IOn  •  m  dared  , 
cnci  p.y- level  r.l.if t •;)  »<f  the  d>  luiin  This  is;  done 
in  her  .  Ill,  A  "dressed  atom"  picture  of  the  phy-  1 
sic  tl  proresr.i".  will  In  given  in  See.  IV  with  dir.-, 
cus'ihuts  t'f  inti  t  esl  m-;  interferenee  cffeels  for 
some  case;;.  In  her.  V  ,  (in'  basic  eip.i.ttionr.  in¬ 
volved  ate  |;i'.'vn.  The  .solttl  ions  and  instills  for 
rases  a  s  i  I  a  •;.  if  nil  in  hoe .  Ill  at  e  obtained  in  .'fee.  . 

VI.  In  hr  a  .  VII,  we  discuss  the  .nlvai.l.trt",  of  ■' 

'  ".inc,  C'AI.K  over  ronvenhonal  atom  all  m  col¬ 
ic  mn  I,  i  It., t -p ir  s  In  slmly  the  atom  atom  inter me  - 
Ho  t'..  '1 1  ir  p  1 1  •  ■  t  is  l  ull'  huh  tl  tn  See.  VIII.  Ap- 
p  nrllis  ",  A  anti  II  provide  sonii  call  ulalimial  tle- 
tail'.. 


the  total  excitation  crocs  seition  .as  a  function  of  relative 


tl  tin;  t'KOUl  I.M  ; 

Consider  a  three- level  active  alom,  which  may 
have  one  of  the  coni'i", orations  shown  in  Kip,  l 
with  level  separations  /.so,.,  and  /.a',..,  subjected 
to  two  off  -  resonant  incident  pulsed  radiation  folds 
of  frcfiuencies  u>  and  ca'  and  amphluJis  /.(/)  and 
/;'(/).  The  atom  simuli.s.’uotisly  undergoes  a  col 
lision  will)  a  sti  ucturek perturb"!'.  Under  some 
condition:;  (o  he  stated  in  this  section,  ve  calculate 
the  1—3  excitation  cross  serf  nut  as  a  fund  ion  of 
detunings. 

The  fields  K(t)  and  /.'(/)  are  assumed  to  drive 
only  1-2  and  2-3  tiiiiiMtion:;,  rv.p'  etively,  with 
interactions  chat  ;u  leri/ed  by  the  couplin',  :;t i  i  npt!;;: 
X'(/)  1‘tyl '/'i  l:  anti  ,  re  1 1  i \  eiy  , 

where  and  at  e  the  dipole  matt  i  •.  element:; 
of  the  t  Cxpct  I  tve  Iran  .dions.  The  col  ’.  i  ..iota,  are 
assumed 'to  :  h.ft  only  the  energies  of  the  ..etivc-  : 
atomic  level.';  v ' it!;  >ut  coupling  II. im  (;  um  limes 
referred  to  as  rtdi.thalit  appt  c> i : t • ; 1 1  inn),  a  peiier- 
ally  food  a:  sumption  in  the  case  of  elcclronic  li.in- 
r.itions  in  tin  optical  regime  It  a  .so  e  of  ll.t  lael: 
of  inter. domic  potential  curve  c  1 1.".. sin;'  ■  (<••;<  ept  t 
perhaps  at  i  d  rcmely  small  mt. nai:  It  at  thst.ince 
which  cari'tof  he  reached  with  tu'dmary  lh-'t  m;.l 
energy). 

if  the  alotn  fit  lil  detunin':;.  A  and  A',  il  fim  d  as 
A  —  tn  -  oi,,  anr|  A'  v' -  te,.,  are  larger  I  h.  it  the  J 
J3opph-  r  v.  id'  It ,  a  ml  'or  j  f  1  hi  ■  me  it  It  nl  pit!  s-  d  !  it  l-d  I 

III  e  adiali.tli  ■ ,  I  he  I’Xc  tl  at  u  nt  t  i  o..s  sr-cl  i  hi  a  t  i  I 

itei’.lif.ll'Iy  .'.Stall  i:t  the  ale. once  id  i  > .1 1 1  .10:0. .  In 
both  case  .,  the  ef'lli  aon  can  gteallv  rnh  iin  tls. 
excitation  '  y  t-illor  bus, I  m  ;  (ho  .uhab.it  1  ;lv  or 
i;h  if!  in;;  I  la  in  or  ;;y  h  C'd  .  of  I  ho  .live  alom  ruin 
li'Slimmi  1  (msl.ml as.  :..)•  ly)  will,  lite  i  at. a  sal 
field  \Vo  b  PI  c* mf m*'  Ihe  ih  1  it  a  1011  id  tin  . 
paper  lo  el.  I.tm.i  hi r;p  1  Ih  ur  Ihe  Uop, d  1  1  w  nil ir 
anil  Assume  that  II**  (tn!  a-'  a'  o  sha.v  0,1  se  It  each 
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that  (he 

pulse  du  rat  ime. 

are  inueh  larger  than 

the  1 

roll  i  .ion  1  inn* ,  and 

that 

dm  in:',  a  collision  the 

field 

rtnipl  »lu 

•  (  *•  ;t re  rt.»M 

.taut 

lh.it  is, 
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1**1 

(3.1) 

\v)m  » (’  U'p  is  INf  IV 

I  pie 

width, 

tin*  *(/),/(/)  *  0, 

#-  ••• 

(2.2) 

tl.X 

ilX  ' 

I 

1 

(ii  ’ 

*°- 

V' 

'  t 

(2.3) 

A 

7 

1 

and 

A  (/) 

-  A 

n 

(2.4) 

* !u i  in'*  a  i  oil i-. ■  hi. 

Id  .i<I  III  i<di  In  i  i  id.  1 1 1 1 -id:.  (2.1)-  (1! .  'I ),  I  In;  |ht- 
1 1 1 1  lir  i  if*  i.  . 1 1 y  i  :  .1  . *  it i ii i'tl  In  It-'  low  eu<  .ugli  lii.it 
(In-  linn  In  lv.nl  it  mill  .mu*.  is  nint  h  longer  lli.m 


the  inverse  of  the  rtetunings  and  the  pulse  dura¬ 
tions.  In  such  a  pressure  regime,  one  can  take 
the  CAKE  rate  to  be  linear  in  the  perturber  den¬ 
sity  and  calculate  Hie  CARE  cross  section  for  a 
single  collision,  from  which  the  CARE  rate  is  ob¬ 
tained  by  averaging  over  all  possible  collisions. 
This  procedure  is  followed  throughout  this  paper. 

The  conditions  on  the  pulsed  radiation  [Eqs. 

(2.  1)-(2.4)J  can  be  met  by  ordinary  laser  pulses 
which  have  typical  pulse  lengths  (.I-IO'9  sec)  much 
longer  than  the  collision  time  (~  Kr1-  sec).  The 
pressure  range  we  arc  considering  is  typically 
of  the  order  of  10  Torr  or  loss  in  order  to  satisfy 
the  conditions  slated  above. 

III.  CLASSIFICATION  j 

For  the  convenience  of  presentation,  the  three- 
level  atom  is  assumed  to  have  a  configuration 
shown  in  Fig.  1(a),  unless  otherwise  stated.  The 
theory  to  be  presented  is  equally  applicable  to 
other  configurations  with  suitable  changes  of  the 
signs  of  detunings  and  of  the  relative  energy-level 
shifts. 

Consider  such  a  three-level  active  atom  [Fig. 
1(a))  undergoing  a  collision  with  a  structureless 
perturber.  The  energy  levels  are  shifted  during 
a  collision,  as  shown  schematically  in  Fig.  2, 
for  some  specific  collision  impact  parameter  b 
and  relative  velocity  v  in  a  manner  depending  on 
the  assumed  interatomic  potential.  The  relative 
shifts  of  these  levels  can  lead  to  an  increase  or 
decrease  in  the  atomic  transition  frequencies  over 
their  unperturbed  values.  In  the  case  shown  in 
Fig.  2(a),  both  (tic  1-2  and  2-3  transition  frequen¬ 
cies  decrease  (shift  toward  t ho  red),  and  one 
speaks  of  (relative)  attractive  interatomic  poten¬ 
tials.  Conversely,  Die  transition  frequencies  in¬ 
crease  for  repulsive  potentials.  Although  differ¬ 
ent  combinations  of  attractive  and  repulsive  po¬ 
tentials  for  the  1-2,  2-3,  and  1-3  (two-photon) 
transitions  may  occur  in  a  three-level  system, 
we  shall  be  concerned  only  with  attractive  inter¬ 
atomic  potentials.  This  restriction  (to  the  at¬ 
tractive  relative  interatomic  potentials)  is  for  the 
convenience  of  the  presentation;  the  theory  to  be 
presented  is,  ncveriln  lcss,  applicable  to  all  type;: 
of  interatomic  potentials. 

V/liat  is  esse  ntial  m  the  theory  is  the  existence 
(or  lad  thereof)  of  the  collision-induced  instan¬ 
taneous  resonances  during  a  collision.  When  the 
detuning  ,  n|u.il  (1ml  Ii  in  signs  and  in  magnitudes) 
the  rel.it  ive  energy- level  shifts,  resonances  o<Tur. 
In  l  i|'..  2(a),  inr.l.inl.nieo'.i:;  i  resonances  occur  at 
i  r0  for  I  2  I r.nisit ime: ,  *  for  2-3  transition,  and 
*7"  for  1-3  two -plnibm  transition,  tin  ill  inslan- 
tancoir.  i  c. •.on.inrc;  enhance  llio  ale.ni  pt  ion  of  ra¬ 
diation,  especially  in  the  case  of  large  detuning.';. 


( b)  •  j 

FIG.  2.  Primary  levels  of  ti  three-  level  active  atom 
'during  a  collision,  schematically  shown  for  a  relatively 
attractive  interritomie  potential.  (.1)  In  a  bare-state— 
classical- tie!  J  picture,  the  energy  levels,  thus  the  do- 
tur.i ngs ,  at  e  lime  (Icpoiulcnt.  As  shown,  l  i'-en:i m’es 
occur  at  !-(  for  1-2  I  riuisition,  itjfor  2-3  transition, 
and  *ij  for  1-il  tuo- photon  transition.  Oil  In  a  dressed- 
slate  picture,  the  resonance  points  in  (a)  are  trann- 
formivl  into  level  crossings  of  the  dressed  states. 


Tim  .studies  of  two-level  CAKE  (Kef.  2)  have 
led  to  the  understanding  that  the  instantaneous  j 
resonances  are  important  when  the  detuning.’;  arc  j 
much  larger  than  the  inverse  rollision  time  .) 

I.e.,  |deluning  1 1 c  ■  ! .  For  [detuning  |  Te  J  j 

(impact  region  (/)|,  the  existence  or  Inch.  thereof  I 
of  insl.utl.mrot;  ;  resonances  is  uninipot  (an! ,  and 
the  absorption  crops  section  varies  as.  [doltming  | ” 7  , 
in  esperl  ivc  of  the  sign  of  the  detuning.  'Flirt  ratio 
of  [detuning  |  r  ■  1  can  be  divided  inlu  two  regions 

acini  tlur;  In  the  si”,n  of  the  delunin;’  relative  to  the 
inlet  'atomic  potential:  the  quasi  slat  ir  (Q)  ni'.iait 
where  the  iii.taiitaiieois  resonances  ran  occur 
(o.)’,.  ,  red  detimnigs  for  attractive  p(d  out  nils), 


and  the  antistatic  (A)  regions  where  no  instantan¬ 
eous  resonance  can  occur  (e.g.  ,  blue  detunings 
for  attractive  potentials).'1  In  the  three-level  prob¬ 
lem,  classification  of  the  cases  is  complicated 
by  the  possible  combinations  of  I,  Q ,  and  A  regions 
for  A(  A' f  anti  A  + A'.  If  there  is  no  constraint, 
there  would  be  a  total  of  27  cases  to  be  discussed; 
the  fact  that  a  +  a'  car.not  be  independently  varied 
and  that  we  restrict  our  discussion  to  attractive 
potentials  reduces  the  number  to  13  cases. 

The  cases  to  be  considered  are  listed  in  Table 
I  according  to  the  region  of  each  detuning.  In  the 
third  column,  ilio  conditions,  appropriate  for 
attractive  potentials  only,  are  also  listed  to  help 
clarify  the  cases  considered.  In  subsequent  sec¬ 
tions,  results  are  given  mainly  for  attractive  van 
tier  Wants  potentials,  although  the  treatments  are 
generally  applicable  to  other  types  of  potentials. 
Table  I  exhausts  all  possible  cases  where  attrac- 
-  tive  potentials  only  are  considered.  It  does  not, 
however,  include  all  cases  for  a  general  inter¬ 
atomic  potential.  We  choose  not  to  include  all 
possible  cases  because  it  is  impractical  to  do  so 
and  may  lend  lo  confusion.  At  any  rate,  for  the 
cases  not  included,  one  can  find  applicable  treat¬ 
ments  in  one  of  the  cases  included. 

It  is  natural  to  group  together  the  cases  in  Tabic 
1  for  which  the  mathematical  treatments  are  simi¬ 
lar.  In  Sec.  VI,  we  present  the’ solutions  and  the 
results  according  to  these  groups.  We  group 
cases  A,  11,  and  C  (A  in  the  /  region),  cases  D 
and  E  (A'  in  the  /  region),  and  cases  F  and  G  (A 
-f  A'  in  the  I  region).  Cases  II  and  1,  which  have 
two  of  the  three  detunings  in  the  Q  region  and  the 
third  detuning  in  the  A  region,  will  be  grouped 
together.  Case  J,  with  till  three  detunings  in  the 
Q  region,  is  the  last  and  .the  most  interesting  case 

to  be  treated.  Cases  K.'aiid  M  will  not  be  discussed 
\ 

since  at  least  two  of  (he  detuning;;  are  in  the  A 
region,  leading  to  exponentially  small  excitation 
cross  seel  ions.  Although  numerical  calculations 
can  bo  performed  lo  obtain  cross  sections  for 
those  case:;,  reliable  analytic  approximation 
schemes  have  yet  to  be  developed. 


tv.  mi.  mtrssu)  ,\  ium  nr  unit'  and  t.i  si  uai. 

CONMDI.lt A  I  IONS 
V* 

In  this  section  we  shall  give  a  general  descrip¬ 
tion  of  the  physical  processes  in  terms  of  the 
“dressed  atom”  picture'-  (sometimes  referred  to 
as  the  atom -field  adiabatic  rept  esenl.tlion)  ’  in 
which  the  eigeie. tales  of  the  Hamiltonian  of  free 
atom  ■!  free' fields -t  atom-Iield  interact  ion:,  (i.e., 


TABLE  I.  Classification  of  eases. 


A 

A' 

A  a  A' 

Conditions  appropriate  for  attractive  potentials 

Case 

/ 

I 

I 

|A|tc«1, 

|a'| tc « i,  |a+a'|7cv<i 

A 

/ 

Q 

Q 

|A|rc«l, 

|A'|tc:>1,  JA  a  A'  J  7f  »  1 ,  A'<0,A  +A'  <0 

B 

/ 

A 

A 

|A  |  rc  «  l. 

|A'|tc»1,  |A+A/|tc»1,  A'  >0,^  1  A'  >0 

C 

<? 

1 

Q 

|A|rc»l, 

|A'|tc«1,  |A+A'|tc»i,  A<C,A+A'<0 

n 

A 

1 

A 

|A  |  Tc  »  1 , 

|  A*  |  tc  «  l ,  | A  *  A'  j  rc  »  1 ,  A  >  0 ,  A  +  A'  >  0 

E 

Q 

A 

l 

(A|TC  »1, 

|A' (tc  »  1,  (A  t  A'l  rc  «  1,  A  <  0.  A'  >0 

F 

A 

Q 

I 

|A  |  rc  » l , 

|A'|tc»1,  |A  ♦  A'j  rc  «  1,  A>0.A'<0 

G 

Q 

A 

Q 

|A|rc»l, 

|A#|7c»1,  |A»-A'|tc»1,  A  <  0,  A'  >  0,  A  +  A'  <  0 

It 

A 

Q 

Q 

|A  1  rc  »  1 . 

|,v|rc»l,  |A+A'|tc»1,  A  >  0,  a' <  0,A  1  A' <  o 

I 

Q 

<? 

Q 

|A  |  rc  » 1 , 

|A'|  tc  :<>  ],  |A  +  A'  |  rc  >>  1 ,  A  <  0,  A'  <  0.  A  i  A'  <  0 

J 

Q 

A 

A 

|A  1  rc  »  ] . 

{A '  (  rt  »  1 .  |A+A'|rc»J.  A  <  0,  A' >  0,  A  (  A' >  0 

K‘ 

A 

Q 

A 

1 A  |  ic  »  1 , 

|A'|  tc  »  1 ,  |A  4  A’l  tc  »  ]  .  A  >  p.  A'  <  0,  A  +  A'  >  0 

La 

A 

A 

A 

|A|rc»l, 

|A'|rc»],  |A-iA'|rr»X,  A  >  0.  A'  >  0,  A  +A'  >  0 

M  1 

1  Not 

treated 

in  this 

P-'lwr. 

atomic  dressed  states)  are  taken  as  stationary 
slates  and  the  collision,  which  couples  the  dressed 
states  as  well  as  shifts  their  energies,  is  treated 
as  a  perturbation.  The  dressed  states  are  gen-  I 

_ _ 2 _ i 


ei'ally  linear  combinations  of  the  “bare  .states” 
(i.e.,  eigenstates’ of  free  atom  I- Tree-field  Ham¬ 
iltonian)  and,  in  the  wcak-fiold  limit,  can  be  ap¬ 
proximated  as 


1 1> -  (1  -  r/2 A5) | !,«,«'>  I  (x/A)l 2 , n  -  1 , » ')  I [XX '/ f  A' )} 1 3 , u  -  1 , ~  1 ) , 

|ll>-(-x/*)h  ,»•',«'>+  (1  -  X2/2  A=  -  x’72  A'  =)  1 2 ,  ,t  -  1 , »' )  f  (* '/ A' )  1 3 ,  h  -  1 ,  n'  -  1 )  , 

I HI>  ---  ( XX'/A'  (A  +  A' )1 !  1 ,  „ ,  „'>  -  (X  '/A' )  1 2 , u  -  1 , « ' ' )  +  (1  -  x'7?- A ' *>  1 3 , «  -  1 , « ' • -  1  >  , 

.  I - 


(4.1) 


\v  it  h  eigenene  rgie  s 

F,  —  uhuj  +  n'tfjo'  +  X~/  A  , 

F,,--  F,  +  {ii  -  1  )/i  u>  +  a'liio'-  X?/Ah  x  ’2/A’, 
1)/V<j  I  (u  1  ).Vo/  -  x'7/ A'  , 


(4.2) 


F 


in  "  ;7  +  (» 


where  F,,  F_;,  and  F3  are  energies  of  the  atomic 
states  1,  2,  and  3,  respectively,  with  separations 
/j  —  F,  -  /icj  j,  and  f.3  -  F3 :  ■  lno the  fields  are 
represented  by  number  states,  with  photon  num¬ 
bers  »  and  »/  for  fields  F  and  /•/,  respectively. 

For  adiabatic  pulses  and  x\  »  and  ;/  take  on  the 
instantaneous  values. 

In  the  weal;- field  limit,  from  Hep;.  (4.1),  the 
dressed  slates  |l),  |ll),  and  |  III)  a  re  composed 
almost  entirely  ot  only  states  (l, »,«'),  \?.,v  1, 

«'),  and  |3 ,n  -  1  ,)••'-  1 ),  resperl  ively ,  with  some  _ 
small  corrections;. their  energy  separation  are 


A.  /;ni  -  /'I,  ■  -A',  and 


appi  oximately  -  F, 

/•in  -  /’,  '  -(A  I  A');  during  a  collision,  the  time 
dependence  of  ,-  and  /•',,,  are  almost  the 

same  as  F, ,  /.’.,  ami  F,.  Thus,  Hie  instantaneous 
r  .'sonatice  points,  in  It;.  3(a)  (i.e.  ,  *  t0,  o', 
and  1  r,”l  are  Iran  foi  ined  into  crossiii:;  points  as 
shown  in  Fit*.  2(h),  and  a  physical  picture  of- 
CAItil  can  be  estab!  i-.ln-d  similar  to  that  of  or- 
dinaiy  (radial ionic  .,)  mela  die  atomic  collision, 
which  has  been  under  active  icscarcli  for  several 


decades. 

The  coupling  between  the  dressed  states  by  the 
collision  is  characterized  by  the  off-diagonal  ma¬ 
trix  elements 

<1 1  U{t)\  11)2711  |f/(/)  |l>-  (x/A)l'(/), 

<11 1 //(/)! II l)w-  <Ill|f/(f)|li)-  (xVA'll  '(/)  , 
<l|f/(/)|lll):-  <llj|f./(.')!l> 

«[XX'/A(A  !  A')]p'(/).  [>x7A'(A  i  A')]l'(/)  , 


(4.3) 


whore  U (/ )  ir;  (lie  collision  ir.h’r.'iH  inn  which  is 
ciiap.oiwil  in  the*  Imre** stale  h.isis.  l'(/) 

--  (2  //(/)!  2)  ■-  (1  |  /  /(/))  1 )  and  l’  (/)  (3|f'(/)|.'t) 

—  (2  f/(/)|;;)are  the  collision-induced  relative 
energy -level  shills  between  states  1,2.  and  slates 
2,3,  respect ivelv .  The  off-diagonal  matrix  ele¬ 
ment  <1  |  f/(f)  1  111)  is  i  c. '.possible  tor  1 1 1 < •  "direct" 

(1  III)  excitation  corresponding  to  two  photon 
sdistn  pt ion  in  the  bui  r-slate  picture,  while 
(l|//(/)|ll>  and  <Ilif/(/)!lll)  form  the  chain  for 
"stepwise”  (I  -  it  -  1 H)  excitation,  lly  studying 
these  matrix  elements  we  can  better  understand 
dominant  excitation  p: cresses  in  difb  r.-n!  regions, 
of  d .-timings.  It  is  clear  than' when  |  A  I  A*  j 
«  |o|,lA  J,  (lie  direct  process  is  the  dominant 
one.  When  |<*>|  (or  |a'|)  js  smaller  than  the  other 
two  detuuiiLg:;,  lh|.  (1.3)  suggest  that  the  direct" 


these  four  channels  arc 


and  the  "stepwise  "  processes  have  comparable 
contributions.  However,  as  we  shall  see  later, 
cancellation  between  the  two  processes  occurs, 
and  the  stepwise  process  remains  dominant.  This 
will  be  seen  when  the  detailed  calculations  are 
given. 

In  the  above  discussion,  the  effects  of  the  col¬ 
lision-induced  curve  crossings  (i.c.  ,  of  the  col¬ 
lision-induced  shifts  of  the  dressed  stales)  have 
not  been  included.  As  discussed  earlier,  the 
crossings  are  particularly  important  when  the 
detunings  are  large,  corresponding  to  large  sepa-  } 
rations  between  the  dressed  slates.  When  the  de¬ 
tunings  are  small  (corresponding  to  small-level 
separations  between  the  dressed  states),  however, 
the  crossings  do  not  provide  major  contributions 
to  the  excitation,  since  Fourier  frequencies  are  1 
induced  by  the  collision  to  cover  the  energy  mis¬ 
match.  To  show  the  importance  o!  curve  cros-  • 
sings,  we  choose,  in  the  remainder  of  this  sec-  , 
lion,  to  discuss  only  the  case  where  all  the  de¬ 
tunings  are  in  the  (J  region,  since  an  interesting 
interference  effect  occurs  in  this  limit. 

The  interference  effect  is  better  described  using 
a  classical-trajectory  approximation  of  the  col-  j 
lision  event.  In  this  approximation,  crossings,  ; 
as  shown  in  Fig.  2(1))  in  the  time  domain,  occur  | 
at  corresponding  iiiternuclear  distances  7i(“0) 

=  /fn,  -=  Ii'„,  and  /f (;")=: /f".  For  collision 

impart  parameters  such  that  ' he  closest  approach 
between  the  active  alum  and  the  perturber  is  smal¬ 
ler  than  Iin,  li'„,  and  /f",  all  the  crossings  occur  j 
during  the  collision,  l  or  larger  imparl  param¬ 
eters,  some  or  all  of  the  crossings  are  not  in¬ 
duced,  and  the  excitation  probability  is  reduced  ; 
(as  compared  lo  the  all-crossing  case)  by  orders  | 
of  magnitude.  Hence,  collisions  with  larger  im-  ! 
pact  parameters  do  not  contribute  significantly 
to  the  excitation  cross  .section  and  can  be  ignored. 
Consequently,  we  consider  only  the  collisions  with 
impact  parameters  small  enough  to  induce  all  the  j 
crossings.  Furthermore,  since  the  radiation 

i 

pulses  are  assumed  to  be  adiabatic,  the  atom- 
field  system  is  in  its  dressed  slate  |l)  before  the  ■ 
colli:. ton  (which  comes  from  adiabatic  following  of  • 
bare  atomic  state  I),  and  only  the  dressed  state  1 
|lll)  will  adiabalically  follow  the  pulses  bad;  lo  j 
bare  atomic  stale  3.  lienee,  ealeul.it  in;,  the  |l) 

“  111!)  t>  ansition  probability  is  equivalent  |(j  cal  • 
dilating  the  1-3  transition  probability. 

When  (he  detuning::  are  large*  ( |  A  I ,  |a'|,  [a 
+  A' |  inverse  collision  lime),  all  I  lie  ti  ansil  ions 
oerill  well  localized  near  the  crossing:;.  It  is  not 
difficult  lo  see  that  there  are  four  cliuiun  ■  .  foi 
(he  |l)  -  (ill;-  transition  In  occur,  two  from  the 
stepwise  pi  lures:.  (I  —  1 1  -  -  III)  and  two  fi  om  the  di 
reel  plot  ess  (I  -  111).  Willi  lefcrciicr  lo  Fig.  2(b), 


|i>rrrlii)7~!nin  , 

0  \  stepwise 

Id-IiOt- !m>  ) 

^  l”'-l  direct, 

Id'^Ihd) 

where  the  time  below  tlie  arrows  correspond  to 
the  crossing  times  shown  in  Fig.  2(b)  and  indicate 
when  each  transition  tabes  place.  Knell  of  these 
four  channels  contributes  to  the  |l)—  |lll)  transi¬ 
tion  amplitude,  and  interference  between  them 
can  exhibit  interesting  phenomena.  In  a  recent 
article,7  we  have  demonstrated  fhat  this  interfer¬ 
ence  effect  gives  rise  to  an  oscillatory  structure 
in  the  total  excitation  cross  section  as  a  function 
of  the  active-atoin-perturber  relative  speed  when 
the  crossings  are  well  separated  and  the  inter¬ 
atomic  potentials  arc  such  that  the  "stepwise” 
and  “direct”  processes  have  comparable  contri¬ 
bution;;  to  the  transition  amplitude.  This  cttecl 
is  similar  to  that  discussed  by  Rosenthal  and 
Foley8-9  regarding  He-He*  charge -ex.changf*  in¬ 
elastic  collision  in  which  the  atom-ion  interatomic 
potential  curves  arc  similar  to  those  of  CARK  in 
(he  drossed-atom  diabalie  representation  dis¬ 
cussed  here.  In  this  paper,  we  provide  a  detailed 
calculation  to  supplement  the  discussion  in  Ref.  7. 
This  interference  phenomena  is  quilc*  general  and 
should  be  exported  lo  occur  in  many  systems 
where  excitation  is  possible  ria  several  channels. 

The  interference  effect  discussed  above  requires 
a  special  crossing  configuration,  i.c.  ,  three  well- 
separated  crossings  occurring  at  «\‘(l,  /f',  and  R'-. 
Since  the  existence  of  crossings  and  their  posi¬ 
tions  and  slopes  depend  on  (lie  interatomic  poten¬ 
tial  as  well  as  the  detuning:; ,  other  crossing  con¬ 
figurations  may  occur  leading,  to  different  mani¬ 
festations  of  the  interference  effect  in  II. o  total 
excitation  cross  .section.  In  this  paper,  a  treat¬ 
ment  for  the  general  case  is  given,  ami  results 
for  special  cases  follow.  j 

We  note  that  the  interference  between  the  step¬ 
wise  and  the  direct  processes  occurs  even  in  the 
case  of  small  detuning:;.  However,  the  interfer¬ 
ence  does  not  give  rise  to  intei  eating  effects  such 
as  the  oscillatory  total  excitation  cross  sections 
discussed  above  for  the  case  of  large  detuning:;  be 
cause,  in  the  ease  of  small  detuning  .,  the  transi¬ 
tions' do  not  occur  at  well  defined  instants,  which 
is  requii  ml  to  obtain  a  del  mil  e  ph.e  e  i  el  at  ion  slop 
between  amplitudes  arising  from  t),(.  *,| t(iwi  a-  and 
(he  (III  ec.t  processes. 


V.  Tilt  HAMILTONI  AN  AND  THU  EQUATION'S  OF 
MOTION 

The  equations  of  motion  to  be  derived  in  this 
section  do  not  differ  for  quantized  or  classical 
fields.  To  be  more  in  line  with  the  discussion 
in  the  dressed-atom  picture  given  earlier,  we 
take  the  fields  to  be  quantized  and  use  the  photon- 
number  representation;  however,  the  calculation 
is  carried  out  in  the  bare-atom  picture.  Let  us 
consider  a  system  consisting  of  a  three-level 
active  atom  interacting  with  two  external  fields 
and  a  perlurber  atom.  The  Hamiltonian  of  this 
system  can  be  written  as 

11  =  //A  +  //K+f/A, .+£/(/),  (5.1) 

where  the  following  hold,  (i)  The  frcc-atom  Ham¬ 
iltonian  II A  has  three  eigenstates  |l),  |?.),  Ill)  with 
cigcncncrgics  ,  £,,  and  1C3\  li2  —  Ex  — /fa1,,  and 
£3  —  =  /;a'3,.  (ii)  llR  ~liu'a^av  -I7fw' <!*•«„•  is  the 

quantized  frce-fieltl  Hamiltonian  describing  a 
two-mode  external  field  with  photon  energies  /;<<.> 
and  W,  where  au,  n  b,  and  ou,n^  are  the  usual 


creation  and  annihilation  operators  of  the  pho/ons 
for  each  mode,  (iii)  The  active-atom-ficld  in¬ 
teraction  is  given  in  the  rotaling-wave  approxima¬ 
tions  by 

+  (5.2) 

where  /t,*2,  /f,‘3  and  /{,,,  f?23  arc  the  raising  and 
lowering  operators  of  the  active-atomic  states, 
the  indices  referring  to  (lie  transition  involved, 
and  £„  and  arc  the  coupling  constants  related 
to  the  interaction  strengths  introduced  in  Sec.  I 
by  x  =  wl/25wand  ~-n'1  /2f,u-  with  n,n  the  photon 
numbers,  (iv)  The  effective  interaction  with  the 
perlurber  U(l)  is  taken  to  bT  time  dependent,  since 
the  internuclcar  motion  is  not  quantized,  and  is 
diagonal  in  the  basis  of  |l, >;,»/),  |?.,«  -  2,h'),  and 
|3,u  -  1 1 )  (eigenstates  of  hA  + //;.),  | 

K,(/)=-  | £/ (/)  1 1 , «, « ')  , 

V2(/)r.  <2,  n-\,n'\u(t)\2,n 


V,(/)  =  (3,  n  -  1 , n'  -  1 1 U(l)  |3, „  -  1 , -  1  Xly/ty*!  :k- 
I'-.)  ■  n-y1/>=  <2,ii  -  1 ,«' | £/(/) |3,m  -  l,n'-l>-  (3,n  -  1,m' 

owing  to  the  absence  of  inelastic  collisions.  1 

The  wave  function  of  the  system 

I  «!'(/)> 

_|.  £  *  (n~l  fU 

■f  C  (/  J  *  to  “*  )*iu  *  1/  /h 

satisfies  the  time -dependent  Sc  hi  6 dinger  equation 

Hi  '~zt  I  ’i'(f))—  H I  ‘l'(f» , 
ot 

from  which  the  equation  of  motion  for  the  probabil- 
.  ity  amplitudes  (.',(/),  C2(l),  and  C3(/)  are  obtained,  1 

iClr:ClVlO)\XC,Ci*',  j 

iCj :r  e'IA'  T  C2\'2(l)  -4  x’(:j  <"f  *  '  ,  (5.-1) 

iC}--X'ci<:-,y,lC3V2(t). 

With  the  substitut ion 

C,:-- C1exp^-  //,l'1(/'W/,j  ,  | 

•  C2-  -  C,  exp^-  /  j'  V2{l')ilt  ,  • 

and 

C3  C3exp(- 


1 1-2-, (/•LOT, iff)-.  2 

l|t/(/)|l,»,«'>-0, 

i - - 

the  equations  become 


iCl  =  XC2  exp  [/  '  V(t')dt  ')] , 

iC2  -  yC,  exp  T-j/a/  -  J  V(l'),t/  'jj  -■(  i 

'-'■f  ,  v/f.|  l  h'i 

•l  X'C3.[(A'f“/  V  X/'W/'Yj  ,  (5.  5) 

/  \ 

.  JC3,--x'C3exp[-^A'f_^V'(/'V//')], 


where  V{l)~  V2(/)  -  !',(/)  and  P '(/)-■  1'3(/)  -  1'2(/) 
are  the  relative  energy  shifts  of  the  active  atomic 
levels  during  a  collision.  All  the  relaxation  rides 
are  neglected  in  this  equation  owing  (o  the  i  on 
dilion  of  large  dehmings  in  lap;.  (2.  1  )-(2.  <1 ). 

liquations  (5.5)  will  be;  solved  using  the  pertur¬ 
bation  theory  with  the  initial  conditions  C,(/  -c) 

1  ,  C2(l  -™)  r  :  0,  and  C3(/  0  CO i  rC spoil  .1  ■ 

ing  to  :i  three  le-.el  atom  initially  prepared  in 
state  1.  The  prnli  il iii  it y  of  excitinp.  the  atom  to 
•date  3  is  given  by  | <  3(/  *'•){',  itncl  tlu-  correxpon- 

ding  total  cross  sectiun  is.  obtained  by  integral  ing.  , 
Over  the  impact  parameter  /i, 


O.-flcM:  ~)| 


2  nl)  ill,  . 


/ 


VI.  SOLUTIONS  ANU  INSULTS 


lit  the  perturbation  limit,  Kqs.  (5.5)  arc  easily  solved  to  obtain  a  formal  expression  for  C3(f  =  »), 

x'(/)cxp  [-<*-/:  f'  V{l')ill''jjtlltiU  ,  .  (C.l) 

where  an  overall  phase  factor  has  been  suppressed  since  it  does  not  change  the  probability  | C'3 (/  =  » )  f2.  " 

Equation  (G.l)  has  to  be  evaluated  using  different  techniques  in  different  regions  of  detailings  correspond¬ 
ing  to  different  ^physical  situations.  We  follow  the  classification  of  Table  I.  .  .  • 

A.  Cases  A,  1).  C 

In  this  group,  A  is  in  (he  1  region.  We  integrate  by  parts  the  /,  integral  in  Kq.  (G.  1),  neglecting  the  term 
containing  il\;ill  owing  to  the  conditions  (2.  l)-(2.4),  and  obtain 

\(/).v'(/)exp[-/^(A+A')/- J\vw)+vr(nyn^jt 

-/^’x'(/)cxp[-,(a'/-/‘  J '  x(z, )!'(/,)  exp _  j*y  E(/')rf/^J,//p//j  .  (G.2) 

Since  \(/)  is  a  constant  x„  over  the  range  of  !'(/),  and  |a|tc«1,  we  can  take  xCO  out  of  the  /,  integral  in 
the  second  term  of  Kq.  (G.2)  arid  set  1.  One  finds 

C ,(/  =  »)  =  ~  j  JliDxU)  exp£-i((A  +  A')/  -  jf ' '  [VU ')  -i  V' (/')]://) j dt 

,,,  -X„f  X>(/)'fxp[-j^'/-J^V(/')+V'(/')>f/'H.'/ 

+  V„/_  X '(f)  exp  t''(/')df^jr//|.  (G.3) 


Up  to  this  point,  we  havc.ised  tlie  assumptions  that  the  field,  /.’(/),  is  a  slow  pulse  and  that  A  is  in  the  / 
region,  which  are  common  to  all  three  cases  A,  B,  and  C.  Further  evaluation  of  Kq.  (0.3)  involves  ttie 
otlicr  field, 'L'(t),  and  the  other  detailings,  A';lIid  A  |  A'. 


I  Can-  A  j 

Ill  this  case,  alt  the  detunings  are  in  the  /  region,  j 
We  use  ttie  same  technique  used  to  obtain  Kq.  (C.  3) 
from  Kq.  (0.2)  to  evaluate  the  integrals  in  Kq.  ! 
(G.3).  Namely,. wo  integrate  by  parts  once  cm  ; 
each  of  ttiese  integrals,  neglect  the  terms  contain¬ 
ing  the  derivatives  of  \U)  and  x'O),  replace  < t  ! 
c'-5  ',  and  t>y  1,  and  set  y'(/) x'0  to  ob- 

•  tain  the  excitation  amplitude 

,  (0.4)  | 

where  0--  J __  I '(/')//'  and  O'  r- 1  ''(/')<//'  are  (he  | 
usual  impact  phases  associated  with  pressure  \ 
broadening  theories. 10  The  amplitude  depends  on 
ttie  collision  impact  parameter  />,  implicitly  | 

ttu  ongh  !'(/)  and  V'  (/).  | 

The  ex'citation  probabitity  is  obtained  by  squar-  j 
ing  Kq.  (G.  4): 

I  -  .  ;  ,J  2(1  -«.«»>  ,  2(1— rosfl') 

I  ,(!  -'>),  \„V„  \^.\’rt'A  l  AT)  7v'AV(A  i  a') 

2(1  -  cost?*)  \ 

-  AA’(A,  A')  J-  (G-r,), 


with  0"  -  O  +  O1.  Equation  (C.  f>)  exhibits  some  in¬ 
teresting  features.  The  first  term  dominates 
when  |  A'  |  «  |  A | ,  |  A  d  A' | ,  and  only  the  impact 
phase  associated  with  the  1-2  transition  P  appears. 
This  suggests  that  the  collisionnlly  enhanced  ex¬ 
citation  to  state  3  is  determined  by  (lie  collision 
rate  associated  with  the  1-2  transition  only.  When 
[a|«!a'[,  |  a  +  a' I,  the  second  loin  dominates, 
and  the  only  relevant  collision  rate  is  Hint  as¬ 
sociated  with  the  2-3  transition.  From  the  point 
of  view  of  CARK,  these  two  terms  can  tie  regard¬ 
ed  as  “stepwise,"  since  no  collision  rate  associat¬ 
ed  with  1 -3  transit  ion  in  involved.  When  |a-i  A' | 

«  I A  [,  I  a'  | ,  however,  ttie  third  term  dominates, 
indicating  that  the  “direct”  process  is  responsible 
for  the  excitation.  When  |a|,  |a'|  and  |a  i  a'| 
are  comparable,  contribution:;  from  both  ttie  "di¬ 
rect”  and  flic  “stepwise"  processes  interfere  with 
cacti  oilier.  j 

The  excitation  cross  section  is  obtained  by  in-  ; 
login  ting  Kq.  (G.  r»)  oVer  the  impact  parameter 
[i.e.  ,  Kq.  (5.0)1; 

„  4  v  x*,x'«  ( A  H  C  \ 

AA'(A  I  A')\Ar  A  A  |  a'/  ’  (r-r') 


S' 


where 


A=  f  (1 -cost!  )&///>, 
J0 

B  [  (1-COS  0')b,lb, 

*'o 

C—  f  (cosO"  -1  )b,lb. 

•'a 


This  result  docs  not  specify  the  type  of  interatom¬ 
ic  potential.  For  a  given  potential,  A,  B,  and  C 
can  be  calculated  analytically  or  numerically.  For 
van  dcr  Waals  potentials  with  the  slraight-linc- 
trajcctory  approximation 

and 

V'(/>  =  C^ow/[/2(/)]s 

with  R(t)— (b~  +  r'l~)'/2,  analytic  results  can  be 
obtained, 

A^A  Ta')  (Ir)  C0S»B> 


A- 


|CvnJa/S\ 

A  1  A'  )  ' 


-r(-?')c05({*7)a  3  , 

where  r  is  the  active-atom- pcrlurber  relative 
speed  and  fcvnw  =  f.vow  4  Cvr)W. 

2.  Case  11 

Since  a'  and  A  4  A'  are  in  the  <;>  region,  the  in¬ 
tegrals  appearing  in  Kq.  (G.3)  can  be  evaluated 
by  the  stationary -phase  method."  The  first  term 
and  the  second  term  in  Kq.  (G.3)  cancel  each  other 
approximately  because  of  the  condition  |A|re 
•«  1.  The  third  term  yields 

C,(/ (--'xJg'/a);,-;/ c/)1/:'2  cos(<//-l  la) , 


where 

and  v'  is  the  stationary- phase  point  defined  to  be 
the  positive  solution  of  V’(l').^  A'. 

In  obtaining  Kq.  (0.1!),  we  have  assumed  that  the 
impact  parameter  b  is  small  enough  such  tli.it  the 
crossings;  are  induced  during  a  collision  (i.e.,  we 
neglect  collisions  with  large  impact  parameter 
which  do  not  contribute  significantly  to  tin*  total 
cross  section  since  no  crossing  is  induced),  and 


that  I  0  is  the  lime  of  closest  approach  between 
the  active  atom  and  the  perturber. 

Apart  from  the  factor  X,/A,  Eq.  (G.  8)  takes  the 
form  of  the  two-level  result,12  and  a  standard 
treatment  for  obtaining  the  total  qxcitation  cross 
section  can  be  used.  The  excitation  probability 
is  obtained  by  taking  the  square  of  Eq.  (G.8) 

Ic1(/  =  »)|*r=(X^;VA»)(!,/ut')4coss(«'+{»),  (G.  9] 

from  which  the  total  excitation  cross  section  is 
calculated  using 


0=  fR°  \c3U  =  ~>)\*2ubtlb. 

J  O 


(C.10) 


The  upper  limit  in  this  integral  lias  been  changed 
to  R’0)  (lie  inlernuelear  distance  at  which  the  in¬ 
stantaneous  resonance  for  the  2-3  transition  oc¬ 
curs,  since  for  collision  impact  parameter  larger 
than  Rq,  the  excitation  is  negligibly  small  due  to 
lack  of  crossings  and  Eq.  (6.9)  fails  to  be  valid. 
Equation  (G.9)  diverges  as  the  impact  parameter 
approaches  R'0;  however,  Eq.  (G.  10)  remains  fi  ¬ 
nite  since  o'  varies  ns  (Ir  -  R'02)' ,2 .  The  cutoff 
at  /('0  may  lead  to  an  error  of  up  to  15r,'c.,  depending 
on  the  detuning.  Belter  results  can  be  achieved 
by  numerical  calculations  for  impact  parameters  , 
near  b~-  /{',  or  by  a  uniform  approximation11  spec¬ 
ially  designed  to  overcome  the  difficulty  of  diver¬ 
gence. 

For  van  der  Waals  potentials,  /{J-.=  (Cy„v,/A'),/6, 
and  Eq.  (G.10)  leads  to  the  total  excitation  cross 
section  ...  -  - .  ’  - . —  ...v ,  j.tr. 

I./2  ,  '  |l/2  ■  S  •’  ! 

- <«•”>, 

where  cos2«/  +  in)  has  been  approximated  by  j, 
and  r  is  the  activc-atom-perturber  relative  speed. 

This  result  shows  that  the  line  shape  varies  as 
A'2  (since  A  is  in  the  1  region)  and  varies  as  ! 

|  A'  reflecting  the  fact  that  a'  is  in  the  Q  j 


3.  CaseC 

In  this  case,  A'  and  ah-  a'  are  both  in  the  A  re¬ 
gion.  No  crossing  occurs  for  the  2-3  transition 
and  the  J~3  two-photon  transition  at  any  collision 
impact  parameter.  Since  A  j.s  in  the  /  region 
(|  A  |  rf  1 ),  Uie  first  two  terms  in  Kq.  (0.3)  ap¬ 
proximately  cancel  each  oilier  as  in  case  B,  lead¬ 
ing  to  the  excitation  amplitude 


<  f  /(f)expJV,^.\'/  -  j‘  l'' (/'), //')]'//  - 

(G. 12) 


This  equation  is  easily  recognized  as  simply  a 
Iwo-levcl  excitation  amplitude  (2-3  transition) 
multiplied  by  a  factor  w'A.  Results  for  the  two- 
level  excitation  probability  are  available  from  the 
numerical  study  of  Ych  and  Herman2  for  van  tier 
Waals  potentials  and  Lennard-Jones-typc  poten¬ 
tials.  Also  available  are  approximate  analytic 
results  of  Tvorogov  and  Fomin"  and  Szudy  and 
Baylis1'  using  Saddle -point  methods.'5  We  now  ' 
give  only  the  essential  features  of  the  results.  :  - 
For  details,  the  readers  arc  referred  to  Ref.  2, 
14,  and  15. 


The  cross  section,  obtained  by  integrating* 

—  »)|5  over  the  impact  parameter  b,  shows 
a  A‘*  dependence  as  is  clear  froih  Eq.  (G.12). 

The  dependence  on  A'  follows  the  antistatic  wing 
behavior.  For  a  van  tier  Waals  potential,  Fig.  G 
of  Ych  and  Herman7  exhibits  a  line  shape  going  as 

|a'|-z/3Cxp(-/?|a'|s'«) 

with  P  a  constant,  which  is  in  agreement  with 
asymptotic  results1'1- 15  to  within  a  multiplicative 
factor  of  order  1. 


It.  Cases  O.  H  -  . 

In  these  cases,  a'  is  in  the  I  region,  while  A  and  A  +  A'  are  in  the.  Q  region  (case  D)  or  A  region  (case 
E).  Since  A'  is  in  the  1  region,  the  intcgralion-by-parls  technique  used  in  cases  A,  B,  and  C  can  be  ap¬ 
plied  to  the  /  integral  in  Eq.  (G.  1)  for  its  evaluation. 

We  write  Eq.  (G.l)  in  the  following  form: 


C\U  -=«)=  -f  x'(/)cxp[— V'(/')(//'jJ<7(/)./f , 


(G.  1 3) 


C(l)  =  f  \(/t)  exp^-Z^A/,  V'(/'),/f^J  dil . 


(6.14) 


An  integration  by  parts  is  performed  on  Eq.  (0.13),  neglecting  the  term  containing  dx'/dl,  setting  x'(/) 
=  over  the  range  of  l ■"'(/),  and  setting  c~&‘~  1  to  obtain 


C3(/  r.  -.)  x(/)oxp[-/^A/_^'  V(l')dl*j]dl 

-J^XO)  exp  [4'-r  (!'(/')  4  v'(l')\di^dt 
+  j  x(f>cxp[-l((A  f  A')/_  f\v(t')  +  VXt')]dt’jjd^  . 


(G.l  5) 


The  second  and  the  third  terms  approximately  ! 
cancel  each  other  because  of  the  condition  |A'  |r 
«  1 ,  and  we  get  ] 


)  c'*’ 

A 


y.  j  \U)  c.\p£-/ ^a/  -  J  F(/'),//'^j,// , 


where  O’  /_  is  the  impact  phase"’  as¬ 

sociated  with  the  2-3  transition. 

Equation  (fj.  IG)  is  simply  the  1-2  two-level  In 
sHion  amplitude  multiplied  by  the  fnrlor  (>'//), - 
Its  evaluation  depends  on  the  region  of  A. 

For  case  1}  (A  in  (,>  region)  a  stationary  phase 
method"  is  used,  and  for  case  E  (A  in  the  A  re¬ 
gion)  a  method  of  steepest  descent"  or  a  numer¬ 
ical  calculation'  can  be  carried  out. 


The  integral  in  Eq.  (G.1G)  is  evaluated  using  a 
stationary  phase  method  to  yield 

C^f  r:c)  (  -/'X0X'^/A')c,i9'(ff/ O')'  "2  COs(v  I-  i»)  , 

(G.l' 

where 


:  r  “  A  rt  1  f'"v«)dt'  , 

•'o 


and  j;;  the  slal ionnry -phase  point  of  llie.inte- 
grainl  in  Eq.  (G.lti),  i.e.  ,  the  solution  of  the  equa 
•  ion  A:  l'(/).  i„  is  talien  to  be  positive,  and  we 
have  lal.en  I  0  to  be  the  time  of  closest  approach 
so  that  J  J„  are  both  stalionary-phase  points. 

Equal  ion  (6.  IV)  bolds  only  for  collision  impact 


tion  cross  section  is  given  by 


i/'/-r(-?)cosiir\ 

_A-(A  + A')- 

1  Sr  / 

v  5  ; 

.  (6.24) 


where  C'y'ou  =  Cvnu.  +  C'vl)»  is  tlie  van  tier  Wnals 
constant  for  the  1-3  relative  potential,  and 

-r(-:)cosU=?. 

The  line  shape  vary  ins'  as  A";(.\  h-  a')'2  is  typical 
of  the  impact  region  when  the  direct  excitation  pro¬ 
cess  is  dominant  over  the  stepwise  process.  The 
line  exhibits  a  -V-  rather  than  exponential  A  de¬ 
pendence,  even  though  A  is  in  the  /I  region;  in  ; 
some  sense,  t ho  direct  excitation  serves  to  break  ' 
the  adiabatic  followin'.',  of  t lie  field  \(/)  on  the  1-2 
transition  and  changes  the  dependence  from  ex¬ 
ponential  to  power  law.  ! 

1).  Caws  It.  I  I 

In  these  two  cases,  A  and  A*  are  large  (|a|t. 

»1,  \y\-t  1)  and  of  opposite  signs,  and  their  j 

sum  (A  +  A')  is  still  in  (lie  Q  region.  We  furlher 
focus  our  attention  to  the  region  of  |a-i  a'  |  «  |a|, 
|a'|.  This  region  is  of  particular  interest  be¬ 
cause  t lie  direct  two-photon  excitation  process  is  I 
dominant  over  (tie  stepwise  process  anil,  by  vary-  ; 
mg  !-\-*  a'  j,  the  effects  of  stepwise  process  on 

’ _ _  _  _ _ _ _ I 


the  direct  two-photon  line  shape  can  be  deter"- 
mined.  Moreover,  this  further  restriction  of 
detuning;;  makes  the  mathematical  treatment  to 
be  given  below  much  simplified  and  equally  ap¬ 
plicable  to  both  case  II  and  case  I. 

If  the  condition  |  A  +  a' |  «  |  A  | ,  |  a' |  holds,  the 
instantaneous  resonance  for  the  direct  (1  -  3) 
transition' occurs  at  an  inlcrnuclear  distance  {R'0) 
much  larger  than  that  for  the  1-2  transition  (/{„) 
or  the  2-3  transition  (It'g)  (i.c.  ,  R"»lta,li'„). 
Thus,  in  the  straight-liue-path  approximation, 
for  collisions  with  impact  parameter  b  such  that 
Ii“0>  b>  A’0,/f',  only  the  1-  3  instantaneous  reson¬ 
ances  occur  during  a  collision.  Collisions  within 
this  range  of  impact  parameters  give  a  major 
contribution  to  the  total  excitation  cross  section 
because  of  U:e  condition  111  »ff0>^o»  l*,e  weighting 
factor  b db  in  the  definition  of  the  total  cross  sec¬ 
tion  [l’cj.  (fi.C)],  and  the  fact  that  collisions  with, 
impact  parameters  b  larger  than  A’J  do  not  con¬ 
tribute,  due  to  lack  of  collision  induced  reson¬ 
ance.  Hence,  wc  can  do  repealed  integrations  by 
parts  on  the  f,  integral  in  Hq,  (G.l),  each  inte¬ 
gration  by  pu  ts  producing  a  factor  jl/(/)/A|  «l 
for  tlie  range  of  impact  parameters  of  importance 
determined  by  the  (An-  A')  crossing.  The  excita¬ 
tion  amplitude  is  thus  given,  keeping  only  terms 
up  to  first  order  in  l’(/)/A,  by 


£,(/  =  -)  =  —  {  f  \(/).v'(/)exp[-/((AH  A’)t  —  jf  V(/'>  +  V' (/')]■//' 

+  f  \(/).\  (/)[!'(/)/  A)  oxp[-/((A  A ')l-J  '  [!'(/')  I  V''(/  )>//' 


(6.25) 


Since  A*A’is  in  tlie  <y  region,  Eq..  (G.25)  is  evaluated  using  the  stationary-phase  method  to  obtain 

£,(/:.,  «)  =  (-/X„Xy A)(:,/nr")'/::2cos(<."  T  i»)[l  4  V (-.")/ A)  t  (C.2C) 

r 


where 


fT"lv(t')  '  V'U')\W , 


<>"  -  (A  H  A  ) 


with  r"  -  0  satisfying  A  I  a\  V’(7,')  I  1  ''(r',').  As 
before,  wc  have  taken  /  0  to  be  the  time  of  clos¬ 

est  iqipioaeti  between  tlie  active  atom  and  Hie  per- 
lurber. 

The  first  term  in  Eq.  (G.2G)  represents  (lie  di¬ 
rect  two-photon  process  since  it  contains  only 
quantities  relevant  to  tlie  1-3  transition  <>"  and 
The  second  term  i  (present  s  the  on  reel  ion 
due  to  step-.-,  i  ;e  process,  which  affec  ts  the  |me 
shape  some-A  hat ,  and  may  become  iinp  n  taiit  when 
|  A  -i  i\'  |  i mi  l  eased,  as  will  lie  shown  below. 

Tlie  excitation  probability  is  given  by 


|c\,(f- oo)!3- (4 .7 X'fiX'oV A?tv")cosJ(c/)''  I-  U) 

x[H-2l'(7'u')/A].  (C.  27) 

Tlie  excitation  cross  section  is  obtained  as  usual 
by  integral  in;*,  over  Hie  impact  parameter,  cutting 
off  (lie  integial  at  !>  ■  U"0  ,  and  apjiroxitnaling 
cos '{<!'"  -I  I;;)  lay  its  average  value 
dor  Wauls  potentials,  we  obtain 


Tor  van 


3A-/I 


|f"  | '/a 

1  VO  v.l, 

|  A  l  A'I  ’A' 


wliere  v  is  (tie  active-atom  pertiirlier  relative 
speed  and  f.’vllW  and  r‘v'uft.  are  (lie  van  dor  Wauls 
constants  con  e:. ponding  to  (lie  1-2  and  t  -3  rela¬ 
tive  inlci  atomic  potential.",,  respectively. 

Tliis  equation  lias,  been  obtained  in  n  recent 


'( 


! 


paper  by  Nayfeir1  using  a  Landau -Zener- type  ap¬ 
proximation  anti  discussed  in  connection  with  the 
collision-induced  three-photon  ionization  in  which 
two  photons  are  used  to  excite  the  atom,  via 
CARE,  to  a  bound  excited  state.  A  third  photon 
then  ionizes  the  atom.  The  present  discussion 
makes  clear  the  conditions  under  which  Eq.  (G.23) 
is  valid. 

The  correct  ion  term  in  Eq.  (G.28)  shows  the  ef¬ 
fect  of  the  stepwise  process  on  the  direct  two- 
photon  process.  It  falls  off  as  |  A  +  A'  I"1 ,2  for 
fixed  A,  which  in  slower  then  the  main  part  going 
as  (a  +  A'I'^2.  it  is  thus  easier  to  observe  such 
an  effect  at  a  larger  |a  +  a'  | •  however,  the  cor¬ 
rection  term  cannot  become  larger  than  the  main 
part,  since  the  treatment  presented  here  ceases 
to  be  valid. 

Digression,  llefore  we  go  on  to  present  the  next 
case,  it  is  advisable  to  show  a  spectrum  so  that 
we  can  have  a  heller  overall  view  of  all  the  cases 
,  •  presented  so  far.  In  Fig.  3,  (lie  total  excitation 
cross  section  is  shown  as  a  function  of  A'  for  a 
fixed  1=  -1.5  x10s  sec'1  and  an  attractive  van  der 
Wants  potential  with  constants  CVDW—  -1.2x10’  > 
A‘scc"‘,  G,'L>W -1 . 5  x  10,n  A6 sec"1.  In  showing 
such  a  "complete”  spectrum,  wc  cannot  avoid  re¬ 
gions  where  none  of  the  approximations  employed 
in  cases  A  mm  1  is  good  (i.o.  ,  regions  with  |de- 
tunings  |  ~  \/Tc).  Hence,  the  line  shape  from  nu- 
f  nierical  integrations  of  Eqs.  (5.5)  and  Kq.  (5.G) 
is  also  shown  for  comparison  and  lo  aid  in  gaining 
an  appreciation  of  region:',  of  each  case.  .Since 
there  arc  many  curves  on  Fig.  3,  and  each  curve 
only  has  a  limited  region  of  validity  (for  some 


FIG.  3.  Excitation  cross  sections  versus  A'  for  a  l 

fixed  A  =  —  1.5x10**  sec"*  and  an  attractive  van  der  Vvaals  ; 
potential  of  constants  CVIn--~  1.2  x  Hi*8  Ac sec'1,  C'VI,U  i 
=  —  1.5  x  lo”  A*  sec*’,  and  v  -  10*  cm  sec"1,  Xo~'Xo~  10s  | 

see'1.  Curve  A'  is  the  result  of  numerical  integrations  of  , 
Kqs.  (3.0)  and  (5.S);  others  are  plotted  according  to  the 
equations  in  Table  II.  Only  the  regions,  where  at  least 
the  signs  of  the  de-tunings  are  correct,  arc  shown.  See 
Hie  text  for  discussion. 

cases  the  regions  do  not  fall  within  this  figure), 
the  following  points  will  help  in  reading  this 
graph:  •  : 

(1)  Curves  A,  >1,  C,  D,  1C ,  F,  and//,  represent¬ 
ing  cases  covered  so  far,  are  plotted  according  1 
lo  equations  shown  in  Table  II,  and  curve  N  is  ■ 
from  numerical  integrations  of  Eqs.  (5.  5)  and  Eq. 
(5.G).  For  curves  />,  C,  V,  F,  and  F,  only  the 
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portions,  where  at  least  the  signs  of  dciunings  arc 
correct,  arc  shown. 

(2)  The  comtitions  in  the  fourth  column  of  Table 
1  should  be  kept  in  mind  in  reading  this  figure. 

(3)  The  detuning,  A- -1.5x10'-  see'1  (|a|7c-1), 
is  in  neither  the  impact  region  nor  the  quasi  static 
region.  Hence,  only  in  the  eases  when  A  is  un¬ 
important,  does  the  agreement  with  the  numerical 
result  become  good,  e.g.  ,  cases  /\,  F,  and  G 
near  |  A  +  -V  |  rf  1. 

(•1)  Curve  li  has  the  tendency  of  having  the  same 
•V  dependence  with  the  numerical  result,  if  we 
extend  the  value  of  -a*  well  into  (,>  region.  The 
numerical  difference  comes  from  the  <V?  varia¬ 
tion  in  case  1>,  which  is  not  a  very  good  approxi¬ 
mation  foi  Ar  -1.5  xio1’  sec"1.  The  same  state¬ 
ment  holds  for  case  C  if  we  extend  the  value  of 
a'  well  into  Hie  .t  region  of  A -t  A'. 

(5)  Curve  E  does  not  have  any  region  of  validity 
in  this  figure  because  of  the  sign  and  size  of  A. 

We  show  it  for  comparison. 

E.  Case  1  j 

We  return  now  to  cast?  J,  which  is  perhaps  the 
most  interesting  case,  since  all  (he  detunings  are 
in  the  q>  region  and  the  curve  crossings  can  inter¬ 
fere  with  each  other,  leading  to  a  new  type  of  in¬ 
terference  effect.  For  the  convenience  of  presen¬ 
tation,  we  give  some  of  the  details  of  the  calcula¬ 
tion  in  the.  Appendices  and  separate  the  discussions 
(o  calculations  on  (1)  the  amplitude  and  (2)  the 
cross  section.  Since  the  detunings  involved  are 
large  (typically  of  tfie  order  of  10l:'  see'1)  in  this 
case,  a  large  amount  of  energy  per  collision 
(-10  1  eV)  is  transferred  from  the  atomic  motion 
to  the  internal  degrees  of  freedom.  Some  con-  , 
sidoration  of  Hie  energetics  seems  to  be  advisable 
to  ensure  the  validity  of  the  calculations  below. 

For  such  large  kinetic  energies,  a  temperature 
higher.  Ilian  the  room  temperature  ('-T0CTC)  is 
required,  which  in  turn  reduces  flu-  atomic  col¬ 
lision  time  (rco  1  //•).  This,  however,  will  not 
viulafe  the  condition  for  the  Q  region  ( [dcluningslT 
1)  in  general,  since  one  can  keep  this  condition 
with  a  thermal  energy  (a/-r)  >  li  jdelunings  |.  To  be 


more  specific,  an  estimate  of  the  relevant  ijuan- 
tities  (fi'M  ,Ft, ,er„,al > *’,  Mtc)  is  given.  For  the 
largest  detuning  considered  in  case  J  (A=_8 
xlO13  sec'1)  and  an  atomic  mass  of  forty  limes 
proton  mass,  /;  |  A  |  --  j.  31  xlO'-  cV,  r  =  <110  K, 

-  t/t=;  5.  04  xio1  cni/scc,  tc rs  0.  05  xl O'13  sec,  and 
I ^ I r_  —  79»1.  Hence,  at  a  temperature  higher 
than  137 °C,  the  kinetic  energy  will  be  largo  enough 
to  overcome  the  energy  mismatch  (fi !  ^  i )  while 
simultaneously  maintaining  the  condition  of  the 
Q  region  (Mr.»  1). 

I  1.  The  ainpliliule  ■ 

In  this  case,  the  instantaneous  resonances  for 
1-2,  2-3,  and  1-3  two-photon  transitions  occur 
at  internuclear  distances  lt0!  ll'„t  and  Ji'0' ,  re¬ 
spectively,  during  a  collision  if  the  impact  pa¬ 
rameter  is  such  that  the  distance  of  closest  ap¬ 
proach  between  the  active  atom  and  the  perturber 
is  smaller  than  the  smallest  of  Ha,  Ii'u,  or  li*. 

At  such  impact  parameters,  radiative  excitation 
is  enhanced  owing  to  the  collision  -induced  instan¬ 
taneous  resonances.  At  larger  impact  parameters, 
some  of  the  instantaneous  resonances  cannot  be 
induced,  giving  rise  to  a  negligible  contribution 
(compared  with  contributions  from  collisions  with 
smaller  b)  to  the  total  cross  faction.  Therefore, 
in  the  straight-line-path  approximation,  it  is  suf¬ 
ficient  to  consider  collisions  with  impact  param¬ 
eter//  <!<„,  //',  or  A‘o'. 

The  instantaneous  resonance  points  in  the  time 
domain  correspond  to  the  stationai  y-phase  points 
of  the  integrals  appearing  in  Kq,  (0.  1)  and,  owing 
to  the  conditions  |A[vf»l,  |a'|tc>:-1,  and  |a 
'■  A*  |re»l,  major  contributions  to  these  integrals 
are  from  the  neighborhood  of  these  points.  Hence, 
a  stationary-phase  method,  of  which  the  details 
are  shown  in  Appendix  A,  is  used  to  evaluate  Kq. 
(0.1). 

Assuming  that  the  time  of  instantaneous  reson¬ 
ances  arc  all  far  from  t  -  0,  whe  re  the  collision  ! 
is  centered,  the  amplitude  is  given  by 

£,(/:  =  «<)« -ixvfo ("/«)' /JIA  +  A., 4  A3) ,  (G.  29) 

where 


#  • .  t  .  '  V  f  •  •('  '  f  '**■* 

A,  .r  /')|1  _Si  _,-/2s'Sl(/* -I  )''■•  e'1’*1, ^ ^ 

- 1 /?: ss}(S/«w >' i ;fuy »i 1 1  (/i  \ ,-iy ,  /  «;.:h» 

-//2»s..(s/.*"),/:,(/;  i  i  ,;■)' '  (f,  3I) 

A,  ^-2(.-/ '«  i,  .  /  (g.32) 

•  ;!u)J  ’  iC;:;  J  ;i("VU  . 


where 


/'IV\  ,  (,iv’\  ,  /<f(V'+l'')\ 

.  ••Tfav  *  =ssnUAi* s  =st;,,r^7—A0-' 

<.  =  -Ar0+  f’°  \'(t)<H,  <>'~-A't'  +  f'°V'(t),ll,  0”=:-(^+A')r;+  f”n[\(t)  +  V'  (/)>//, 

“/0  -'o  •'o 

C,  =  tan'*( «,//(); 

/Tji/j  are  the  auxiliary  functions  of  Fresnel  integrals  evaluated  at  z,, 

z0 -  I (2 (>/;)' -  r0)  |,  |(2o'A-),/J(r;-r0)!,  2,=  |(2«7,)'/=(t.*-  t0)|  , 


(G.  3-1) 

(0.33) 

(C.3G) 

(G.  37) 


s,-ssn(rj  -  t„),  Sj  =  sr.n(To  -  r0) ,  (G.  33) 

ancl  r01  7* ,  r*  are  the  positive  solutions  of 

A.--VU),  A'r:l ''(/),  A  h  A'  r  l'(/)  +  V'(/) , 

(G.  30) 

i 

respectively.  If  any  of  the  times  of  instantaneous 
resonances  is  non*  l-.-.O  (i.e.,  ro‘--0,  r'^-0,  or  j 
r"-:0),  the  corrospondint?  time  derivative  of  the  j 
potential  (or,  ct\  or  c/')  approaches  0,  and  Kq. 
(6.23)  becomes  siiv.'.utar  and  is  a  poor  nppro.xitya -  1 
tion  to  the  amplitude.  Apart  from  tliir.,  Kqs.  j 

(G.  23)--(G.  30)  provide  t;ood  approximations  for  the 
amplitude,  regardless  of  t lie  type  of  potentials  , 
and  the  orderin'*  of  and  r" ,  ns  Ion"  as  the 

conditions  for  this  case  (ease  ,1)  hold.  The  ossen- 
tial  (lifterence  between  various  types,  of  potentials 
in  determinm"  the  transition  amplitude  lies  in  the  ! 
derivatives  and  their  sic, nr.  at  the  times  of  inslan-  j 
taneous  resonance,  which  are  p.iven  by  or,  o',  and 
or”  and  s',  s',  and*;".  The  ortterin;?  of  t(),  r',  j 

and  <"  determines  the  values  of  .s,  and  s 5.  l  or  ! 

(liven  interatomic  potentials  and  detiinin;?.*;,  these  1 
parameters  can  be  determined,  and  lap,,  (G.s’.t))-  i 
(G.  39)  arc  "really  simplified.  i 

In  Kq.  (0.23),  it  is  natural  to  interpret  llie 
terms  containin'.?  n  as  the  contribu(io:i  coming? 
from  the  stepwise  process  and  the  terms  contain- 
in"  «  as  that  from  the  direct  process,  since  rv' 
and  a  are  associated  i.’ilh  i  rsonnt.ee:;  of  2-3  Iran-  ’ 
sit  ion  and  1  -3  transit  ion,  re.*;|)eelively.  ! 

liquations  (6.29)-  (6.  3!i)  icprcst  nt  tin*  general  j 
form  of  the  transition  amplitude  under  the  eon-  j 
flit  ions  of  ease  J.  They  have  been  computed  with  ; 
the  results  of  direct  numei  ie.tl  inti  pi  at io:i  of  Kqs.  I 
(ri.fi)  ii:aiv;  attractive  van  der  Wauls  potentials  of 
constant. *:  f’vl)u  :--l .  2  10'“  A,’.sei*,)  C'I1V>  -  1 .  f-  j 

*  lb”  /V‘  see  1 ,  and  several  d,  Uumiy.:.  of  ttie  order  | 
of  Hi”  sec"*.  F'nr  impact  puiumrl*  is  smaller  tliau 
the  Miialle;  t  o(  I f„,  and  o’"  ,  Kip.,  (G.  29)  (G.9.9) 
j;ive  very  accurate  lesults  (see  l  ip,,  *J);  foi  im¬ 
pact  p.u  anit  let  s  outside  this  rrp.ion,  v.diieh  i  iin- 
tritiuti'  I  dll*'  to  tin*  liif.it  cross  sec  tion,  |*'.qs. 

(G,  29)  •  (G.  39)  .lie  not  apptirable  as  discussed 


above.  There  arc  two  cases  (n  and  l>)  of  special 
interest  in  which  Kq:;.  (G.  29)-(G.  39)  can  be  very 
much  simplified. 

a.  JCxticflv  coinciding  liiiTcs  of  iuslmilanooiis 
resonance,  t0--*tJ,:  i"  .  All  the  times  of  instan¬ 
taneous  resonant  c*  coincide.  In  this  case,  =-•  0, 
/,  r- 1',  ■  and  ffp  \ so  *  .*<•  obtain  from  Kqs. 
(6.2fJ)-(G.30), 


A, 

~  (  T.'/o'  'j1  ^ 2  C'{  (  V,V'  C>'  *  **  /<4  **  •  /**  J 

(C. 

A0) 

A, 

(n/fy  /2pi(C,  C.- ,s: /a.  J*  «/l  I  | 

(G. 

’ll) 

A  3 

2{ r,/(,  ’)’  f*c- 1  '<-«■  •  *•■/<-*  </•<»_ 

(G. 

*12) 

The  amplitude  is  "iven  by  Kqs.  (G.-iO) 

,  (0.  -11), 

(G.  *52), 

,  and  (0.20).  The  contributions 

from  the 

*t  5  G 


M  a)  | 

FIG.  *1.  Coiiiparisoii  of  J’(fc)  vs  l>  curve:,  from  Hie 
analytic  repression  I  lap*..  (G.20)—  (<;,;)!)))  and  llie  numeri¬ 
cal  calculation  (ini; ;*, ratio,  1  of  lap,.  )|  for  an  attractive 
van  ill  r  Wan  Is  poll  nti ,<l  \\  it li  ,\fl  ->-,?■  11111  are'*,  A  *  -■  -1 .0 
K  in13  :.ee  1 ,  a  in  I  A'  —  S.n.i  >:  1  (>’ 1  *  ci:"*.  oi  lu*r  parame¬ 
nia  are  It,,-  (.aim*  an  ll'm  a*  in  Kij;.  a.  The  analytic  rs- 
prrsslois  wtiirli  j.;  singular  at  I,  .  ',.*,'/  iv,*ts  cut  off  at 
h  G.tUA,  wlu-i  ,•  it  lupin  :  to  ilivii  ;;i*.  The  agreement 

at  .".mallei'  iinp..et  paranu  ti  I  a  is  near  p.rlYrl. _ 

niimeri.  it  Gu,  , •.ration  el  lap;.  Ci.fi);  - analylie  ev- 

|)ri*;.sii,n  |l.ij ..  (G.eal- (i;.:i,.)||. 


direct  process  :irc  nhsenl ,  leaving  a  very  simple 
form  involvin'.;  only  the  stepwise  contributions. 

For  given  interatomic  potential  and  A,  the  con¬ 
dition  r„  =  r[tv-.  i*  corresponds  to  a  particular  val¬ 
ue  of  a'  (c.g.  ,  A'  (c  CIlw.Cv„»)A,  for  van  der 
Wants  potentials).  Near  this  value  of  A' ,  ac¬ 
cording  to  Kqs.  (G.-ll)  —  (G.-12),  one  would  expect 
that  the  direct  process  would  be  less  important 
than  the  stepwise  piocess,  which  should  be  re¬ 
flected  in  the  line  shape.  We  find  this  result 
when  we  numerically  evaluate  Kqs.  (C.  29)-(C.  311) 
to  obtain  the  total  cross  section,  as  will  be  shown 
later .  'V  > 

/>.  Well -se/mrateit  limes  <>]  iuste.ueons  reson¬ 
ance.  In  this  case,  the  arguments  of  /.  and  i;t  in 
Kq.  (G.3C)  become  large,  and  since  /.  and  are 
rapidly  decreasing  functions  with  maximum  values 
/,(0)  .:.’,(0)  we  can,  to  a  good  approximation, 

neglect  terms  containing  factors  'r2  (/J  /il, 
as  compared  with  1  in  Kqs.  (G.  30)  and  (G.31). 

We  obtain 

A,  —  S|) 

-hr2sstWny,si/l*  , 


(G.43) 


i 


A,:--  ®‘-«'^-V*/l»(l  .!  S|) 

-  h-2ss,Wam )'  '-(/l  +sl)' .  ; 

(G. 44) 

The  amplitude  as  given  by  Kqs.  (G.'l 3),  (G.<1'1), 

(G.  ?.'!)- (G.  39),  and  (G.20)  contains  contributions 
from  the  stepwise  and  the  direct  process  that  in¬ 
terfere  with  each  other. 

It  is  not  difficult  to  understand  (he  physical 
meaning  of  each  term  in  Kqs.  (G.32),  (0.43),  and 
(G.d-1)  by  tracing  back  the  calculations  leading  to 
them  in  Appendix  A.  Term  A,  (Kq.  (0 .  d 3 )]  con¬ 
tains  (he  contributions  from  the  instantaneous 
resonance  points  before  /  =--  0 ;  term  A2  [l’q.  (G.-M)] 
contains  the  coni  r  ibid  ions  from  the  instantaneous 
resonance  points  alter  I--  0;  anil  tc-rin  A3  [Kq.  ; 
(G.3g)|  contains  the  contribution  from  the  s /(•/> - 
n  isi’  jnoccss  in  which  1-2  resonance  occurs  be- 
foie  l-.-  O  and  2-3  resonance  occurs  after  0.  , 
Terms  /l,  and  A,  contain  both  stepwisc-conl ribu- 
tions.  For  a  given  ordering  of  ?n,  r[,,  a’nd  r* 
some  stepwise  contributions  will  be  absent.  For 
example,  when  t„<  i[,,  s,  -•  1  and  (la  lirr.l  term  in 
Kq.  (0.  -13)  vanishes,  indicating  (hat  no  stcpwi.se  • 
process  is  occuring  before  1:  0,  .since  the  1-2 
resonance  happens  at  a  later  time  than  the  2-3 
transition  (-r,,a  .  The  first  term  in  Kq . 

CG.-M)  does  not  vanish  becau.se  t„ •-  ij,  and  the 
stepwise  process  ran  occur  after  10.  The  sil- 
ualioti  is  reversed  when  r„>  r'  =-  —  1 ).  How¬ 

ever,  <1,  always  survives  since  the  1-2  transition 


occurs  before  / .-  0  and  the  2-3  transition  occurs 
after  / 0.  In  any  case,  there  are  Jour  terms  in 
the  amplitude  corresponding  to  the  Jour  excitation 
channels  discussed  in  Sec.  IV. 

2.  The  totnl  i  ron  seelhnr 

It  is  straightforward  to  obtain  the  excitation 
probability  by  taking  the  modulus  of  Kq.  (G.29). 
The  resulting  expressions  arc  lengthy  and  arc 
given  in  Appendix  U.  Only  fur  the  two  special 
cases  (r0  -  7o-  7o  and  To,To.'lo  f:,‘  aparl)  .arc  the 
analytic  expressions  given  in  this  subsection. 

To  demonstrate  the  success  of  t lit*  stationary- 
phase  method  used  in  Appendix  A,  wo  compare  in 
Fig.  4  two  [Cjt/i-w)!7  vs  h  curves,  one  from  nu¬ 
merically  integrating  Kqs.  (9.9),  (he  other  from 
squaring  Kq.  (G.29)  for  ail  attractive  van  dor 
Waal.s  potential  with  GvllV, -1.2xl0'!1  A'  sec' 1 , 
CJdw-  -1.5*10"  A* see*1,  A  ;  ~<j.  0  x  1  0”  sec'1 ,  and 
A'.~  -5. 03  xlO”  see'1.  The  agreement  is  near 
perfect  except  for  t>  ~  3.40  A,  which  is  elo.se  to 
^0=--(Cvl,*/A),/c=rr..f>V  A,  at  which  Kqs.  (0.29)- 
(G.39)  become  singular.  The  values  of  detunings 
used  are  large  (|a|vc>;  ],  |a'|-c»  1);  however, 
for  smaller  values  of  detunings  (—  1 0 ’ see'1),  good 
agreement  (to  within  10',i)  is  still  obtained. 

.  To  obtain  accurate  cross  sections,  we  have  to 
do  numerical  integrations  of  Kqs.  (3.9)  for  im¬ 
pact  parameters  b  near  and  tagger  than  the  smal¬ 
lest  of  A’„,  H’UI  and  A’"  and  lo  u.qe  Kq-;.  (0.29)- 
(G.39)  for  smaller  impact  parameters.  This  pro¬ 
cedure  is  used  to  obtain  the  total  cross  section 
as  a  function  of  A'  in  a  range  including  the  point 
A'  —  (C'vmv/Cvuv,)A  at  which  tilt  the  times  of  in¬ 
stantaneous  resonance  coincide,  for  (lie  attractive 
van  dor  Wants  potent  iri!  used  in  Fig.  4 ,  and  for 
A — 2.  0  x ID1'*  \sec"1.  The  results  are  shown  in 
Fig.  9  along  with  two  curves,  one  with  a  (A  r 
dependence,  the  other  which  a  A''3'-'  dependence. 
The  calculated  cross  section  lies  between  (tie  two 
curves,  which  are  normalized  to  the  same  value 
as  the  calculated  one  at  A'  {C’xvk/Cvi,...)a  (r  2.  3 
X10"  sec'1  in  this  case).  /s—''-- 

Froni  tin;  discussion  earlier,  the  coat riluitions 
from  the  (1  *3)  direct  process  disappear  at  this 
point,  since  r0  --  i’D -  7,'.  The  cnlculnted  line  .shape 
shows  no  liiarhod  slruelure  due  to  this  '  interfer¬ 
ence”  effect;  the  line  profile  is  a  smooth  curve 
exhibit ing  the  influence  of  both  the  stepwise  and 
Uic  direct  processes.  )f  the  stepwise  process  it; 
the  only  contributing  one,  the  line  .shape  would 
have  followed  the  A'  W-  curve;  if,  on  the  other  _ 
hand,  the  direct  process  is  the  predominant  one, 
the  line  shuiie  should  go  us  (A  i  A')'3'-,  Since  the 
calculated  curve  on  Fig.  9  lends  to  follow  more 
closely  (tie  A1'3'’  curve,  it  suggests  that  at  the  ' 


/ 


vicinity  of  A'  (C'vo„  the  stepwise  pro¬ 

cess  is  more  important  than  the  direct  process, 
as  previously  discussed.  j 

-Simple  analytic  results  can  be  obtained  for  the  i 


■J 
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followin'.’,  two  special  cases  (/  and  n)  •  J, 

I.  Exactly  cuuicitltii"  tune v  oy  msltincreis 
resonance,  ro-i'0-.  i'" .  Usui;;  Fqs.  (0.29),  (0.40), 
(0.41),  anil  (0.42),  we  obtain 


r 


|c,(/ ==-)!»-  (aTXoXqV««>,)[cosJ(0  +  0>'  +sj/4  4  s'n/4)  4  1 

I  2cos(i,'<  4  o'  4  sr/4  l  s'[/4)ais(^  -  </  l  sjr/4  -  s'.i/4)]  . 

Although  this  is  a  simple  expression,  it  cannot  bo  used  to  obtain  an  accurate  value  for  the  total  n  o: 
tioa  for  reasons  to  be  discussed  below.  The  time  derivatives  of  the  interatomic  potentials  n  and  (t 
expressed  in  term:;  of  the  inter 'nuclear  distance  and  the  impact  parameter, 

a  -.=■  (e/2/fn)(/i*u  -•  f>’),/'| 


o’  -  (i  /?.!{'  -  try 


I'O 


IPJ- 


(0.40) 

s  sec  - 
can  be 


(0.40) 


(0.47) 


When  H'u  (as  in  this  case),  both  n  and  r/  approach  ft  as'  b  approaches  A*'),  and  I  i|.  (0.4s)  is  «uii"u 
lac,  vary  inti  as  (It;,  -  h')‘ .  An  approximate  formula  for  obtainin',,  the  total  nos  section,  such  as  lap 
(0.10),  is  not  applicable  since  it  leads  to  a  logarithmic  dr.vi  pence.  Therefore,  fm  a  certain  r.ui.'.e  of 
impart  parameter  f.  near  Itu,  numerical  ir.tci’.rat  ion  of  Itq;..  (b.  S)  and  of  J  |  <'.,(/  db  are  is  sailed 

to  obtain  an  accurate  value  foi  the  total  ci  uss  section.  The  retail!  for  a  spi  cific  van  der  Waal:  potential 
and  a  t’.ivc  n  A  is  i  cpi  esented  by  :i  point  or.  the  line-:. hap.  curve,  .such  as  the  one  in  Fie,.  !>  [die  poitd  A' 

=rA(C'u,»/CVilw)l. 

if.  "  cll-r.cl’ni  tiled  limes  o[  instant  mis  resonance .  The  probability  can  be  obtaine  d  from  Kqs.  (0.411), 
(0.44),  (0. 1,t?)-(G.  29),  and  (0.29).  Since  ttie  amplitude  contain:;  contributions  from  both  the  stepwise, 
and  the  direct  processes,  the  re  will  be  interference;  terms  in  the  probability.  The  inter'  re  nee  effect  is 
best  illustrated  usin'',  a  specific  order  of  instantaneous  resonances  (o.p.  r'„>  i"  >  in).  For  this  order 

(C-  ■ 


0  . 
‘o 


;0)‘,  4he  excitation  probability  is  obtained  as 


|c,(/  =  »)|>=-.(nXoO?(/»44 


with 


(0. 4  el) 

(0.49) 

(0.  bo) 


y»s=-2(l  -ssin2i.S)/«yo', 

Pu~  (/o  +  ffoHl  -  s"sii>2«>" -.sP0)]/eirev"  , 
p  JX  H  ■*  )V'-{.->i‘>[^  0'"Us  I  s'  --s'').v/4  I  s0j  ./,  ...  . .  ... 

;'NI  -~h\arc,rc7'  j  ''  V 

+  sin[<>  I  <!>'  I  <!>"  4  (s  I  s'  I  s")a/ 4  -  sPj 

T  f;in[</  l  </'  -  0  l  (s'  •  s'  -  sh/ 4  -  sP0] 

4  sin[ 0/  -  0»'  •-  01  4  (s'  -  s*  --  s)h/ 4  l  sf>„]}  ,  (0.  til ) 

where  all  the  quant ilies  have  been  defined  in  Keys.  (G.  29)- (0.  39).  liquations  (0.40).  (G.til)  clearly  show  the 

contributions  to  the  total  nos:;  section  from  the-  stepwise  |>roc:c::;s,  (he:  direct  process:.,  and  the  inlei  fei  - 
cnce:  between  the  two.  1  his  result  ha:;  been  obtained  and.  discussed  in  a  recemt  paper,1  and  wo  siiiniiiari/.e 
Only  the  essential  feature:;;.  ; 

All  the:  sine  functions  in  Ftp;.  (G.  4>!)- (G.  f>l )  oscdlalc  rapidly  ns  functions  of  impact  parameter  l>,  exc  ept 
the  one  varying  as 

sin[0»  i  0i'  -  0/  4{.s  i  s'  -  s')»/4  4  sfl,,] 

(the:  first  term  in  /',„,),  which  is  a  slowly  varying  function  of  b.  On  integral  inr;  over  I,  to  edit. tin  the  total 
cross  section,  only  this,  term  survives  to  yield  a  term  represent  in;;  the  interference  of  the  stepwise  and 
life  direr!  processes  which  oscillate  ,  a:;  a  function  of  inverse  active -aioiii- perlurhor  relative  speed  1 
An  approximation  such  as  K'|.  (C.10)  is  u:;e:cl  to  calculate  the  total  cross  seclion,  yieldin;; 


i~\.\.y/r 


-  2- 


4«:  .  2/v-*(  /■’+!.')  /o /<„ 

I  'C1*:  _ ....  V'  •:  V  v 

2/<'.A'.V( V/;.  Iln  1  It"  '?.!<„  (A  \ 

■  /*/(» j  1 1  11  «r+ «.■  -  z«r v<;  '*  *7 
rf«  /«„l. 


/  . 


N  C'  '  <  *  'V  1  li‘*c 
•  v 

(C.  52) 


ulicio  .1  i-;  the  )irea  enclosed  by  tho  three  cros¬ 
sings  on  (lie  into i  atomic  potential  c  iiives  in  :i 
(tressed -atom  picture,  and 

<V  (s  *  s’  -»")«  t  •  sP„ 
is  a  constant  pti  me. 

Isfpi.it ion  iG.tn’)  is  not  restric  ted  to  any  specific 
type  of  |  a i  dial,  aval  the  calculation  of  total  ex¬ 
citation  <  in-.s  section  n sin",  it  is  rcmarhaldy 
simple,  i  ur  given  nderalomic  potrii'i.il  curves 
and  detuning'.,  one  ran  graphically  obtain  the 
slopes  at  the  ero  .sir.  ',  points  and  the  area  A  en¬ 
closed  try  lla'in.  oiib.slil.it ion  of  those  values  into 
Kq.  (G.  id’)  yields  u.  A  eonipariaon  of  this  cross 
set  'loti  with  the  on  i  cs|H»ndiitg  one  obtained  from 
computer  .solutions  mdit  ates  that  Kq.  (G.  52)  is 
net  u i  ate  to  w  ill. m  1 5'," . 

'J  lie  third  term  in  Kq.  (0.52),  which  repicsents  I 


.1 _ I _ l_  .  I 

-I  -2  -3  *1 

a'  (  lon  ICC  1  ) 


*  n<;.  r».  Tl»*-  tot  »!  tAfil  i  lor,*,  m  :t*.  ;i  fini«  ti'iii 

of  ,V  ii>  it  f'»*  .’i  fi\nl  t\  -  ¥ m a  a  i(iIJ 

Rtf'*.  |  hi*  till  t  r.|fo;ul«  |-*t«  ;tt»<f  otlii  »  |i  i»  t  y, 

u-«iil  ti  t  i!h*  *.  n*u  f.  Ilf*  t  lit  I  i;t.  I.  —  —  «  :il#  u-  i 

l.ili'm, - :l.\t  .VI  -  ■  ••A""'.  It.,  line.  j 

chii*  *.  .or  no  I  netll/ol  In  (to*  -.sin.  v.ilm  ..l  A*  AtC'v|_„/ 
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tlie  itilei  fcrence  between  the  stepwise  and  the  di¬ 
rect  processes,  contains  a  sine  function  which  will 
oscillate  as  the  relative  speed  t>  is  varied.  It  is 
clear  from  Kq.  (G.52)  that  tho  area  A  determines 
the  oscillation  frequency,  while  the  slopes  at  the 
crossing  points  determine  the  amplitudes  of  tho 
oscillations,  lor  given  interatomic  potential 
curves,  these  quantities  (.1  and  slopes)  can  be 
changed  by  varying  the  detuning.*;,  and  honc.o  the 
frequency  and  the  amplitude  of  the  oscillation  in 
the  total  cross  section. 

The  re.  ti  iction  to  a  specific  ordering  of  the 
crossing  times  (i.c.,  r^>  >;()  corresponds  to 

confining  the  detunings  in  certain  regions  depend¬ 
ing  on  the  givci  interatomic  potential.  For  de- 
luii'r.gs  in  diff.  ic  nt  regions,  the  ordering  will  be 
different.  However,  it  would  be  just  as  easy  to 
obtain  the  e\<  ilation  probability  and  tlie  loial  cross 
section  from  Kqs.  (G.'IG),  (G.d-1),  (0.  32)- (G.  30), 
and  (G.  20). 

To  illusliatc  this  interference  effect  and  to  in¬ 
vestigate  the  feasibility  of  its  experimental  ob¬ 
servation,  we  use  a  specific  potential,  as  shown 
in  Figs.  G(n)  and  G(b),  instead  of  van- der-V/aals- 
lypc  potentials  for  detuning.-;  A  -  -8.0x10’*  see.'1 
and  A' .  -3.0  >:10"  see’1.  The  resulting  total  ex¬ 
citation  cross  section  as  a  function  of  inverse  rel¬ 
ative  speed  1/e  is  shown  in  Fig.  7,  with  X0  X« 
:-10n  see'1.  The  curve  rises  as  (1  /  r-T  with  equal¬ 
ly  spaced  pe.ths  when  the  speed  is  varied  from 
10'  fo  <1  y  10'  cm  sec'1.  In  terms  of  llic  laser  pow¬ 
er,  the  excitation  cross  sections  are  of  the  order 
of  (10-Mf,.O  fin*',  with  the  p'sil:  power  den¬ 

sity  in  VZ/cnV.  Tims,  the  interference  effect 
should  be  ob  movable  with  mode  rale  laser  power. 
Although  a  specific  potential  [Figs.  G(a)  and  0(h)] 
is  used  to  demonstrate  this  effect,  v.v  emphasize 
that  the  oscillatory  feature  no  an;  regardless  of 
the  form  of  the  potential  as  long,  as  three  con¬ 
ditions  are  satisfied.  First,  there  must  l>e  three 
crossings,  as  shown  in  Kjg,  G(b).  f.econd,  the 
area  dr.'ll  red  by  the  crossings  must  be  large 
enough  to  produce  a  phase  eh  tngc  of  order  i;  when 
tlie  speed  is  varied  ip  a  convenient  range.  Third, 
the  slepwe  e  end  the  direc  l  exi  it.dioa  eontriliu-  „ 
lions  must  !>.•  i  omp.n-able.  The  first  condition  is 
Idem.  .1  for  tin  re  to  tie  four  exeil.tlioii  eliaii.iels 
interfering  with  each  oilier.  This  condition  allows 
lor  a  phase  factor  that  is  neatly  independent  of 


) 


•"lilAI 
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(b) 


FIG.  G.  It/.i’i  atojiur*.  poll  ii'.ial  iimsI  to  drinnnsl 1 al .  the  , 
inb.  I  fereii'V  rlf(  i  t  di:,cie>:,t  d  incase.!.  (:i)  Kelt  -.-.Isle-  . 

('l-i.-.Meal- field  j:  intv.  (b)  l>rr:.;.cd  ttfo.n'  pirlnrc.  The  | 

dressed-  :.f  !t  I.-  I  tv  l  nil..  :  ft  1  t  1  'll  I  .!  to  I  in-  I  a  re-  j 

St  M  i-  (  in  l  vie  ;  f'i  (?<  ,  li\-  Ji'|  ..  ( }  .'I ).  in  {  t),  1  In  hvelscp 

a r.itiun..  .i i v  no!  (i i  tivvn  in  '.t'.'iir;  in  (!•),  Il.c  cm  :  pin;  i 

/tj.|  and  /.  [ .  “'fc '  I  '  cl  I  lie  inn  ::y  nettle.  A  —  C..0  >:  le”  :;r."t 

A'  -  3.H  >  in”  nee'’. 


impart  pa  i  .i ijirt r,r  Ij.  The  second  iiii'l  lliiitl  (  tut  '■ 
dilions  eh  lei  mine  the  fn  fluency  and  n nij.I itiult-  of 
(he  ose illalo:  y  In  hi.' 

I 


VII.  IHMIii.’.llW 


CAKK,  :e.  p:  e:  ruled  in  (lie  di  c.ssrd  atom  ) ■  i > ' ( n a  (;, 
is  similar  In  r  :i  <  I  i :  1 1 1  c  •:  il  •  .s  inrl.isl  ie  collisions. 
Iln'.vevei  ,  II:.  i  e  in  :m  ini|i  n  taut  di  I  fi  i  (  nee  I..  •!  wren 
II  1C  |  V  II,  In  the  I  oi’.i.it  i'ltile  inc|:i  •  .1  ie  :i  toil  lie  col 
li'.iiin,  lie  inufrr.s,  mill  bri,(  e  lit.;  rioss  M'l'lmn, 


I  / v  (10  b  see  cm  )  j 

I'lt. 1 .  7.  Total  < .\eila!  ion  cross  scrlion  as  n  fund  inn  of 
inverse  il  lative  i.p.vd  j/r  lor  a  j -ot e-nt i  il  shown  in  Fi<;. 
G.  with  x„-  X,‘  ■■  Hi"  see-',  A  ~tS.0>:  HJ13  sec*1,  ami  A' 

=  --  3.0  x  U'IJ  t.if'1.  The  curve  a  if. os  as  (l/r)v  As  the 
speed  vaiit  ..  f i  oil  los  lo  -I  >:  Hr  cunsec'*,  c>'|ia :i I ly  spared 
peaks  are  el  ally  seen,  hi  lie:  inset,  the  product  ol  the 
total  crons  :  l  tie.",  ami  v'  as  a  function  of  l/e  is  shown. 


is  deter)  lined  by  the  interatomic  potential  of  Uie 
atom  atom  system,  which  cannbl  lie  con! rolled 
cinco  the  system  is  chorion.  )n  CAKK,  on  the  othei 
laaaait ,  the  (•(ii-rcspondur.'.  interatomic  pntent  ial  (in 
(lie  dressed  atom  picture)  depends  not  only  on  the 
atom -atom  system,  but  also  on  the  alum -field  de¬ 
tunin'’.';  as  well  as  the  field  bite:;  '.hies.  In  the 
weal:- fit  bl  limit,  one  can  vary  (lie  deluniiups  to 
change  the  level  spac'inps  of  the  dressed  states 
and  the  positions  of,  and  the  slopes  at,  the  poten¬ 
tial  curve  cross  in;’.".  (if  any)  which  are  the  essen¬ 
tial  parameters  determiniii:;  the  CAIIK  cross  sec¬ 
tion.  llenci  ,  the  interaction  between  the  two  col 
lidin;;  alums  can  be  probed  in  a  controlled  fashion 
by  usiin,  CAIIK,  a  (', real  advantage  over  the  ordin¬ 
ary  radiationless  atomic  colli.-  ions.  'J  lie  three- 
level  pioblcm  discussed  in  this  paper  provides 
a  pood  example  of  the  relationship  between  CAIIK 
and  inelastic  collisions.  The  oscillatory  features 
obtained  in  ease  .1  of  the  jn  evioos  section  for  the 
total  CAKK  cross  section  as  a  function  of  artive- 
atom  pertniber  lelatice  speed  aie  of  similar  na¬ 
ture  lo  those  tibia  in*  d  by  Kosenllial  and  holey " 
for  1  le - 1  b  *  eha i  ;;e ■  e  a  haiep*  inelaslie  collisions. 
The  lie-lie1  atom  am  inlet  atomic  polenli.il  curves 
are  an.ilo;;*ais'to  those  of  the  three-level  CAKK 
in  the  (Ires  a  <1  .iloin  pit  lure  (  I'i;;.  (i(li)|.  Tile  fl  t... 
f|'i<  'e  y  and  amplitml"  of  oscillation  in  CAKK  cam 
he  varied  b>  *-|i.i n p. in.;  Hie  i!etuiiin;;s  and  thus  the 


potential-curve  crossing  properties  (positions 
ond  slopes);  such  a  variation  is  not  possible  in 
clurge-exch.mge  inelastic  collisions.  Although 
oscillation  of  this  type  continue  to  be  discovered1'''1'' 
for  charge-exchange  inelastic  collisions  in  alkali- 
ion  -noble -gas  systems  such  as  Na  -Me,  K*-Ar, 
Cs’-Ar,  they  are  confined  in  systems  with  atom- 
ion  interatomic  potentials  bearin',  a  resemblance 
to  IV',.  G(b),  add  thus  have  limited  value  in  in¬ 
vest  is  at  mg  the  atom-atom  or  atom  ion  interac¬ 
tions.  With  CAltb,  the  scope  of  such  studies  can 
be  extended. 

In  case  J  of  the  previous  section,  we  mentioned 
that  the  mtei'fei  dice  effect  should  be  observable 
with  iiod'.'i  ate  laser  powers,  without  refers  in"  to 
any  specific  experimental  setup.  'J  lie  experiment 
can  lie  performed  using  crossed  atomic  beams  or 
a  beam  interact  in;.;  with  a  gas  sample.  The  beam- 
pas  sample  method  works  only  if  the  ae!  ive-atom  - 
pei  timber  illative  vcJoc  ‘.v  is  approximately  equal 
to  the  beam  velocity.  In  case:;  when  In-Iter  detec¬ 
tion  effieicney  is  required,  one  can  use  a  third 
laser  to  inni.-e  the  active  atom  from  tin-  upper  ex¬ 
cited  stale  (state  3)  and  thus  detect  the  ions  in¬ 
stead  of  the  fluorescence.  j 

Finally,  let  us  mention  another  type  of  oscil¬ 
lation  v.  Inch  ran  occur  in  a  two  - level  sy-  tern  and 
should  b"  distinguished  from  the  pres':-!  me-. 

The  mod  ilatimi  in  the  absorption  roeffit  uni  as  a 
function  <  ■  detuning  for  atoms  in  a  colli;. iona) 
cnvii  n;ia  i  t  was  discussed  by  Mies/'-  Carring- 
ton  ft  ni.  bhlvnpnikov  and  Slunalov,'"  and  ob¬ 
served  by  I'-cheps  ft  ni.  '  and  lieigeman  and  J.iao.'1 
This  has  1-ecn  attributed  to  Die  oscillatory  struc¬ 
ture  of  Is-  vibrational  wave  Innetion  of  the  qu.isi- 
iiiolecute  formed  lay  tin-  colliding  atoms,  finch 
an  cffccl  dr  not  involve  mi erfereuce  of  differ¬ 
ent  eliamn  Is  of  exe i la t jmi ,  and  is  due  to  o:.<- illa¬ 
tion  in  the  transition  mali  ix  element:;.  . 

VIII  (  DM  I  t.'SION 

We  have  presented  a  tlu-ory  of  erdlisinn.dly  aided 
ladialiy  excitation  for  tin  ee- level  systems  in  the 
weak-  field  :  limit.  Allen. p's  are  made  lo  cover 
as  mail','  c.i  <■-.  as  possible  and  lo  lie  a.,  general.  ; 


as  possible,  although  results  are  given  for  some 
specific  potentials  only.  Because  of  the  complex¬ 
ity  of  a  three-level  system  and  the  distinct  phy¬ 
sical  features  and  mathematical  treatments  in 
different  limiting  cases,  wc  classified  the  prob¬ 
lem  into  thirteen  cases  according  to  the  r.i/.es 
and  the  .signs  of  the  dclunings.  These  cases  were 
treated  in  detail,  except  the  la.sl  three  cases  (K, 
L,M)  -which  give  rise  to  exponentially  small  ex¬ 
citation  cross  sections  (or  which  reliable  analy¬ 
tic  approximations  are  lacking  at  the  present  time. 

A  dressed  atom  picture  was  also  given  which 
brought  the  CAKK  problem  into  complete  parallel 
with  the  problem  of  radiationless  inelastic  atomic 
(or  molecular)  collisions.  In  this  picture,  Ihe 
collision-induced  instantaneous  resonances  be¬ 
tween  the  atomic  transit  ion:?  and  the  external 
fields  are  ti ansfen  nied  into  interatomic  potential 
curve  crossings.  Such  curve  crossings  enhance 
tli-i  excitation,  especially  in  (he  large  deluging 
cases,  and  intorfvi  e  with  each  oilier,  leading  lo 
effects  reflecting  the  crossing  conligu rat  ions. 

Pome-  special  crossing  configui  alions  yield  par¬ 
ticularly  interesting  interference  effect. s  (e.  g.  , 
the  modulation  of  the  total  excitation  cross  sec¬ 
tion  di.-u-oss'.-d  in  case  J).  A  quantitative  examin¬ 
ation  indie. ites  that  experimental  observation:',  of 
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AITI  MUX  A  ; 

111  this  appi-ndix  we  give  Us-  details  of  lab  iilalions  lending  to  bap..  (fi.PP)  (0.39)  from  Idcj .  (0.1).  As¬ 
suming  It;:!  tie-  collision  ti  aji  .clone:;  an-  symmetric  about  /  (>,  II. v  time  of  closest  appioaeli  In-tween  the 
act  ive  absi)  and  tin-  pel  l-arber,  we  lire. >  1;  (he  t  integral  of  liq.  ((> .  1 )  into  two  purls,  /  -  U  and  /  c  0, 


where 


<?(/)  =  J  x(/,)oxp 

Because  of  the  condition  |a|tc»  1,  the  contributions  to  Q  arc  from  the  neighborhood  of  the  erossiii;;  points 
satisfying  A-_-  V(t)  only.  Thus,  for  the  first  term  (restricted  to  I  <  0),  we  expand  the  exponent  of  the 
intcp.rand  in  Q  in  Taylor  series  about  f,  -~~Ta,  and  for  the  second  term  (restricted  to  t  >  0),  we  breal;  the 
Q  integral  into  two  parts,  from  — »  to  0  and  from  0  to  /,  and  expand  the  exponent  about  I,--  -td  and  f,  —  rD 
for  each  region,  respectively.  The  factor  x(/,)  is  evaluated  at  x(AT0)'  X„.  The  Taylor  series  is  terminat¬ 
ed  at  terms  cc (/ ,  i  r0)J,  and  the  integrals  obtained  are  evaluated  exactly  to  yield 

9(/)^)i0(''i,:"‘'/'l;(j/o),/:[l  I  er([«,/:'(H  r#)ci!,/l]}  for/<0  _  (A2) 


and 


Q(/)«X.p’“,“,/4,i(s/«),/ll+crf(«,/*Te<f'*'/-)]  ... 

+  X-0ri<®'s,/,,i(ir/«)’/:'{erf((Y,/:'(/ -  Tl,)c',,,/,)-erf(~«,/:'vur*,',/1)}  for  />  0  (A3) 

where  erf  is  the  error  function  and  a  are  defined  in  Bqs.  (0.  2fJ)-(G.  30),  J’ntl inf'  Kqs.  (A3)  and  (A3) 
into  Bq.  (A  1 ),  us  ini;  the  relation  erf(r)---  1  -erfc(.i),  and  combinin';  terms,  we  can  write  (*,(/--")  as  a  sum 
of  four  terms.  Under  the  assumption  that  the  crossing  points  arc  far  from  I  0  (o’ /?7tl  >:  1 ),  one  of  the 
four  terms,  which  contains  a  factor  crfc[ cv1 r0c*ii'/',]1  can  be  neglected.  Thus, 


CM- 


V*  W  ).ff,)J  erfc[-<v'  '’(/  ■!  T  u)cis,,'\ll 
jf  x'(/)  exp  [-/(a'/-  f*  V'(/').7/,jJerfc[-tvl/?(/.-  r0)l!-i,,/,]<ff 
]  /  x'(/)exp  j -/(a'/  ..j‘  V'(l')tUt'j  <//|  . 


+  c  ‘ '*  ’  ** M  >  cr  fc[  -  o’ /= t0  d  'r ' 1 


(Ad) 


This,  attain,  is  to  be  evaluated  usin';  the  .stationary -phase  method.  Since  Ilia  error  function;,  with  complex 
arguments  are  oscillatory  functions,  their  presence  in  the  integrands  of  the  first  two  terms  in  Kq.  (An) 
will  modify  the  stationary-phase  positions  of  these  integrals.  To  cope  with  this,  we  use  Bqs.  7.1.2,  7.1.0, 
7.1.10,  7.3.0,  7.3.10,  and  7.3.22  of  Abramowitx.  and  Slegim”  to  express  the  error  functions  in  terms  of  an 
'exponential  (oscillatin'.;)  part  and  the  auxiliary  functions  /,« of  the  I  resnel’s  integrals,  which  are  slowly 
vary  in:;  functions.  By  doim;  this,  the  integrals  are  written  in  a  form  suitable  for  the  stationary-phase 
method.  We  shall  now  demon;. Irate  the  method  by  evaluating  the  first  term  in  Kq.  (Ad),  to  bo  called  11'. 
The  evaluation  of  the  second  term  follows  exactly  (lie  same  procedure.  A.,;,  ;  VV 

In  terms  of  /,;;  and  the  exponential  funefio'n,  H’  can  be  written  as  a  sum  of  three  terms.  In  two  of  these 
terms  a  phase  of  the  form  H  s«(/  I  r0)?  appears  which  is  simply  the  Taylor-serier.  expansion  of  A / 

-  Ju  1  '(l')ill'  at  I--- ru.  We  transform  this  term  bad;  to  its  original  form  and  find 


U'::2C 


-i  <0*  9r  f-\ ) 


f°  X  (/)  exp  £-/  (a'/  _  ^ '  V'(l'  )r//'^j  tU 
K  J'  X' (/)(/*  ■/;a)’ /a  ,.»■'*  exp  1"^.  ,^(A  -I  A')/  -f‘  1 1 '(/')  I-  V’[t')}ll,Sj  J  <U 
is  /2  f  (/)(/*  -l  ir)' '  V*»  expj^-f^A  I  A')/  rf‘[ !'(/')  I  U '(/')].-//' dl  , 


•I  is  v1 


where  0 -- tan' the  argument  of fj;  is 
|(2o/»),/,(/+  r„)|  . 


(Ah) 


Ollu'r  pa i  ameters  are  defined  in  Kq;;.  (0. 20)- -(0.  30).  The  inlei'.rals  in  Kq.  (A3)  can  be  evaluated  nr. ill;;  the 
■stationary- pli.isc  nn-tliod.  Since  >;  '  X,„  a  constant  durin;;  tlie  collision,  andj,;; , 0  are  slowly  varyim;  func¬ 
tions  compared  with  tin;  rapidly  ora-  i!  lal  iiij;  exponential  part,  we  can  evaluate  them  at  the  stationary -phase  , 
points,  -7,'  for  the  first  term,  -r"  for  the  second  and  (he  third  term,  and  tala.;  them  out  of  the  inte';rals. 
The  remainin;;  integrals  are  evaluated  usin;;  the  same  mefliorl  as  that  leadin;;  to  lap;.  (,\'.>)  and  (A3)  for  (). 
Then,  the  error  functions  can  ai;afn  be  written  in  terms  of  /,;!  function.,,  which  lead.;  to  Bq.  ((,  ;io) 

The  same  procedure  applied  to  the  second  term  in  Bq.  ( A -1 )  yield;.  K<j .  ((.,31).  The  evaluation  of  the 


third  term  in  r.q.  \ I  is  particularly  simple,  for  stationary-phase  point  r0  far  from  0,  the  erfc  fuTlction 
can  he  approximated  by  2,  and  the  integral  is  done  by  the  stationary-phase  method.  This  method  yields 
K<j.  (0.32). 


')  i  <•'. 
-  I ;  . 


AITIiNDIX  It 

The  excitation  prol>ability  can  always  lie  written  as  a  sum  of  three  terms,  Ps,  P e,  and  P ,nT  representing 
the  stepwise,  the  direct,  and  the  interference  contributions,  respectively.  In  the  most  general  case,  they 

arc  i 

2-(l  l  x,)ssm20-(l  -Sl)s  sin20' 

+  (/;  +.vf>( 1  -S  sii)2(<.‘>  I  t’>I0  -s '<>,)] 

+  |2(/,J  —  A'i ) I' '  [-s  sin  (20  H  0'  •  0,'o  -  s '»/4  -  s’O ,)  -  cos(0'  -  s’ a/ A  4s'(>,)] 

+  x,[2(/i’  ■*  A'J)|,/?l.v  £>in(20  -  <f>'  4  s'ifAl-s'0,)-cos(.y  -I  0,'#-  s'v/ A  -  s'0,)J}  ,  (131) 

/V=  -s"sin  2«/'-S(!„)  I  2(/:,4  e2)[l  -  cor.2(«V#  -  s<»B  -  s ''<>..)] 

+  2(2 (/’  4^-)]1/-[eos(c,'/'  4  -  2s  4r  -  -  s"»/>5)  -  cos(</'"0  -  0"  -  H  s''i;/'l)]} , 

„  •"  032) 

a  v  «',»■'  y 

x  (-.s  ,s;{cos[i.‘>  4-  <•/  +  0"  -  (S  -  s'  -  s")ir/4  -  sC0]  1  co:.(0  4  </  -  0"  -  (y  -  s'  I  x")a/ A  I  s0„]} 

+  s,{cos[0  -  0'  4  0*  -  (s  4-  s'  -  s'  H'/ —  s0o] 

+  cos[i>  -  0'  -  0“  -  (s  4-  s'  4  s");i/-l  4  S0„]} 

+  s,s..v'[2(/’  4  »=)]’  /?{sin[0  1  0'  -  0''(1  -  (s  -  s')j>/4  4sPu4  s"0j 
-sin(o  +  0'  +0*o-(s  -s')«/A 

-  s_.x"(2(/;  4  '?{sin[»'-  -  0'-  0,"  -  (s  4  s')«./4  4  s0(,  4  , 

»».sti>[i.’*  •-  *':+  0,"-~  (»•'■•■  sin[0  -  0'  4  <•"  •  (s  1  s')n/4  -  s0„  -  s"fly]} 

-  s,s..x  '(2(/;  4-  AT?)I*  /r{sin[0  4  0"  4  0,^  -  (s  -  s  ");;/4  -  .s0„  -  s  'P,  ] 

4  sin[0  -  0"  I  0,'o  -  (s  •!  s"),;/4)  1  S0O  •  s'0,]}  ; 

4  2.s-|s,\-'s'|(/2  1  a,2)(/;  1  // 2 ) ] ’  /?(co:,(0  I  0jo  -I  0*u  -  ss/4  -  s 0„-  s'  Pt-  s"  0.) 

-cos(0  I  0,'o -<%-&• »/'!  •'  iV-s'^i  •'  s*0»)l>.  0i3) 

where  -  I 

0;ii:--A'7„+  0','or~-.(A  I  A')7„4-  f°[  V  (/')+  V'(/'  )]'//'  , 

*»>  *'o 

and  all  the  other  quant  Hies  have  boon  defined  in  litj:;.  (G.  29)~(G.  30). 
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